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Abstract

In this paper, we studied the new ideas in generalization of Fibonacci sequences in the case of three sequences.
We describe basic concepts that will be used to construct multiplicative pulsating n-Fibonacci sequences of n"
order.
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1. Introduction

The coupled difference equations or recurrence relations are popularized in last decade. They involve two
sequences of integers in which the elements of one sequence are part of the generalization of the other, and vice
versa. We can say that these are generalization of ordinary recursive sequences and many results can be
developed for considering the two sequences are identical.

The concept of coupled Fibonacci sequence was first introduced by Atanassov [1] and also discussed many
curious properties and new direction of generalization of Fibonacci sequence in [2 — 5]. They were defined and
studied about four different ways to generate coupled sequences and called them 2-Fibonacci sequence (or 2-F
sequences). These were new direction of Fibonacci sequence generalizations.

In 2014 Suvarnamani and Jitjang [6] show the result of the multiplicative pulsated 2-Fibonacci sequence. Then
Suvarnamani and Koyram [7] proved the new result of the multiplicative pulsated 2-Fibonacci sequence in 2015.
After that Suvarnamani and Tatong [8] show the result of the multiplicative pulsated 3-Fibonacci sequence.

In this paper, we studied the new ideas in generalization of Fibonacci sequences in the case of more sequences.
We describe basic concepts that will be used to construct multiplicative pulsating 3-Fibonacci sequences of third

order. Further, we shall describe fundamental properties.
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2. Multiplicative Pulsating n-Fibonacci sequence

Now, a type of Fibonacci-like sequence is introduced. Let a ,a,, a,,...,a are fixed real numbers. Let us
construct the following n sequences
O =0,050=0),037=03, ..., Qp 10 =04, 0o =0p;
O g1 = O gyt T Qg gy = - = Oy gpt = Oy = Ry " Qg g " Ol "o o Uiy o " O 5
Qi =X ppp1 " Ao " Ay oy *e oo Qg o " Ky 5

T e R L TRT R T PRTRN O PR SPVE:

T A 0 Rl LY AT C A PTRTRY ¢ APV

O AR O P AP YIE R

for the non-negative integer k. These n sequences we call a Multiplicative Pulsating n-Fibonacci sequence.

3. Results and Discussion
Now, we shall describe fundamental properties.

Theorem 1. For every non-negative integer K,

f— X . y . y . . y‘
OCLZk =qa; *ay *ay c...ay;
_ Xy, y
Qo =0a *a, "Gy a, s
D SRS SRR SN
Otny2k =a ay, *ay ... a,
f— f— Z . Z . Z . . Z‘
Qg1 =gy =Xz g =+ = Q11 =0 "0y "0z .. G5

(2n—1)" +(n—1)(—1)* (2n—1)" +(=1)"
1) y:
n n
Proof. We will prove by mathematical induction.

where x = and z=(2n—1)k.

Let Pk:
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[(Zn—l)k Hn)(—1)f J [(Zn—l)u(—l)k“J [(ZH—l)k H=p)H j [(Zn—l)k H—) j

((Zn—l)k H—1) j

'02 '03 '...'Gn
n

_ n
Qo =

(2n-1) H—1) " J [(Zn—l)wn—l)(—l)k J [(Zn—l)k +H—1) J

_ n n n
a2,2k =q a, as ...°a,

[(zn—l)w—l)k“ J [(Zn—l)k+(—l)k+l j ((Zn—l)k H-) j

_ n n n
an,Zk =q a, as ceet @y

[(Zn—l)k Hr)(—1)f j

n

(Zn—l)k . az(Zn—l)k . a3(2n—1)k . a (2n—1)k '

Qo1 =y op1 =g gy =+ =X 41 =G n

for every non-negative integer k.

If k=0, then
(Zn—l)wn—l)(—l)°J [(Zn—l)%(—l)wJ ((2n—1)°+(—1)°+1J ((Zn—l)o—i—(—l)OHJ
O (0) =0 =a =q " "a, " e " YR " :
(Zn—l)%{—l)"“J [(2n—1)°+(n—1)(—1)°J [(2n—1)°+(—1)°“) [(Zn—l)%(—l)wj
Oo(0) =00 =0 =4 " "a, " "0y " .eap " :
(Zn—l)%{—l)"“J [(2n—1)0+(—1)OHJ [(2n—1)°+(n—1)(—1)°J {(zn—l)%(—l)wj
O 5(0) =0y =03 = ! ‘a, 5 “ay " “.eay " ‘
[(Zn—l)%{—l)"“} [(2n—1)°+(—1)°“J ((Zn—l)%(—l)w) [(Zn—l)%(n—l)(—l)OJ
an,Z(O) =0, 0=0,=q " i) " e " ..etay " ;
O o0y = Cop(0) 1 = Xag0) 1 =+ -+ = A p(0)+1 =G "2 " 03"+ "y
:al(Zn—l)O _02(2n—1)° _03(2n—1)° . an(zn—1)° .

Thus /:6 is true.
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Next, we assume that Fi( is true for some non-negative integer K, i.e.,

[(Zn—l)k Hn)(—1)f J [(Zn—l)u(—l)k“J [(ZH—l)k H-p)H j [(ZH—l)k H—) j

al,Zk =a " e " e " .eetay " ;
(2n—1) (=)™ J [(Zn—l)k H—1)(—1)f J [(Zn—l)k H—) J ((Zn—l)k H—1) j
0622,(:01 " e " e n *...0a, n ;
[(zn—l)w—l)k“J [(Zn—l)k+(—l)k+lj ((zn—l)w—l)k“j [(Zn—l)k—i—(n—l)(—l)kj
O£ny2,<=a1 " ‘a, " jeR " et a, " ;
Q1 = oy =g g =+ - - =y oy :al(zn_l) _02(2n—1) '03(2n_1) el an(Zn—l) ~

Then we will show that 'Cf<+1 is true.
O p(k1) = X s = O pps " O i " Oz ™+ Oy

= (0‘1,2k "ok T O i te e Oy o ) (O ok T i te e Oy o

L(Zn_l)kﬂ_‘_(n_l)(_l)kﬂJ L(Zn_l)kﬂ_'_(_l)(kH)HJ [(Zn_l)k+1+(_1)(k+1)+1J

n n
=q a, as

[( Zn_1)k+1 +(_1)(k+1)+1 )

n n
.Cln

O i) = Coserr Ty " O gy " O "o O

=0 '(a1,2k "o Uit an,2k) (O ot O o

_ n
=9 a,

n n n

L(Zn_l)kﬂ_‘_(_l)(kH)HJ L(Zn_l)kﬂ_l_(n_l)(_l)kﬂj [(Zn_l)k+1+(_1)(k+1)+1) [(Zn_l)k+1+(_1)(k+1)+1j

.°a

'03 n
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O p(k4+1) = O ppt2 = Ol o " O e Ol e "+ -+ Ol o

=0 g X '(asz "ok Ol g - -'an,zk) EERMOAYY

n n n n
a, 03 On

[(Zn_l)k+1+(_l)(k+1)+1J [(zn_l)k+1+(_1)(k+1)+1J [(ZH—l)kH‘l‘(ﬂ—l)(—l)kHJ [(Zn_l)k+1+(_1)(k+1)+1j

_al

Ol (k1) = Op oo = O i " O " Oz g "+« Oty ey

=0y O " Qg e (al,Zk "ok " Qg e e Ol gy )

n n n
=aq, a, CI3 et @

n

[(Zn_l)kJrl +(_1)(k+1)+1J [( 2n_1)k+1 +(_1)(k+1)+1J [(Zn_l)kJrl +(_1)(k+1)+1J [ ( Zn_l)kJrl +(”_1)(_1)k+1J

n
O (k1) = Qo o(k+1)+ = o p(kta) 1 ==+ = G (k) +1 = Kokt

= gpt0 " Kot " Ay g+ Ao gty

k+1 K+ K+ k+1
2n—1 2n—1 2n—1 2n—1
N G A A )

So, Pk+1 is true.

By mathematical induction, £ is true for all non-negative integer k.

3 3(—1) 3 H(—1) "
2 2

A =0 "a, ;

3k+(_1)k+1 3k+(_1)k
2 2

Qo =q a, ;

Colloraly 2. For every non-negative integer K,

S
Qo1 =y op11 =G "Gy
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Proof. From Theorem 1, if n =2 then we get

3/( +(_1)k 3/( +(_1)k+1
2 2 )

Qo =9 "a, ;
3k+(_1)k+1 3k+(_1)k
_ 2 2
O = ay ;
AR

Qo1 = = "0y

So, we get the result which showed in [7].

Colloraly 3. For every non-negative integer K,

[5k +2(_1)k J [5k +(_1)k+1 J [5k +(_1)k+1 J
3 3 3
Aok =G ‘ '

a, *a, ;
5k+(_1)k+1 5k +2(_1)k 5k+(_1)k+1

_ 3 3 3 _

ook = "0, "0y ;
5k +(_1)k+1 5k+(_1)k+1 5k +2(_1)k

_ 3 3 3 _

s = ay "0, "0y ;

k k k
f— f— f— 5 . .
Qg1 = ppp1 =z 40 =0 "0y “ 04

Proof. From Theorem 3.1, if n =3 then we get

[5k +2(_1)k J [5k +(_1)k+1 J [5k +(_1)k+1 J
3 3 3
Ao = ‘ )

a, *a, ;
5k+(_1)k+1 5k +2(_1)k 5k+(_1)k+1

_ 3 3 3 _

ook = "0, "0y ;
5k +(_1)k+1 5k+(_1)k+1 5k +2(_1)k

_ 3 3 3 _

s = ay "0, "0y ;

k k k
f— f— f— 5 . .
Qg1 = opp1 =z 40 =0 "0y * 04

So, we get the result which showed in [8].
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4. Conclusion

In this study, we show the proof of the explicit formulas of multiplicative pulsating n-Fibonacci sequences of n'

[(ZH—l)k H—)H J
.°a " ;

n )

[(Zn—l)k H-1) J
. a " )

n )

order. That is

[(Zn—l)k H1)(—1)" J [(Zn—l)u(—l)kﬂj [(ZH—l)k H—1) j

n
Qo = "4y

(2n—1) H(—1) M J [(ZH—l)k Hr1) (=) j [(Zn—l)k H—) j

n n

"0y

n

n
Qo =0 "4y

n
as

n n n n

n )

an,Zk =9

[(zn—l)w—l)k“ J [(Zn—l)k+(—l)k+lJ [(2n—1)k H—1) j [(Zn—l)k Hr)(—1)f J

‘02 ‘03 .°a

= = N _ () ()" (2 (2n—1)
Aot = o piett =gy =+ - = Wty =G "a, "0y oea

for every non-negative integer k.
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