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Abstract

This paper is to identify the Diophantine equation x + py2 = 7" where P is a prime number and X,y and

z are integers satisfies; case 1: p = 2, has no integer solution if y is odd, and have integer solutions (x,y, 2) is
(i(Z(X — ﬂ),iZ (Xﬁ,i(Za + ﬁ)) where Otﬂ is a square number if ) is even, case 2. p # 2, have integer

o — a+
pa =P, p 2 B
2 2

(i(pa - ﬂ),iZ (Xﬁ,i(pa + ﬁ)) where otf3 is a square number if y is even.

Keywords: Diophantine equation; Congruence; Integer solutions

solutions (x,y,2) is| & where Otﬂ is an odd square number if y is odd, and
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1. Introduction

In 1995, Wiles [1] showed that the Diophantine equation x" + yn =z xyz # 0 has not had integer solutions
when n23. In 1999, Bruin [2] studied the Diophantine equation X y4 =+-° and x°+ y8 =2 2004,
Bennett [3] found the solution of the Diophantine equation X+ y2ﬂ =2 In 2014, Abdelalim and Dyani [4]
searched the solution of the Diophantine equation Nt 3y2 = 2" In 2015, Abdelalim and Diany [5] characterized
the solutions of the Diophantine equation X+ y2 =22°.

Thus, this paper aims to study the Diophantine equation X+ py2 = 7 where P is a prime number and X,y

and z are integers.
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2. Materials and Methods

2 2 2
Lemma 1: The Diophantine equation x + 2y = z has no integer solution where X,y and Zz are integers with
Y is odd.

Proof:
Suppose that (x, y, z) is a solution of the Diophantine equation X+ 2y2 = 7 with Y is odd.

Since y2 = 1(mod4) then 2y2 = 2(mod4) , these consider into 2 cases as follow:

Case 1: If x is odd then z is odd.

Thus, X' = 1(mod4) then X+ 2y2 = 3(mod4) . This is a contradiction with ' = mod4).

Case 2: If X iseventhen Z is even.
Thus, x2 = 0(mod4) then x2 + 2y2 = 2(mod4) . This is a contradiction with 22 = 0(mod4).
Therefore, by case 1 and 2, the Diophantine equation X+ 2y2 = 7 has no integer solution where X,y and z
are integers with y is odd.
Lemma 2: The Diophantine equation X+ 2y2 = 2° has the solutions in the form
(xy.2)=(£(20 = B) 22 Jaf + (2 + B)) (1)
where X,yand Zz are integers with y is even, af3 is a square number.

Proof:

Let (x,y,Zz) be a solution of the Diophantine equation X+ 2y2 = 7 with Yy iseven.

So, we have
2 2 2
x +2y =z
2 2 2
2y =z —X
2
2" =(lz|=1x Mz +]x]).
Sothat,2‘(|z|—|x|)(|z|+|x|) hence,z‘(|z|—|x|) or2‘(|z|+|x|),wehave X, z are even or x, z are
lz|=Ix| |z|+]x]
odd, then | z|—| x| and | z| =+ x | are even, we have ; are integers. It follows that,
2 2
2
2" (zl=1xD)(z1+]x])
a4 a4
2
(y) |21 x|l 2]+ x]
21— = .
2 2 2
lz|—=[x[]z[+]x] lz|—1]x]| lz|+]x| L
Hence, 2 then 2 or 2 , these consider into 2 cases as follow:

2 2 2 2
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|z —Ix| , , |z =1x|
Case 1: If 2|——— so that, there exists an integer & such that 2¢ = — and
2 2
|z +]x]
let ﬂ =——— It follows that,
2
y 2
2(—) =(2a)p
2
y 2
2
L= +/af . where Otﬂ is a square number;
2
y=t2/af
z|—|x z|+|x
Since 2a¢ :M and ﬂ :M then | x |= —(206 —,3) and
2 2
2] = 2a + B thatis, x=*(2a — B) and z =% (20 + B).
|z |+ x| , , |z|+ ] x|
Case 2: If 2|—— so that, there exists an integer @ such that 200 = — and
2 2
|z —]x]
let ﬂ =— It follows that,
2
2
y
2(—) =B (2a)
2
2
y
2
Yy
— =+, /aﬁ , Where Otﬂ is a square number;
2
y=%2/ap .
|z |+ | x z|—|x
Since 2a¢ :¥and ﬂ:M then |x|=20£—ﬂ and |z = 2a+ﬁ.
2 2

That are x=i(20£—ﬁ) and z=i(2a+ﬁ).

Therefore, by case 1 and 2, the solutions of the Diophantine equation are

(X,y,z)z (i(ZO{ —ﬁ),i2 (Zﬁ,i(ZOC +ﬂ))

where Otﬂ is a square number.
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3. Results and Discussion

Theorem 3: The Diophantine equation X+ py2 = 2° has the solutions in the form

(x,y,z){iﬂ,i@,iwj
2 2

where p is an odd prime number, X,Y,Z are integers with y is odd and Otﬂ is an odd square number.

Proof:

Let (x, y, z) be a solution of the Diophantine equation X+ py2 = 7° with Y is odd.
We have,
i py2 _ 2

pyZ — ZZ _ X2

py = zl=x Mz |+ xD.
Hence, p|(| z|=Ix X z|+]|x] then p|(| z|—]x] or p|(| z| 41| x|), these consider into 2 cases as follow:

Case 1: If p|(| z|— | x|) so that, there exists an integer & such that p& = z| —| x| and let
B = z|+]|x]. It follows that,

v’ =(pa) B
v =ap

y = i«/a,B , Where Otﬂ is an odd square number.

pa — po +
Since p@ = z|—| x| and B = z|+|x]| then |x|=——ﬂ and |z|=—ﬂ.
2 2
pa — po +
That are xzi—ﬁ and zzi—ﬁ.
2 2

Case 2: If p|(| z| 4| x|) so that, there exists an integer & such that p& = z|+| x| and let
B = z|—]x]|.Itfollows that,

oy =pB(pa)
v =af

y=%Jaf , where Otﬂ is an odd square number.

pa — p +
Since p& = z|+| x| and B = z|—|x]| then |x|:—ﬂand |Z|:—ﬂ,
2 2
pa — pQ +
That are xzi—ﬂ and z=i—ﬂ.
2 2

Therefore, by case 1 and 2, the solutions of this equation are in the form

O L oy
2 2

where Otﬂ is an odd square number.
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Theorem 4: The Diophantine equation X+ py2 = 2° has the solutions in the form

(X,y,z)Z(i(pa—ﬁ),iZ@,i(p(X-ﬁ-ﬂ)) (3)
where p is a prime number, X,Yy,Z are integers with y is even and Otﬂ is a square number.
Proof:
Let (x,y,Zz) be a solution of the Diophantine equation X+ py2 = 2% with Yy iseven.
We have,
X2 + py2 — Z2
py2 _ 22
oy =zl = lx )z |+ xD.

Since Y is even then y2 is divisible by 4 so, 4|(| z|=|x)z|+]|x]|) hence, | z|—| x|and | z| +| x| are even,
we have
2
py (z|=[xz]+]|x]
a4 a4
2
y lz|—Ix]lz|+]x]
pl — =
2 2 2
|z —Ix|[z]+]x] |z —]x] |z[+]x]| o
Hence, p then p rp , these consider into 2 cases as follow:
2 2 2 2
lz|—x . . |z |—| x|
Case 1: If p|—— so that, there exists an integer ¢¢ such that p@ = ———— and let
2 2
|z +]| x|
ﬂ =——— It follows that,
2
2
Yy
P(—j =(pa)
2
2
Y
2
Yy
— =+, /aﬁ , wWhere Otﬂ is a square number;
2
y=t2/af
: | z|—1x]| |z [+ ] x|
Since pot = ———— and B =———— then | x = —(pa — ) and
2 2
|z|=pot + B . Thatare x = Hpax — B) and z = Xpax + f).
lz[+|x| |z |+ x]| | z|—|x]|
Case 2: If p|——— setting p@ = —— and ﬂ =——— It follows that,
2 2 2
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p(if =B (pa)

y
—=+.Jaf , where Olﬂ is a square number;
y = J_rzﬂ/a

z|+]|x z|—|x
Sincepazwandﬁ:Mthen|X|:pa—ﬂaﬂd|Z|:pa+ﬂ.
2 2

That are x=i(pa—ﬁ) and z=i(pa+ﬁ).

Therefore, by case 1 and 2, the Diophantine equation has the solutions in the form

(X,y,z)z (i(pa —ﬁ),iZ\/@,i(pa +ﬂ))

where Otﬂ is a square number.

4. Conclusion
It can be seen that this paper shown the solution of the Diophantine equation X+ py2 = 2° has no integer

soluton if P is an even prime number, Y is odd and have integer solutions

o — o +
(X,y,z)=(id,i P P

aﬁ,i—j where Otﬂ is an odd square number, p is an odd prime number
2 2

and X,y and Zz are integers with y is odd. Also, we have seen that the solution of the Diophantine equation

o+ Py2 =% (x,y,z2 ( (pa ﬂ) ) aﬂ,i(pa + ﬂ)) where Otﬂ is a square number, P is a
prime number and X,y and Zz are integers with Y is even.
In the future, we may extend this work by extending the value of p is a prime number to the value of nis a

natural number.
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