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f(x+s,y+t)+ f(x=s,y)+ f(x,y-t)=f(x=s,y-t)+ f(x+s,y)+ f(x,y+t) (M)
AMTuNn xyt,seG Uag f:G XG> C Taef G 1Hu 2-divisible abelian group
wa € Hugrvessiuindedau nan1s3ds wud annsamaunadeileituiiaude
1§ 2 aunseieluil

f(x+2s,y+2t)+ f(x=2s,y—-t)+ f(x—=s,y-2t) + f (X, y+t) + f (X +5,Y)
=f(x=2s,y—-2t)+ f(x+2s,y+t)+ f(X+s,y+2t)+ f (X, y—t)+ f(x=5,¥) (M1)
1GH

F(X+2s,y)+ f(X,y+2t)+ f(x—=s,y)+ f (X, y—t)+ f(Xx—-2s,y +t) + f (X+5,y—2t)
=f(x=2s,y)+ f(x,y—2t)+ f(x+s,y)+ F (X, y+t)+ F(X+2s,y—t)+ f (X—5,y +2t).

(M2)
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Abstract

This research was a study to determine the functional equation
corresponding to the following functional equation:
f(X+s,y+)+ f(x=s,y)+ f(x,y-t)=f(Xx=s,y-t)+ f (x+s,y)+ f(x,y+t) (M)
forall x,y,t,seG,and f : G X G — C, where a 2-divisible abelian group and C
were a set of complex numbers. The research results revealed that there
were two corresponding functional equations could be obtained as the followings:
f(x+2s,y+2t)+ f(x=2s,y—t)+ f(x=s,y—=2t)+ f (X, y+t) + f (x+5,Y)
=f(X—-2s,y—-2t)+ f(X+2s,y+t)+ f(X+s,y+2t)+ f (X, y—t)+ f(x—5,Y) (M1)
and
f(X+2s,y)+ (X, y+2)+ f(X=s,y)+ F(X,y—t)+ f(X—2s,y+1t) + f (x+5,y—2t)
=f(x=2s,y)+ f(x,y—=2t)+ f(x+s,¥)+ F (X, y+t)+ f (x+2s,y—t)+ f (x—s,y +2t).

(M2)

Keywords: functional equation, translation (shift) operators, functional equation

related to digital filtering, wave equation

Introduction
A functional equation is an equation where the unknowns are functions

such as the following functional equation
f(x+y)=f(x)+ f(y), (1.1)

is a well-known Cauchy functional equation, whose additive form, referred to as
the additive Cauchy functional equation. In this paper, we study the geometric
functional equation which is one of the most important functional equation
and has also useful applications in many fields.

Firstly, Aczél et al. (1968) studied the general solution of the functional

equation
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fx+t,y+t)+ f(x+t,y—t)+ f(x-t,y+t)+ f(x-t,y-t)=4f(x,y), (1.2
where f : R? > R and x,y,t are real variables. The general solution of (1.2) is
given in terms of arbitrary symmetric multi-additive functions of four variables.
The few years later, Haruki (1970) (see also Kannappan, 2009), considered the
wave equation,

f(x+t,y)+ F(x=t,y)=F (X, y+t)+ f(x,y—t), (1.3)

where f:R? - R and the general solution of (1.3) is given by

f(x,y) =a(x+y)+B(x-y)+B(xY)

where @, 8 : R = R are arbitrary functions and B : R? - R is biadditive and
skew-symmetric.
Sahoo & Székelyhidi (2001) determined the general complex-valued

solution of the functional equation related to digital filtering,
fx+t,y+t)+ f(x—t,y)+ (X, y-t)=f (x-t,y—-t)+ f(x,y+t) + f(x+t,y), (WI1)
for all x,y,teG and f: G X G = C where G is a 2-divisible abelian group
and C is the set of complex numbers. The general solution is given by
f(xy) =B Y)+d(x)+w(y)+ x(x-y),

for all x,yeG, where B:G X G — C is biaddtive and ¢, 3,y : G = C are
arbitrary functions. Next, Haruki & Nakagiri (2007) considered the pexider type

generalization of the wave equation (1.3), that is the following equation,
fi(x+t,y)+ fL(x—t,y) = fo(x, y+1)+f,(x, y—t), (1.4)

forall x,y,teG and fi,f2,f3, fa : G X G = C where G is a 2-divisible abelian

group and C the set of complex numbers. Their result is:

o
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Theorem 1.1 (Haruki & Nakagiri, 2007) If f3, f2, f3, fa : G X G = C satisfy
(1.3) for all x,y,teG, then there exist

(i) a skew-symmetric biadditive function A : G X G - C

(i) biadditive functions By,B, : G X G = C and

(iii) arbitrary functions a, 8, 1, 2, W1, W2, X1, X2 * G = C such that

fL (X, y) = AX, ¥) + B (X+y,x=y) +a(x+y)+B(x-Y)
+A(X+Y) +y (X=Y)+ 1 (2y),

f (% y) = A(X, Y) = By (X + Y, X = y) +a(X+Yy) + B(X-Y)
- (X+y) =y (X=y) - % (2y),

f3(6Y) = A(X, ¥) + By (X +Y,2X) + ar(X+ y) + B(x - Y)
+d (X+Y) +y, (2X) + 1o (=X +Y),

fa (X, y) = A(X, Y) = By (X + Y, 2X) + (X +y) + B(X—Y)
=G (X+Y) =W, (2X) = 1 (=X +Y).

L (1.5)

However, for their work, they considered (1.3) under the assumption
that f : G X G = C and they proved that the equation (1.3) is equivalent to

each one of the following two equations:

f(x+t,y+t)+ f(x+t,y—t)+ f(x—-t,y+t)+ f(x—t,y—t)
= f(X,y+2t)+ f(x,y—2t)+2f(x,y), (1.6)
and
f(x+t,y+t)+ f(x+t,y—t)+ f(x—-t,y+t)+ f(x-t,y—1t)
= f(x+2t,y)+ f(x=2t,y)+2f(x,y). (1.7)

Then, Naenudorn & Hengkrawit (2013) showed that the functional

equation (W1) is equivalent to each one of the following two equations:

f(x+2t,y+t)+ f(x, y+t)+ f(x=2t,y)+ f(x+t,y—-t)+ f(x—-t,y—t)
=f(x=2t,y-t)+ f(x,y—t)+ f(x+2t,y)+ f(x=t,y+t) + f(x+t,y+t), (W2)
and

f(x+t,y+20)+ f(x—t,y+t)+ f(x—t,y—t)+f(x+t,y)+ f(x,y—2t)

o
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=f(x-t,y-2t)+ f(x+t,y—-t)+f (x+t,y+t)+ f(x-t,y)+ f(x,y+2t) (W3)

for all x,y,teG are equivalent to each other under the assumption
f:GxG-C
Lastly, Hengkrawit et al. (2016) considered the pexiderized digital filtering

functional equation

fL(x+ty+t)+ f(x—t,y)+ fa(x,y—t) =f,(x-t,y—t) + f5 (X, y +t) + fg(x +1,y).

They determined three kinds of solutions, namely, biadditive, symmetric
and skew-symmetric solution function, subject to different sets of conditions
on the functions involved.

The aim of this paper, by using the same technique of Haruki & Nakagiri
(2007), is to show that the functional equation:

f(x+s,y+t)+ f(x=s,y)+ f(x,y—-t)=f(x=s,y—-t)+ f(X+s,y)+ f (X, y +1) (M)

is equivalent to each one of the following two equations:

f(x+2s,y+2t)+ f(x=2s,y—t)+ f(x—=s,y=2t)+ f (X, y+t)+ f (x+5,¥)
=f(x-2s,y-2t)+ f(X+2s,y+t)+ f (X+s, y+2t)+ f (X, y—-t)+ f(x—s,y) (M1)
and
f(x+2s,y)+ f(x,y+2t)+ f(x—=s,¥)+ f(X,y—t)+ f(x—-2s,y+t) + f (X+5s,y—2t)
=f(x=2s,y)+ f(x,y=2)+ f(x+s,y)+ f(X,y+t)+ f (x+2s,y—t)+ f(x—5s,y+2t).
(M2)

Equivalence of equations (M), (M1) and (M2)
Throughout this paper (G,+) and C denote a 2-divisible abelian group
and the field of all complex numbers, respectively. It is convenient to introduce

translation (shift) operators X' and Y' for te G defined by X'f(x,y)= f(x+t,y)

o
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and Y'f(x,y)=f(x,y+t) for all x,yeG. In particular 1=X%=Y? denote the
identity operators. Our main result is:
Theorem 2.1 The functional equations (M), (M1) and (M2) for all
X, ¥,t,8 €G are equivalent to each other under the assumption f: G X G —» C
Proof We will show that Equation (M) is equivalent to (M1) and Equation
(M) is equivalent to (M2). Firstly, we can write (M) in the following operator
form

[XSYt+X‘S +Y—t]f =[X—SY—t+xS+Y‘]f. (2.1)
Multiplying (2.1) by X®Y!, we obtain that
[X25Y2t+Yt+Xs]f:[1+X25Yt+XSY2‘]f. (2.2)
Again, multiplying (2.1) by XY™, we get
[1+ X2yt x—SY—Zt] f= [x—zs\(—2t +Y x—S] f. (2.3)
Then, adding (2.2) and (2.3), we get

[XZY 2 X2y T XY 2y e X [ = XY XY XY 2y T xR

(2.4)
which is the operator form of (M1). Thus, (M) implies (M1).Conversely, squaring
both sides of (2.4), we have

XY A Loyt 2X S 42X By X 3y 2 x Ay 2 o Iy S x sy 4
szuzxs\(t +Y 2 }f
XY MLy 42X TS 42X 7Y R o Y A X sy At g g By 3 x sy
=szuzxs\(t +y2 }f'
(2.5)
Replacing t by 2t and s by 2s in (2.4), we obtain that

I:X4SY4I+X—4SY—ZI+X—25Y—4t +Y2t+xz5j|f

o
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=[X‘4SY“”+X4SY2‘+X25Y4t+Y‘2t+X‘25}f. (2.6)

If we subtract (2.6) from (2.5), then

[2\(t F2XS 42X Y3 L ox Y2 Loy By Bt oy Syt oy 2 +2Y‘2t] f

:[ZY’t+2X’S+2X’2SY’3t+2X’3SY’2‘+2X3SY3t+2XSYt+2X23+2Y2IJf. 2.7)
Multiplying (2.4) by X°Y', we obtain that

XY X0 Y T XY 2 XY = [ XY XY 2 XY T X £

(2.8)
Multiplying (2.4) by XY™, we obtain that
[XSYt XTIy 2 2y B s +Y‘t] f
=[x*35\(*3t FXS Y XSy 2y x*ZSY*t] fl (2.9)

Then, adding (2.8) and (2.9), we get

[x“y3t £ XY 2 x2Syt xSyt X Bsy 2ty 2y Bt oy s +2Y‘t] f

=[x—3'5\(—3t XTI XY T XSy T X BY R XY oxs +2Yt] f. (2.10)
Multiplying (2.10) by 2, we obtain that

[2x35\(3t F2XSY2 L oX 25yt Lo Syt L oX Iy 2t ox 2y Bt g S +4Y‘t] f

=[2X 7Y 2X Y P 2X Y T 2X Y T 2X Y 22X Y A Ayt

(2.11)
Then, adding (2.7) and (2.11), we get
[2x5\(2t F2XBYLp2X 2 Loy oS +2Y’t]f
=[2x—5\(—2t F2X Y o2 Loy 2 oS +2Yt] f) (2.12)

Multiplying (2.4) by 2, we obtain that

o
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[2x25\(2t F2X Yt o Sy 2 oyt +2x3]f
=[2><—25Y—2t F2XBY XY 2 Loyt +2x—5] fl (2.13)
Then, adding (2.12) and (2.13), we get

[2x5\(2t F2XBYLpoX 2 Loy R L ox 2y 2 oy syt 2X’SY’2t] f

=[2X—SY—Zt+2x—25Y—t+2x25+2Y2‘+2x—’-’SY—2t+2x25Yt+2xSY2t]f. (2.14)
Multiplying (2.14) by X®Y', we obtain that

[2x—5\(t +2X5Y +2x3SYﬂf =[2X3SYt 22Xy +2x—5Y“] f. (2.15)
Multiplying (2.14) by X ~5Y ™, we obtain that

[2X7% v tax sy P ax sy ] £ =[ 2y xR L (2.16)
Then, adding (2.15) and (2.16), we get

[2x35\(3t F2X 7Yty sy +2xSY‘J f
=[2x—35\(—3t F2XBY L oxsy +2x—5Y—t] f) (2.17)

Multiplying (2.17) by X®Y', we obtain that

[2x“5\(4t F2X B oy +2x25Y2t]f :[2x*25\(*2t F2XAY 2 L ox sy 4 +2] f,
(2.18)
Multiplying (2.17) by X°Y™", we obtain that

[2x25\(2t F2X YR o) sy A +2] f :[2x4‘SY*‘“ +2X 5 Loy +2X’25Y’ZtJ f)
(2.19)
Then, adding (2.18) and (2.19), we get

[2x4SY‘“ F2X B Loy 4 2y 2 gy Asy 2 2X’23Y’4tJ f

- [2x*‘5\(4‘t F2X B Loy 2 axX 2y Loy Ay 2 oy ZSY‘“] f. (2.20)

o
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Multiplying (2.6) by 2, we obtain that
[2x43\(4t F2XTIY 2 L oX By Ay oy +2x2ﬂ f
=[2X‘4SY““ +2X Y2 o By oy 2 +2x—25} f. (2.21)
If we subtract (2.21) from (2.20), then
[4X2Y 2 X2 ay 2| £ =[AXTPY 2 ax® way ™ [ f. (2.22)
Multiplying (2.22) by % we obtain that
[xZSY2t + X7 +Y—2t]f =[x—25\(—2t + X2 +Y2t] f. (2.23)
Replacing 2t by t and 2s by s in (2.23), we obtain that
[XSYt+x—S+Y—t]f =[X‘SY‘t+XS+Y‘]f, (2.24)

which is (M). Hence, (M) is equivalent to (M1).
Next, we will show that (M) is equivalent to (M2). Multiplying (2.1) by X~°Y!,

we obtain that

(Y2 X2 XS [ = [ Xy e XY 2 £ (2.25)
Multiplying (2.1) by X®Y™, we obtain that

[XZ YT XY 2 <[y 2 X2y Xt (2.26)
Then, adding (2.25) and (2.26), we get

[XZS FY2 XSyt XYty XSY‘Zt] f

:[X’25+Y’Zt+XS+Yt+XZSY’t+X’SY2t}f, (2.27)

which is the operator form of (M2). Thus, (M) implies (M2).

On the other hand, squaring both sides of (2.27), we have
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{x“s+2x25\(2t+4x3+2x25\(—t +AY 42X BY 2y o sy +2x—?-’5\(3t}f
43X 72 AX Y T 2X TEY oSy B3y 2 X sy 2 x By 4
{x45+2xzsv2t+4xS+2XZSY‘+4Yt+2x3SY2‘+Y4“+2XSYZt }c
42X 2y 73X 2 L AX Y 42X Y T 42X TSy 3 3y 2 xSy 2y X sy M
(2.28)
Replacing t by 2t and s by 2s in (2.27), we obtain that

|:X45 LYA x2S +Y—2t+x—4sY2t+Xst-4t]f

=[X‘4S FY TR XS Ly 2 syt X‘ZSY‘“] f) (2.29)
Adding (2.28) and (2.29), we get

{zxzwzt +2X2Y X BY 2 ax Sy 22X 2y R +2X‘35Yt} f

F2XSY L 2X B LY R AX S 1Ay AX Y

. {ZXZSY” +2X 7Y g 2X By 2 pox Sy 2 L ox By +2x3svt} ¢ (230
22X YR L 2X B 1 2Y 2 44X TS 4y T4 AXSY!

Multiplying (2.30) by % we obtain that

FXSY T Xy 22X S 42y 42X Y
|:X25Y2t+XZSYt+X3SY2t+XsY2t+X25Y3t+X3$Yt:|
= f-

l:xZSYZI+X23Y—t+X3SY—2t+X—SY2t+X—25Y3t+X—3SYt:|f

3t 2 2t t t (2.31)
+X Y XS4y 2X TS 2y T 2X Y

Adding (2.31) and (2.27), we get

[XZSY2t X3Sy 2 )2yt Byt sy Bt s Lyt +2X’SY’tJ f

[ XY P XTI 2 XY XY XY Xy T 2X Y ] FL (232)
Multiplying (2.27) by X °Y', we obtain that

[xs\(t FXTSY3 XY xS o By +Y“] f
- [x—“\(t FXTSY Yt e X TSR XS x—ZSYﬂ f. (2.33)
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Multiplying (2.27) by X®Y™, we obtain that

[XE’SY’t FXSY Y Tt XY 2 XS 4 xzsvfﬂ f

=[X‘SY‘t FXSY X2yt xSy X3y 2 +Y‘] fl (2.34)
Adding (2.33) and (2.34), we get

[zxs\(t F2Y T 2X TS XY XY X Iy 2 x Byt xSy~ XZSY’SIJ f
=[2x—5\(—t F2Y 42X+ XOY B X By T X3y 2 xSyt x sy 2ty x—ZSYﬂ f.

(2.35)
Adding (2.32) and (2.35), we get

[ X2 X2 T XY 2 XS Y T = XY 2 XY T XY X Y
(2.36)
Adding (2.27) and (2.36), we get

[XPY 2 X2y 2 £ <[ XY 2 X204y 2 1, (2.37)
Replacing 2t by t and 2s by s in (2.37), we obtain that
XY Xy ] <[ XY x4y,

which is (M). Hence, (M) is equivalent to (M2). This completes the proof.

O

Conclusion
Using the technique of Haruki and Nakagiri (2007), the equivalence of
three functional equations (M), (M1) and (M2) are investigated as follows:

The functional equation

f(x+s,y+t)+ f(x=s,y)+ f(x,y—-t)=f(x=s,y—t)+ f(X+s,y)+ f (X, y +1) (M)

o
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is equivalent to each one of the following two functional equations:

f(x+2s,y+2t)+ f(x=2s,y—t)+ f(x=s,y—2t)+ f (X, y+t) + f (X +5,Y)

=f(X-2s,y—-2t)+ f(X+2s,y+t)+ f(X+s,y+2t)+ f (X, y—t)+ f(x—5s,¥) (M1)

and

F(x+2s,y)+ f(x,y+2t)+ f(Xx=s,y)+ f(X,y—t)+ f(x—=2s,y+t)+ f(X+s,y—2t)

=f(x=2s,y)+ f(x,y—=2t)+ f(x+s,¥)+ F (X, y+t)+ f(x+2s,y—t)+ f(Xx—s,y+2t)
(M2)

for all x,y,t,s€G under the assumption f : G X G — C.

Discussions

In this paper, we study the functional equation related to the digital
filtering (W1) (Sahoo & Székelyhidi, 2001). By using the same technique of Haruki
& Nakagiri (2007), we obtained two equations corresponding to the functional
equation (M) which is consistent with Haruki & Nakagiri (2007) and Naenudorn &
Hengkrawit (2013). Our solutions of the functional equation (M) will be useful for

the work related to the digital filtering.
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