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Editorial Note 

The Journal of Applied Research on Science and Technology (JARST)  is an academic journal prepared 
by Institute of Research and Development, Rajamangala University of Technology Thanyaburi (RMUTT). The 
JARST aims to disseminate and share knowledge and ideas in the form of high-quality articles related General 
Engineering, General Materials Science, General Agricultural and Biological Sciences, General Computer Science, 
and General Mathematics to researchers, academics, faculty members and students both national and international. 

This journal published nine research articles. Each of the research articles  presented interesting 
concepts such as Effectiveness of separated ICR for a wheeled skid-steering robot, Design of a two-seater 
seaplane wing spar structure with composite materials, Age-dependent mathematical models of ligaments 
and tendons, Effects of drilling parameters on drill bit wear of ASTM A36 steel, Investigation of propeller 
configuration effects on the flight stability of unmanned aerial vehicles, Increasing the value of jackfruit 
cobs as agricultural waste materials for syrup production by enzymatic hydrolysis using pectinase and 
cellulose, Exploring the design and construction techniques of post-tensioned slabs, Behavioral analysis of 
two-dimensional difference equations in the third quadrant and Development and optimization of a fresh 
lotus embryo piercing machine. Therefore, this journal is a channel  disseminating the knowledge areas of 
physical sciences and life sciences which related persons could apply it for further benefits. 

Lastly, the editorial team would like to considerably thank you for supporting and pushing forward this 
journal to occur and well accomplish. We are hopeful of your good cooperation and continuing support in the 
future. 

 
 
 
  

Editorial Team 
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Effectiveness of separated ICR for a wheeled skid-steering robot 
Ditsakorn Wanichratanagul, Witaya Wannasuphoprasit and Viboon Sangveraphunsiri* 
Department of Mechanical Engineering, Faculty of Engineering, Chulalongkorn University, Bangkok 10330, THAILAND 
*Corresponding author: viboon.s@chula.ac.th 

ABSTRACT 

The skid-steering robot has gained popularity due to its mechanical simplicity and robustness, making it a preferred 
choice in various applications. However, this configuration is prone to slip during turning maneuvers, resulting 
in inaccurate trajectory prediction using the conventional differential drive kinematic model. The separated 
instantaneous centers of rotation (ICRs) approach has been proposed to address this issue and mitigate slips 
experienced during turns. Compared to the computer simulations, this study investigates the trends of the 
separated ICR approach on the trajectory error using a real-world robot across different terrains in low dynamic 
conditions. The findings reveal that the effectiveness of the separated ICR approach in compensating for slip 
varies depending on the turning radius. Specifically, the approach is less effective with smaller turning radii 
and vice versa. Surprisingly, the terrain type does not significantly impact the effectiveness of the separated 
ICRs approach, suggesting that its performance is more closely linked to the turning radius than to the terrain 
conditions. Although the simulation method outlined in this research struggles with precise surface roughness 
estimation, it demonstrates consistent skid behavior, indicating the potential utility of separated ICRs for skid-
steering robots. To enhance the accuracy of computer simulations, a deeper exploration of terrain surface conditions 
is necessary. Nonetheless, the implementation of separated ICRs on our four-wheel mobile robot shows promising 
results, underscoring the viability of using separated ICRs to improve the performance of skid-steering robots in 
various settings. 

Keywords: Ground vehicles, Four-wheel mobile robot, Kinematics, Skid-steering, Instantaneous center of rotation

INTRODUCTION 

Skid-steering robots have become increasingly 
popular in outdoor environments due to their mechanical 
simplicity and robustness, allowing more space within 
the robot [1, 2]. This type of robot has various applications 
especially in uneven terrain or dangerous missions, 
for example, mining robots [3], agricultural robots [4, 5], 
Planetary exploration robots [6], surveillance robots [7], 
and security robots [8]. The main focus of this project 
is to develop an autonomous outdoor mobile robot for 
transporting objects between buildings on a university 
campus. 

The maneuvering configuration is based on the 
relative velocity of the left and right-side drive, similar 
to the unicycle differential-drive configuration. However, 
slip is inevitable during the turning maneuver due to 
the configuration involving multiple wheels or a track 
on both sides [9]. The slip violates the differential drive's 
no-slip and pure rolling assumption and is the primary 
challenge of the skid-steering configuration [10, 11]. 

Kinematic models based on differential drive 
configuration have been proposed to deal with slip. 
Among those, the most popular approach is the separated 
instantaneous center of rotation (ICR), which focuses 

on the ICRs of each side of the wheels instead of the 
configuration ICR. The separated ICR uses the length 
between the ICR of each side, which is obtained from 
the experiment, instead of the wheel-to-wheel width 
in the differential drive kinematic model. The previous 
works experiment with this approach using a thread 
robot [12] and a 4-wheel skid-steering robot [13], which 
gives better dead reckoning results than the differential 
drive kinematic model. 

In contrast to the configuration ICR that varies 
considerably depending on the configuration and 
ground contact dynamics, the separated ICR remains 
within bounded regions of each side of the robot at 
low speed on hard terrain as the inertia force is the 
main contributor [14, 15]. Thus, the approximately 
constant position of the wheel ICRs can be assumed 
for each configuration. 

This research aims to discover the trends of the 
separated ICR approach in terms of trajectory error 
compared to the typical differential drive kinematic 
model on a robot with real-time position tracking. The 
study tests the robot over 4 different terrains and 2 
different turning radii, which are the actual applications 
of this project robot. 

https://ird.rmutt.ac.th/
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MATERIALS AND METHODS 

The setup of skid-steering in this research is 
depicted in Figure 1, which consists of two pairs of non-
steering wheels at the front and rear of the robot. The 
linear and angular velocities of the robot ( , )v ω  is dictated 
by the velocities of the left and the right-side wheels 
( , )l rv v . Each side's front and rear wheels must rotate at 
the same speed. To investigate the violation of the pure 
rolling and no-slip assumption, each wheel is defined 
by four constant parameters as , , ,l rα β  along with an 
angular variable ( )tϕ , as illustrated in Figure 2. Each 
wheel's longitudinal and lateral velocity can be expressed 
in Eq. (1) and (2).  

 ( ) ( ) ( )sin cos cos 0l R v rα β α β β θ ϕ − + + + =       (1) 

 ( ) ( ) ( )cos sin sin 0l R vα β α β β θ + + =               (2) 

 
Figure 1 skid steering configuration with two pairs 

of non-steering wheels at the front and rear 
of the robot. 

 
Figure 2  non-steering wheel configuration. 

Where ( )R θ  represents the configuration 
rotation matrix, and v  represents the configuration 
velocity vector. The lateral velocity is investigated 
further since it has to remain zero during the turning 
maneuver to satisfy the no-slip and pure rolling 
assumption. The lateral velocity of every wheel in 
this research configuration is defined in Eq. (3). 

 ( ) 0RC R vθ =   (3) 

While RC is a 4x3 matrix containing the wheel 
configuration term of every wheel. Obviously, for skid 

configuration, rank 2RC =  due to its two rotation axles 
parallel to each other. This serves as proof that the skid 
configuration could not steer without violating the no-
slip and pure rolling assumption[9]. 

Unlike the skid configuration, the differential 
drive, which has a similar configuration, is steerable 
without violating any of those assumptions. The inverse 
kinematics of the differential drive can be expressed 
as follows[16]: 

 
1
1

l

r

v d v
v d ω

−     
=     

    
 (4) 

where d  represents the distance from the 
center line to each side of the mobile robot wheels. 
However, unlike the differential drive, which does not 
generate slip, Eq. (4) fails to accurately predict the motion 
of the skid configuration during turning maneuvers. 
Separate ICRs are employed to minimize motion errors. 
By treating each side of the wheels as rigid bodies, there 
are three ICRs within the configurations: 

( ),C c cICR x y=  f o r  o v e r a l l  c o n f i g u r a t i o n  I C R ,

( ),L l lICR x y=  for left-side wheels ICR and ( ),R r rICR x y=  

for right-side wheels ICR as shown in Figure 3 [12, 
13]. 

 
Figure 3 Separated ICRs of both sides of the configuration 

and ICR of the whole configuration when 
the configuration turns along the path. 

Considering that both sides of the configuration 
rotate around their respective ICR, the location of each 
ICR can be shown as follows: 

 x
c

vy
ω

= −  (5) 

 l x
l

v vy
ω
−

=  (6) 

 r x
r

v vy
ω
−

=  (7) 

 y
c l r

v
x x x

ω
= = =  (8) 

Assume that the configuration is symmetrical, 
and its center of gravity is placed at the center of the 
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configuration, the longitudinal velocity of the configuration 
becomes zero: 

 0c l rx x x= = =  (9) 

Assume that the mass of the configuration is 
well distributed over its body, the displacement between 
the ICR of each side and the configuration in the y-axis 
should be the same: 

 l r oy y y= − =  (10) 

Where 0y is the displacement between the wheel 
ICR of both sides to the center of the configuration in 
the y-axis. The inverse kinematic model of the skid 
steering configuration can be expressed as follows: 

 0

0

1
1

l

r

yv v
yv ω

−    
=     

    
 (11) 

The value of oy can be determined by measuring 
the steering efficiency of the configuration through 
experimentation. By performing the zero-radius turning 
and comparing the actual angle and the angle, the 
configuration should be based on wheel rotation; 
the value of 0y  can be shown as follows. 

 0 2
r lv dt v dt

y
θ

−
= ∫ ∫  (12) 

Also, in low speed, oy is significantly dependent 
on the robot configuration parameters. External variables 
such as terrain type exert negligible influence on its 
values [14]. 

Skid steering robot 

Figure 4 depicts the skid steering robot employed 
in this research, which operates as a four-wheel drive 
system. Its dimensions (W×L×H) are 0.71 0.78 0.54 m× ×   
and weight approximately 48 kg . The robot is powered 
by electricity stored in onboard batteries, the robot's 
locomotion is facilitated by four brushless servo 
motors, each fitted with encoders attached to its 
respective wheel. The distance between the center of 
the left and the right-side wheels d  is 0.57 m . Suspension 
modules are incorporated at each wheel to mitigate 
force transmission from the ground to the robot body. 
This feature enables the robot to navigate uneven terrain 
smoothly, as illustrated in Figure 5. Additionally, to 
prove that the robot could overcome the friction 
generated by the nature of the skid-steering, the robot 
can perform a 180-degree turn utilizing a kinematic 
model derived from Eq. (4), using remote control, as 
demonstrated in Figure 6. The robot has a ZED2 stereo 
camera with a built-in V-SLAM algorithm (Visual 
Simultaneous Localization and Mapping). The camera 
observes the position of the environment feature point 
based on the parallax distance between each lens. The 
zalgorithm uses this information with IMU to map 

the environment and localize the camera to the map 
simultaneously to record the camera's trajectory. Eq. 
(4) and (11) are incorporated into the robot's control 
algorithm to conduct the experimental study. 

 
Figure 4  Skid steering robot in this project. 

 
Figure 5 Snapshot of robot moving on uneven terrain. 

 
Figure 6 Snapshot of robot performs 180-degree turn 

indicates that the robot can overcome friction 
and perform skid-steering behavior. 

Experiment methodology 

The experiment takes place on four different 
terrains based on the campus, which are this project's 
main operation areas: a grass field, a ceramic plate floor, 
a concrete road, and a gravel passageway, as illustrated 
in Figure 7. The experiment was conducted in each 
terrain by letting the skid-steering robot perform 180-
degree U-turns with 2 different radii, 1 and 2 meters. 
On each terrain and each radius, experimented using 
2 different control algorithms, Eq. (4) and Eq. (11). The 
robot has to maintain linear velocity 1 /m s  during 
the experiment. The trajectory of each experiment is 
collected by a ZED2i stereo camera using its built-in 
V-SLAM algorithm. Due to the insensitivity over the 
terrain of the 0y , the experiment to determine 0y  is 
conducted over a gravel passageway and will use the 

https://ird.rmutt.ac.th/
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value on all the 180-degree turning experiments and 
simulations. Note that the ZED2i stereo camera is 
factory-calibrated and used as is. 

Dynamic simulation 

This study uses MATLAB's SimScape to simulate 
the skid steering trajectory. The SimScape model is 
shown in Figure 8. The model is constructed from robot 
configurations mentioned above to simulate joint-to-
joint simulation as shown in Figure 8 section 1. The 
model wheels receive velocity input from Figure 8 

section 2 and calculate force interaction, including 
friction, which generates slip in case fiction is insufficient 
using the contract force library [17] in Figure 8 section 
3. This model has conducted a 180-degree turn using 
experiment conditions beforehand to investigate the 
friction coefficient. By varying the friction coefficient, 
the trajectory results of each experiment do not show 
any significant difference. Hence, we choose the friction 
coefficient 0.9 to represent the simulation result in the 
next topic.

 
Figure 7 Urban terrain used in experiment 1) grass field 2) ceramic floor 3) concrete road 4) gravel passageway. 

 
Figure 8  MATLAB's SimScape model for skid steering configuration moving on the floor with adjustable friction 

coefficient.

RESULTS AND DISCUSSION 

By performing the zero-radius turning experiment 
on the gravel passageway, we obtain 0.93oy m=  and use 
this value in the 180-degree turning experiments. The 

trajectory of the 180-degree turning experiment on 
four terrains at a radius of 1 and 2 meters is depicted in 
Figures 9 and 10, respectively. The continuous lines 
indicate the trajectory of the robot using Eq. (4) (using 
a constant d ) as the robot algorithm, and the dashed 
lines indicate the trajectory of the robot using Eq. (11) 

https://ird.rmutt.ac.th/
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(using a constant 0y ) as the robot algorithm. The green 
line indicates the reference trajectory, the blue line 
denotes the simulation trajectory, and the other colors 
show the robot's trajectories on different terrains. 

The trajectories of the robot using Eq. (11) 
converge to the reference trajectory more than the 
trajectories using Eq. (4) in both turning radii and 
the trajectories that use the same algorithm seem to 
converge with each other, which will be investigated 
further. All the experiment trajectories are shorter than 
the reference trajectory in which the 2 meters radius 
trajectories are closer to the reference than the other, 
which indicates that all the experiment trajectories are 
slip. However, the larger radius generates a smaller 
slip, and the Eq. (11) algorithm can reduce the trajectory 
error but cannot reduce the slip. 

The simulation can simulate skid-steering 
behavior with Eq. (11) trajectories that converge more 
to the reference than the other in both turning radii, as 
found in the experiment trajectories. The simulation 
trajectories fail to simulate accurate slip, as evidenced 
by the longer distance between the simulation trajectories 
and the experiment. The friction model of the simulation 
is the main suspect of the inaccurate slip in the 
simulation as the model does not consider the wheel 
deformation. 

To investigate furthermore about error 
comparison between both turning radii, the normalized 
error of each trajectory can be analyzed by calculating 
the distance between the experimental trajectory and 
the reference trajectory at the corresponding time, then 
normalizing it by dividing by the radius of the turning 
curve, as stated in Eq. (13). The errors of the trajectory 
depicted in Figure 9 and Figure 10 are presented in 
Figure 11 and Figure 12 respectively. Note that simulation 
results are excluded due to their accuracy. 

 
( ) ( )2 2

, , , ,ref t actual t ref t actual t
t

x x y y
error

radius

− + −
=  (13) 

 
Figure 7  Trajectory results of the experiment on different  

terrain at a radius of 1 meter. 

 
Figure 10 Trajectory results of the experiment on 

different terrain at a radius of 2 meters. 

 
Figure 11 Equivalent trajectory error of the experiment 

on different terrain at a radius of 1 meter. 

 
Figure 12  Equivalent trajectory error of the experiment 

on different terrain at a radius of 2 meters. 

From Figures 11 and 12, the yellow dashed line 
in Figure 11 shows the trajectories using Eq. (11) have 
less error than the trajectories using Eq. (4) in both 
turning radii as the slopes are lower and the final errors 
are also more minor which indicates that the. The 
equivalent errors of the experiment with a larger radius 
are smaller than those with a smaller radius, which also 
supports that turning with a larger radius generates a 
smaller slip. In each turning radii, the trajectory errors 
of each algorithm are adhering together, which indicates 
that the terrain types are insignificant to slip behavior 
in this project setup as the parameter 0y  is mainly 
influenced by the robot configuration at low speed, 
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which can apply to the other robot in low dynamic 
operation.  

The dashed lines and continuous lines between 
0 - 0.8 second in Figure 11 and between 0 - 0.5 seconds 
in Figure 12 are aligned to indicate the angular acceleration 
period. The yellow dash line in Figure 11 has a more 
extended acceleration period. The gravel passageway 
is suspected to be the most friction terrain, which makes 
the robot more influenced by the dynamic conditions, 
and so is the 0y . 

Compared to the robot size, the separated ICR 
approach significantly reduces trajectory error in low 
dynamic conditions such as large turning radius. The 
compensated control strategy, increasing the trajectory 
duration to match the reference, is recommended to 
reduce the trajectory error further. Also, a more accurate 
wheel-ground interaction model is recommended to 
simulate behavior precisely. 

CONCLUSIONS 

This study demonstrates the efficacy of the 
separated ICR approach on the actual condition that the 
robot in this research has to operate. Skid behavior 
trends have less impact when the robot turns at a larger 
radius. The trajectory error is also smaller when using 
a separate ICR approach, but the approach does not 
reduce the slip at each wheel. The experiment is done 
over 4 terrains with different friction coefficients and 
characteristics. The result shows that the terrain type 
is insignificant to the skid behavior in low dynamic. The 
simulation proposed in this research can replicate 
the skid behavior but fails to predict the trajectories 
accurately. The interaction between the wheel and 
the ground is the leading cause of the inaccuracy of the 
simulation. Despite the trajectory errors, the separated 
ICR approach is recommended to compensate for slip 
in low dynamic conditions. More sophisticated control 
strategies for trajectory timing adjustment and travel 
length compensation can also be considered in the 
future. 
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ABSTRACT 

A two-seater, mono-wing seaplane was initially developed for survey and rescue operations, with an empty weight 
of 470 kg and a maximum takeoff weight of 650 kg. Fiber-reinforced composite materials, consisting of fiber 
reinforcement and thermosetting polymer, were used in this airframe to reduce weight because the structural 
properties can be customized by adjusting the orientation of the fiber fabric layup and removing redundant material, 
which is impossible with metal. This paper presents a comprehensive overview of the design process for the aircraft's 
primary I-beam wing spar, employing composite material. Before conducting design calculations, it is critical 
to consider the variability of characteristics of composite materials caused by fabrication conditions such as 
temperature, humidity, and defects. As a result, it is imperative to conduct thorough testing of carbon fiber-
reinforced composites following many different testing requirements. The coupon tests capture critical 
characteristics such as strength, stiffness, and Poisson's ratio across several orientations. The wing spar I-beam 
structure was subsequently developed with three primary considerations: stiffness (maximum deflection), 
strength, and stability (structural buckling). Following preliminary sizing of the I-beam wing spar, a simple initial 
layup was recommended, with primary loading in each component. The initial design was then subjected to a 
more detailed calculation using classical lamination theory, which took into account distributed load along the 
wing, spar taper, ply-drops along the span, and composite layup guidelines in order to reduce structural weight 
while ensuring the main spar's ability to withstand operational loads effectively. The calculating results show 
that the spar with an optimized composite design has a lighter weight than the original design by around 43%, 
while it can withstand the same loads with no analytical failure. 

Keywords: Aircraft structural design, Seaplane, Composite material, Classical lamination theory, Mechanical 
properties 

INTRODUCTION 

Polymer composites are crucial in the aerospace 
industry, primarily attributable to their reduced mass 
and exceptional mechanical characteristics. [1]. These 
materials are thoroughly integrated into structural 
frameworks such as wings, fuselage, and tail regions, 
where their exceptional strength-to-weight ratio greatly 
elevates structural integrity and total performance 
[2-7]. Furthermore, carbon fiber/epoxy composites have 
attained notable prominence in commercial aviation, 
signifying progressive advancements in composite 
materials since the mid-20th century. Weight reduction 
represents another critical application, as aircraft with 
diminished mass contribute to enhanced fuel efficiency 
and lower operational expenditures, which is essential 
for promoting sustainability within the aviation sector. 
In addition, the resistance of polymer composites to 
corrosion is quite impressive, helping to enhance the 
longevity of aircraft components while cutting down 
on maintenance expenditures [4, 8]. In flight-control 
mechanisms, polymer-based composites are employed 

in bearings, whose tribological characteristics are 
paramount across diverse operational scenarios. In 
summary, incorporating polymer composites within 
the aerospace sector improves performance metrics 
and contributes to sustainability objectives by curtailing 
carbon emissions through optimized design and 
manufacturing methodologies. Additionally, the 
evolution of fabrication processes, including additive 
techniques, is streamlining the production of sophisticated 
forms and personalized elements, boosting the 
effectiveness of polymer composites in aircraft design 
[9]. 

Generally, for aircraft wings, the main 
component that carries most of the load produced 
from the aerodynamics is the wing spar [10]. A two-
seater, mono-wing seaplane with an empty weight 
of 470 kg and a maximum takeoff weight of 650 kg 
was designed with composite material to reduce 
the weight and ease of manufacturing. The wing is 
connected to a wing strut at a distance from the mid-
plane of 2.588 m. The strut shares the load from the 
wing spar and reduces the tip deflection. Figure 1 (a) 
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shows the half-wing planform, wing component 
(spar, rib, control surfaces), and the strut connecting 
position. The aircraft wing spar was designed as an 
I-beam, as the section shown in Figure 1(b). 

(a) 

 

(b) 

 
Figure 1 (a) Drawing of the wing (top and front view); 

(b) spar I-beam cross section at the root (all 
units in mm). 

This work begins by reporting the mechanical 
properties of the materials utilized in this structure, 
particularly carbon fiber-epoxy (CF) and glass fiber-
epoxy (GF), based on results obtained by material 
testing according to ASTM standards for composite 
material. The structural design of composite materials 
is then provided by an analytical method based on 
classical lamination theory, which considers three 
factors: stiffness, strength, and stability (plate buckling) 
[11]. This method applies the structural calculation 
of the isotropic material. However, it needs an additional 
consideration to the material orientation as the 
composite material is an orthotropic material that can 
design the ply orientation to counter such load in such 
direction. 

The most appropriate design for the wing spar 
is finally proposed using the analytical calculation 
based on Classical lamination theory [11]. Its physical 
(weight and thickness) and structural safety under the 
maximum load are compared to the original design. 

MATERIALS AND METHODS 

Materials 

Two materials were used in this study: carbon 
fiber-epoxy (CF) and glass fiber-epoxy (GF). Carbon fiber 
is Neotech EC3C60 - carbon 3k plain weave [12], Glass 
fiber is Fiberglass Cloth EW200 [13], and epoxy is Epotec 
YDL579 with TH8377M hardener [14]. CF and GF were 

fabricated with the hand layup method, laying the fiber 
fabric on a flat aluminum mold and applying epoxy 
resin ply-by-ply until reaching eight plies (an estimated 
thickness of 2.5 mm). The hand-laid composite was then 
covered with vacuum bag and applied with a vacuum 
pressure. It was left for curing at 44°C for 8 hours. The 
cured laminates were cut to the recommended size 
according to ASTM D3039 for tensile testing and ASTM 
D3518 for in-plane shear properties testing. There are 
five specimens per testing group. The cut specimens 
were measured for their width and thickness using 
a vernier caliper and micrometers, respectively, to 
report the cross-section size of the specimen for stress 
calculation. The specimens were tested with a universal 
testing machine attached to a bi-axial extensometer 
(Epsilon model 3560-BIA). The force and extension 
of the specimens were recorded and analyzed for the 
stiffness, strength, and Poisson's ratio of the materials. 
The average material properties of both materials are 
shown in Table 1. 

Table 1 CF and GF mechanical properties.  

Mechanical properties CF GF 

Ply thickness (mm) 0.28 0.21 
Density (g/cm3) 1.37 1.61 
Fiber volume ratio (%) 41 39.5 
Tensile modulus, E1=E2 (GPa) 44.81 14.23 
Tensile Strength, 𝝈𝝈𝟏𝟏𝟏𝟏∗ =𝝈𝝈𝟐𝟐𝟐𝟐∗  (MPa) 467.46 329.78 
In-plane shear modulus, G12 (GPa) 3.14 2.50 
In-plane shear strength, τ12 (MPa) 65.71 66.87 

Calculation sequence 

The composite structure calculation is based 
on materials' mechanics, e.g., axial, bending, shear 
stress, and buckling. However, it is slightly different 
from isotropic material, i.e., aluminum or steel, as 
composite materials are anisotropic materials that 
generally have different properties in each direction. 
The composite wing spar structure is calculated 
following classical lamination theory, as shown in 
the diagram in Figure 2. The calculation sequences are: 
• Load calculations: The calculation starts from the 

load calculation, which consists of loads from 
aerodynamic, structure weight, and attachment 
on the wing (strut in this case). The ultimate load 
is identified according to light sport aircraft standard 
ASTM F2245 [15]. 

• Initial plies calculation: The initial layup is computed 
by simplifying the problem to a single load case 
assuming the equivalent and separately estimating 
the material required for flange and web by neglecting 
any interaction between the two components.  

• Construct layup: The initial plies requirement will 
be the initiation of building a laminate for the flange 
and web. The composite laminate guidance [16] will 
be considered in this lamination.  
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• Refine calculation: After the laminate with the layup 
guidelines is constructed, the detailed (refined) 
calculation, including tip deflection, stress on flange 
and web, and the buckling, will be calculated for 
the overall section at the highest load position. The 
reserve factor (RF) will then be calculated for any 
possible failure, stress using maximum stress criteria, 
stability using critical buckling load, and tip deflection 
limit.  

• If the failure occurs in a ply (RF<1), the layup will 
redesigned by adding plies of materials to avoid a 
failure. 

• If no failure occurs (RF>1): this refers to overdesign 
and a redundant weight. This leads to removing plies 
until the lowest RF value among all conditions is 

just above 1. This laminate will be called an “Optimized 
layup”. 

To make the analytical calculation possible, 
some details of the preliminary design spar were 
suppressed to simplify the analysis, and there are 
general assumptions made for the calculation following: 
• Straight spar from the root to tip, no bent shape. 
• A small off-center of the load from the centroid of the 

spar leads to negligible torsional load and twist angle. 
• Separately calculate the components: top flange, 

bottom flange, and web, no bonding, curves, or bent 
joint to be considered. 

• The thin wall assumption was applied to all calculations. 
• A strut hinge is a point load acting in the strut fixture 

direction. It can cause some downward load for the 
deflection calculation.

 
Figure 2 Calculation step for optimized composite laminate design.

Wing loading 

The airload (aerodynamic load) along the spanwise 
was initially calculated according to trapezoid lift 
distribution [17]. The total lift equals the maximum 
takeoff weight of the aircraft (650 kg). The dead 
weight of the wing (50 kg) distributed along the 
spanwise corresponding to the chord of  the 
section (Figure 1(a)) was deducted from the airload for 
the total distributed load. The equilibrium force equation 
calculated the reaction force at the strut hinge point. 
The distributed load and strut hinge force on the wing 
are shown in Figure 3(a).  

The axial load, shear load, and bending moment 
diagram were then developed on the wing spar. The 
critical position of the diagram, located at the strut 
fixing point (X = 2.588 m), allowed for determining 
the maximum axial force, shear force, and bending 
moment. As shown in Figure 3(b), (c), and (d), the 

maximum axial load (F), shear force (V), and bending 
moment (M) are, respectively, 5350 N, 1231 N, and 1186 
N-m. The ASTM F2245 [15] light sport aircraft load factor 
(nmax=+4) and the safety factor 1.5 at the maximum 
load were multiplied by the maximum loads from the 
diagrams. 

Initial calculation  

Every component (flange and web) had its 
original estimate of the necessary plies considered. 
A single-ply orientation-0° plies to counteract axial load 
on the flange and 45° plies to counteract shear loading 
in the web-was used to support the load. The basic 
diagram utilized in the initial computation, the axial 
stress and shear stress, is shown in Figure 4, where nx 
denotes the number of piles in x direction and tx is the 
thickness of each pile in the x direction. 

Obtain overall sizing

Initial plies calculation

Loads calculation

Refine calculations

Effective terms Stiffness check Strength check

Construct layup

Tip deflection𝐴𝐴𝐸𝐸

𝐴𝐴

𝐸𝐸

Axial load

Shear load

Flange

Web

Stability check

Combine

Optimized layup

Fail Pass
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(a) 

 

(b) 

 

(c) 

 

(d) 

 
Figure 3 Diagram of (a) wing load distribution, (b) 

shear, (c) axial force (d) bending moment 
along the spanwise.  

 (a)  (b)  

Figure 4 Initial calculation for (a) spar flange 0° plies 
thickness to counter axial load; (b) spar web 
0° plies 45° plies thickness to counter shear 
load. 

Design of the laminate 

The laminate will be constructed based on the 
composite layup guidelines [16]: 
• Keep the orientation simple: strict with 0°, 45°, and 

90° for the ease of ply cutting. 
• Every laminate should have a minimum of 10% of 

fibers in each direction [0°/±45°/90°] to counter the 
unpredicted loads.  

• Avoid grouping more than 4 plies of the same 
orientation to minimize the delamination and protect 
the main load carrying 0° plies.  

• The plies drop from the flange to the web needs to 
be reasonable and possible for manufacturing. 

Refine check 

There are three checks in the refined calculation: 
tip deflection (based on composite stiffness), strength, 
and stability (based on plate bucking). Three of them 
are based on effective section stiffnesses (𝐴𝐴𝐴𝐴����, 𝐸𝐸𝐸𝐸���) and 
equivalent isotropic section properties (𝐸𝐸� , 𝐼𝐼)̅, following 
equations (1)-(4). The laminate longitudinal stiffness 
(𝐸𝐸𝑥𝑥𝑖𝑖) is calculated on each component (flanges and web) 
separately using ElamX software based on classical 
lamination theory [18]. 𝐴𝐴𝑖𝑖 and 𝐼𝐼𝑖𝑖  is the area and second 
moment of inertia of each component (flange and web).  

Due to the classical lamination theory, it is 
restated that only symmetry and balanced laminates, 
with no extension-bending coupling, are eligible to be 
used with these computations. Unsymmetric laminate 
calculation results will be inaccurate but might provide 
a conceivable structural safety trend.  

𝐴𝐴𝐴𝐴���� = ��𝐴𝐴𝑖𝑖𝐸𝐸𝑥𝑥𝑖𝑖� (1) 

𝐸𝐸� =
𝐴𝐴𝐴𝐴����
∑(𝐴𝐴𝑖𝑖)

 (2) 

𝐸𝐸𝐸𝐸��� =  ��𝐼𝐼𝑖𝑖𝐸𝐸𝑥𝑥𝑖𝑖� (3) 

𝐼𝐼 ̅ =
𝐸𝐸𝐸𝐸���
𝐸𝐸�

 (4) 

Stiffness refine-check 

The tip deflection is usually computed using 
the superposition method of the point load gathered 
from the distributed load using beam theory. This is 
referred to as the beam's stiffness. 

𝑣𝑣 = ��
𝑃𝑃𝑖𝑖𝑙𝑙𝑖𝑖3

3𝐸𝐸𝐸𝐸���𝑖𝑖
+
𝑃𝑃𝑖𝑖𝑙𝑙𝑖𝑖2

2𝐸𝐸𝐸𝐸���𝑖𝑖
(𝐿𝐿 − 𝑙𝑙𝑖𝑖)� (5) 

 
Figure 5 Load case and dimension for tip deflection 

calculation. 

The effect of the spar web taper was simplified 
to the different section web heights (approximately 
208, 190, and 170 mm). Figure 5 displays the theoretical 
dimension combined with the load case. Equation (5) 
can be used to calculate the tip deflection (𝑣𝑣), which is 
the result of adding the end load's deflection and the 
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beam's angle after the loading position. 𝑃𝑃𝑖𝑖  is the load 
at each position, 𝑙𝑙𝑖𝑖 is the length from the root to the 
load position and 𝐿𝐿 is the total spar length.  

Strength check 

The stress calculation in this section emphasizes 
the strut hinge point, X=2.588 m from the wing root, 
which is the location experiencing the highest load in 
this situation. Table 2 displays the maximum axial load 
(F), shear force (V), and bending moment (M) that were 
derived from Wing loading. In order to get the ultimate 
load case, these loads were multiplied by 4 and 1.5. The 
axial and shear stresses were estimated independently. 

Table2 Maximum load at X = 2.588 m. 

Axial, F (N) Bending, M (N-mm) Shear, V (N) 

5350 1186 x 103 1230 

Each component's maximum axial stress (𝜎𝜎𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚) 
is calculated by superposing the axial (compression) 
stress, compression force (𝐹𝐹), and the bending stress, 
bending moment (𝑀𝑀), using equation (6), where 𝑦𝑦𝑖𝑖  
is the component's highest point of the spar to the 
centroid of the I-beam cross-section (104 mm). For thin 
wall shear flow, equation (7) was used to calculate the 
maximum shear stress (𝜏𝜏𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚). Then the laminate 
strength determined by applying the 10% rule was 
compared to the values of laminate strength, 𝜎𝜎𝑇𝑇∗ and 
𝜏𝜏𝑥𝑥𝑥𝑥∗ , found in equations (8) and (9). 

60% of the tensile strength is a rule of thumb 
for compressive strength [19]. Since compressive 
strength is typically lower than tensile strength, the 
reserve factor (RF), which illustrates the degree of 
safety of the structure, was finally evaluated for axial 
(𝑅𝑅𝑅𝑅𝐴𝐴) and shear loads (𝑅𝑅𝑅𝑅𝑆𝑆ℎ) using equations (10) and 
(11). A structure is safe for the maximum load condition 
if its RF value is greater than 1. 

𝜎𝜎𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚 = �
𝑀𝑀𝑦𝑦𝑖𝑖
𝐼𝐼 ̅

+
𝐹𝐹
𝛴𝛴𝛴𝛴

�
𝐸𝐸𝑥𝑥𝑖𝑖
𝐸𝐸�

 (6) 

𝜏𝜏𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚 =
𝑞𝑞𝑚𝑚𝑚𝑚𝑚𝑚
𝑡𝑡𝑖𝑖

=
𝑉𝑉
𝑡𝑡𝑖𝑖𝐼𝐼 ̅

�� 𝑡𝑡𝑖𝑖𝑦𝑦𝑦𝑦𝑦𝑦
𝑠𝑠𝑚𝑚𝑚𝑚𝑚𝑚

0
�
𝐸𝐸𝑥𝑥𝑖𝑖
𝐸𝐸�

 (7) 

𝜎𝜎𝑇𝑇∗ = �1 ×
𝑡𝑡0
𝑡𝑡

+ 0.55
𝑡𝑡45
𝑡𝑡
� 𝜎𝜎1𝑇𝑇∗  (8) 

𝜏𝜏𝑥𝑥𝑥𝑥∗ = �0.1 ×
𝑡𝑡0
𝑡𝑡

+ 0.55
𝑡𝑡45
𝑡𝑡
�
𝜎𝜎1𝑇𝑇∗

2
 (9) 

𝑅𝑅𝑅𝑅𝐴𝐴 =
0.6𝜎𝜎𝑇𝑇∗

𝜎𝜎𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚
 (10) 

𝑅𝑅𝑅𝑅𝑆𝑆ℎ =
𝜏𝜏𝑥𝑥𝑥𝑥∗

𝜏𝜏𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚
 (11) 

Stability check 

The stability check compares the critical buckling 
stress on the laminate, which depends on its flexural 

stiffness. ElamX software was utilized to compute the 
critical buckling load intensity for axial (𝑁𝑁𝑥𝑥,𝑐𝑐𝑐𝑐) and 
shear (𝑁𝑁𝑥𝑥𝑥𝑥,𝑐𝑐𝑐𝑐) of each laminate component, based on 
the ESDU chart [20]. 

The flange and web support were classified 
as shown in Figure 6. The flange was regarded as half 
breadth (45 mm) with three sides of simple support 
and one side free (no support) as it was an I-beam. The 
dimension of the plate shown in Figure 6 accounted 
for the critical load position, X = 2.075 to 2.389 m. 

  
(a) (b) 

Figure 6 Calculated cases of the (a) buckling on flange; 
(b) buckling on web (unit in mm). 

The stress determined from Section 0 for this 
section was compared to the critical buckling stress. 
Equations (12) and (13) were used to determine the RF 
of each component utilizing the combined loading 
case of the axial and shear on each component, flange, 
and web, where 𝑡𝑡𝑖𝑖 is the thickness of the laminate. 

𝐹𝐹𝐹𝐹𝑖𝑖 =  �
𝜏𝜏𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚
𝑁𝑁𝑥𝑥𝑥𝑥,𝑐𝑐𝑐𝑐
𝑡𝑡𝑖𝑖

�

2

+
𝜎𝜎𝑖𝑖,𝑚𝑚𝑚𝑚𝑚𝑚
𝑁𝑁𝑥𝑥,𝑐𝑐𝑐𝑐
𝑡𝑡𝑖𝑖

   (12) 

𝑅𝑅𝑅𝑅𝑖𝑖 =
1

�𝐹𝐹𝐹𝐹𝑖𝑖
   (13) 

RESULTS AND DISCUSSION 

Initial design 

 
Figure 7 Optimized layup sequence diagram of the 

design I-beam. 

According to the initial calculation in section 0, 
the initial 0° and 45° plies are 8 and 1 plies, respectively. 
These make the first layup to [45, 04, 45]s on the flange 
and [452, 02, 45]s on the web. However, the design 
results in a low critical buckling load due to the lack of 
0° plies on the flanges (Nx,cr=208 N/mm), which can 
cause the buckling in the flange due to the axial load. 

S F
410

S

S

S
208 S

S

S

0°, CF
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The second design adds a block of four 0° plies to the 
flanges, which become [45, 04, 45, 02]s. 

As the layup diagram shown in Figure 7, this is 
referred to as the ply drop from the flange to the web 
and is considered an optimal design. 

Refine calculation 

The original design from a publication [21] was 
compared to the optimal design. It was made from para-
beam (P, 4 mm thick) and CF. While the parameters 
of carbon fiber epoxy in this calculation were based 
on the available properties in Table 1, the mechanical 
properties of the para-beam are also obtained from 
[21]. The layup sequence of the original and optimal 

designs is shown in Table 3. The spar was designed 
to be manufactured as a layup of two C-shape beams, 
followed by an adhesive bonding of the two C-beams 
back-to-back in the assembly stage with some patching 
of layers to complete an I-beam with the mentioned 
laminate. The layup sequence of the two designs was 
then calculated for their weight by the summation of 
the spar area and the component thickness multiplied 
by the density of the composite material. The strength 
of the laminate was estimated by equations (8) and (9). 
The practical section stiffnesses and equivalent isotropic 
section properties were also computed and shown in 

Table 3. The refined calculation results with the RF for 
each case of the two designs are shown in Table 4.

Table 3 Refine calculation: layup sequence, dimension, and laminate parameters. 

Design Component Layup Thick 
(mm) 

Weight 
(kg) 

Ex (GPa) 
Tensile 

strength 
(MPa) 

Shear 
strength 

(MPa) 
𝑬𝑬� (GPa) 

Optimal  
(CF only) 

Flange [45, 04, 45, 02]s 4.48 
7.80 

39.29 414.8 49.6 
35.00 

Web [452, 02, 45]s 2.8 28.79 289.8 86.5 

Original  
(CF + Parabeam) 

Top flange [012]s 6.72 

13.84 

45.06 467.5 23.4 

28.36 Web [(45,0)6, P]s  10.72 21.22 227.1 47.6 

Btm. flange [06]s 3.36 45.06 467.5 23.4 

Table 4 Refine calculation: stiffness, strength and stability check result. 

Design Component 

Stiffness Stress Stability 
Tip 

Deflection 
(mm) 

Axial 
stress 
(MPa) 

Shear 
stress 
(MPa) 

RF 
axial 

RF 
shear 

Nx,cr 

(N/mm) 
Nxy,cr 

(N/mm) 

RFbuckling 

Combine 
load 

Optimal 
(CF only) 

Flange 
213.02 

112.27 2.91 2.22 17.08 449.15 858.29 1.09 

Web 50.38 15.44 5.72 5.60 101.40 62.70 1.41 

Original 
(CF + Parabeam) 

Top flange 

153.74 

72.39 2.59 3.87 9.01 562.78 1886.07 1.08 

Web 36.94 4.54 3.69 10.48 3320.22 5393.62 3.82 

Btm. flange 82.54 3.07 5.66 7.62 70.34 235.76 1.11 

5
Comparative discussion 

It can be seen that the weight of the optimal 
design is almost half of the original design, as seen in 
Table 3. According to the refined calculation check in 
Table 4, the optimal design has the RF value of flange 
buckling just above 1 (for both flange-1.09 and web-
1.41), indicating the highly optimized design because 
one case is just at the boundary of the criteria. The 
original and optimal RF values are more significant than 
1, meaning the spars are safe for the ultimate load case. 
Although both original and optimal designs can pass 
the refined check with the lowest RF values in similar 
ranges (1.09 for optimal and 1.08 for the original in the 
top flange buckling), the original design shows a high 
stiffness by resulting in a low tip deflection and high 

strength by showing higher RFs in all strength checks. 
However, the more robust structure is at the expense 
of the almost double weight of the spar, which can result 
in the structure load that can reduce the allowable 
payload of the aircraft. Moreover, some redundant 
layers, e.g., 12 plies of 0° in the original web, resulting 
in a robust structure, i.e., RFbuckling, web up to 3.82, can 
be removed to reduce the overall structural weight. 

Discussion 

The calculation procedure in Figure 2 can 
provide a reasonable result as the total weight of the 
design spar is in the same magnitude as the available 
spar. This implies that the calculation sequence proposed 
here can be used to design a monolithic structure using 
composite material with the mentioned assumptions. 
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Although the current method cannot automatically 
optimize the structure weight, and the designer has 
to add or remove the ply to obtain the optimal design 
with the safety criteria, the sequence can be developed 
further for an automated optimization tool for composite 
structure design. The tool will not only be limited to 
the design of aircraft structures, but it can also 
expand to other lightweight composite structure 
fields such as automotive parts or civil structures. 

According to the assumptions above, the 
proposed simplified calculation method has some 
limitations, e.g., the negligible torsional load from 
the bent shape and off-axis load, which can cause the 
twisting angle and some additional shear load on the 
spar. This can change the aerodynamic shape and affect 
the aerodynamic design. However, the reserve factor 
for shear load is still high, meaning that the structure 
should be able to carry the additional shear load 
without any failure.  

Another significant limitation of the calculation 
method is the assumption of independent component 
calculation. This was made to calculate the structural 
stress without any interaction. As a composite material 
in which the structure was fabricated during manufacturing, 
the spar structure may have some imperfect bonding, 
especially at the corners, which can build up a resin 
pocket or other manufacturing defects, e.g., interlaminar 
bonding, ply drop or edge ply end, etc. These defects can 
diminish structural strength but cannot be included in 
the analytical calculation method. Hence, those defect 
effects were embedded in the safety factor (x1.5) provided 
before the initial load calculation. The actual spar test 
must be performed to verify the structural strength 
and ensure structural safety before entering the line 
production. 

CONCLUSIONS 

This article presents an analytical approach 
for the simplified I-beam wing spar design. It employs 
orthotropic materials-such as composites-whose 
computations differ slightly from those of isotropic 
materials. In order to give the structure the ability to 
support a particular load in specific directions, it is 
necessary to consider the ply orientation. It needs 
consideration of the ply orientation which can assign a 
specific ply orientation to the structure to carry a specific 
load in such a direction. Some of the key findings can 
be concluded as below: 
• The calculation for this study was constructed following 

the classical lamination theory using the mentioned 
sequence. This can be a guideline for any composite 
structure design. 

• Once the first layup design met the requirements, 
a layup design aligned with the guidelines was 
established. The layup was then calculated to 
determine the ability to withstand the loads and 

maintain the safety and performance limit. The laminate 
was then optimized to the minimal requirement of 
the structure. 

• It was found from the calculation sequence that the 
optimal layup obtained from the calculation sequence 
is [45, 04, 45, 02]s on the flange and [452, 02, 45]s on 
the web. 

• Compared with the original design, this layup is 
lighter, about 43%, and it complies with basic safety 
requirements for the mentioned load circumstances. 
Note that the weight shown in the calculation is only 
the composite material weight based on the density 
of composite materials; the actual weight should be 
slightly more than these figures due to the bonding 
joint and manufacturing imperfections. 

It should be considered that there are some 
limitations of the suggested method, such as the 
assumptions of the spar taking a whole load of the 
aircraft, a perfect bonding of the materials, and a 
negligible bending spar structure, which could lead to 
a twisting load. Hence, there should be some potential 
future work to complete the work as suggested below: 
• The twisting of the spar should be included in the 

detailed torsional load calculation. 
• A more detailed calculation should consider the 

joints of the component, and other components 
on the wing, including wing ribs and skin, should 
be included in future calculations. 

• Full structural analysis using the finite element 
method through software should be conducted 
with a validation of the presented result. This can 
confirm the overall design of the aircraft. 

• Finally, the designed spar and actual full wing, a 
combination of wing components, must be tested 
according to the load limit stated in ASTM F2245. 
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ABSTRACT 

Understanding the internal structure and the underlying physical mechanisms governing the mechanical 
properties of ligaments and tendons, particularly the elastic modulus, across different stages of life is critical 
for enhancing tissue strength during growth, maturation, and aging. This knowledge is essential not only for 
preventing tissue failure in older adults but also for advancing the development of biomaterials that can 
substitute or augment ligament and tendon function across all age groups. Despite the significance of this 
area, a comprehensive, mechanistic understanding of the relationship between structural changes and 
mechanical properties over time remains largely unexplored. To date, there is a lack of detailed studies that 
elucidate the physical mechanisms involved in these age-related changes. The absence of such mechanistic 
insights highlights a significant gap in the literature, necessitating further investigation. Therefore, this 
research delves into the age-dependent structural and mechanical property changes in ligaments and 
tendons, emphasizing both growth and mature phases. Utilizing a comprehensive approach, we have 
developed new mathematical models that directly correlate the growth of collagen in fibrils with the 
increasing elastic modulus in the fibers of ligaments and tendons over time. By integrating experimental 
data from mouse tail tendons in published work and conducting simulations, we have observed that the 
cross-sectional area of collagen in fibrils and the elastic modulus of a collagen fiber increase rapidly during 
the growth phase and stabilize during the mature phase. Our proposed models effectively describe the trends 
in collagen growth and the elastic modulus of fibers in ligaments and tendons over different ages, exhibiting 
consistency with experimental data. Through detailed analysis, we elucidate the mechanistic relationship 
between collagen growth and the elastic modulus of fibers as they age. This comprehensive approach 
significantly enhances our understanding of the age-related structural and mechanical property changes in 
connective tissues, providing a robust framework for future investigations. 

Keywords: Age-dependent, Mathematical models, Structural changes, Ligaments, Tendons

INTRODUCTION 

The mechanical properties of ligaments and 
tendons, particularly their elastic modulus, play a crucial 
role in maintaining tissue integrity and function across 
the human lifespan. These properties are intricately 
linked to the internal structure and the underlying 
physical mechanisms that govern them, which evolve 
significantly with age. Understanding these age-related 
structural and mechanical changes is essential not only 
for improving tissue strength during periods of growth 
and maturation but also for mitigating the risk of tissue 
degeneration and failure in aging populations. 

Research on improving the quality of ligament 
and tendon substitutes has been extensively published 
and continues to attract significant interest [1, 2]. To 
create age-appropriate and effective scaffolds, it is 
crucial to understand the age-related structural and 
mechanical property changes in connective tissues. 

One critical age-related mechanical property 
affecting the behavior of ligaments and tendons is the 
elastic modulus. Understanding the structural origins 
that influence the elastic modulus over time is essential 
for describing mechanical or viscoelastic behaviors, 
such as tensile strength, creep, relaxation, and hysteresis, 
which are vital for design and prediction. This study 
focuses on the structural changes related to variations 
in the elastic modulus of fibers in ligaments and tendons 
over different ages. 

Despite various age-related modeling and 
experimental approaches to understanding the 
physiological and mechanical changes in tissue 
structures over a lifetime, many issues remain unresolved 

[3-8]. Current research lacks a comprehensive analysis 
of the physical mechanisms that drive the age-dependent 
variations in the mechanical properties of ligaments 
and tendons. The literature is particularly deficient 
in detailed studies that investigate the mechanistic 
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relationships between structural changes and mechanical 
behavior over time. This gap in knowledge underscores 
the need for more rigorous and targeted research to 
elucidate the fundamental processes underlying these 
changes, which could significantly advance both clinical 
and material science applications. 

Previous studies have shown that both the 
structure and the elastic modulus of tissues change 
with aging [6, 7, 9-13]. However, the relationship between 
tissue growth and mechanical properties is still unclear. 
Some researchers believe that cross-links between 
collagen fibrils in ligaments and tendons increase with 
age [8, 14], while others report that collagen cross-linking 

[15] and tissue stiffness decrease in older ages [9, 15, 16]. 
Experimental evidence suggests that the cross-sectional 
area of collagen fibrils increases with age and is directly 
related to the stiffness of the tissues [11, 12, 17]. 

To clarify these relationships, this research 
investigates the changes in mechanical properties and 
structural integrity of collagenous tissues, specifically 
ligaments and tendons, as they age using a modeling 
approach. The work develops innovative constitutive 
models that account for both mechanical and structural 
shifts during growth and maturation. The study identifies 
two distinct phases in the lifetime of these tissues: the 
growth phase, characterized by a rapid increase in the 
cross-sectional area of fibrils and the elastic modulus 
of fibers, and the mature phase, where these parameters 
stabilize. 

The proposed models effectively illustrate 
the relationship between the increase in the cross-
sectional area of fibrils, structural changes, and the 
elastic modulus of fibers over time. These models 
accurately characterize age-dependent tissues, covering 
both growth and mature phases. The parameters in 
the models have been validated with experimental data 
published by Goh KL et al. in 2018 [17]. The model 
calculations have shown good agreement with the 
results from these experiments. 

This research provides a significant advancement 
in understanding the physical mechanisms governing 
the mechanical properties of ligaments and tendons 
by focusing on the role of collagen within fibrils. Through 
the development of novel mathematical models, we 
have established a direct correlation between collagen 
growth within fibrils and the increase in the elastic 
modulus of ligament and tendon fibers over time. 
These models reveal that the increase in the fraction 
of the cross-sectional area occupied by collagen within 
fibrils, as well as the overall expansion of the fiber's 
cross-sectional area, is linearly related to the enhancement 
of the elastic modulus. This new insight offers a deeper 
characterization of the structural-mechanical relationship 
within ligaments and tendons, providing a foundational 
framework for future research into tissue mechanics 
and the development of biomaterials. 

Building on this foundation, the next section 
details the development of two key models: the collagen 

growth model, which tracks changes in the fraction of 
collagen within fibrils and the fiber's cross-sectional 
area, and the elastic modulus model, which describes 
the evolution of the fibers' elastic modulus over 
time. These models explicitly illustrate the relationship 
between collagen growth and mechanical properties. 
In the results and discussion section, model parameters 
are estimated through curve fitting with experimental 
data from [17], and their variations are analyzed to 
understand their roles. The relationship between 
collagen growth and elastic modulus is validated 
through this analysis. In the conclusions, we summarize 
our contributions and suggest directions for future 
research, emphasizing further model refinement and 
broader applications. 

MATERIALS AND METHODS 

Model formulation 

In this study, the growth of ligaments and 
tendons is characterized by the function 𝜌𝜌(𝑡𝑡), which 
describes the increase of collagen in the tissues over 
time. This function represents the cross-sectional area 
of collagen in the fibrils assembled within a collagen 
fiber and the total cross-sectional area of the collagen 
fiber. A schematic of collagen growth within a collagen 
fiber is shown in Figure 1, where 𝑟𝑟 denotes the radius 
of the collagen cross-sectional area increasing over 
time, while 𝑟𝑟𝑡𝑡 and 𝐿𝐿 represent the radius of the total 
cross-sectional area and the length of the fiber, 
respectively. 

 
Figure 1 Structural illustration of collagen growth within 

a collagen fiber. 

According to experimental data from a published 
study [17], 𝜌𝜌(𝑡𝑡) and the elastic modulus of the tissues, 
𝐸𝐸(𝑡𝑡), increase rapidly during early ages and stabilize 
at the beginning of the mature ages. At this stage, 
𝜌𝜌(𝑡𝑡) and 𝐸𝐸(𝑡𝑡) are denoted as 𝜌𝜌𝑚𝑚  and 𝐸𝐸𝑚𝑚, respectively, 
and are considered constant. Therefore, in this study, 
𝜌𝜌𝑚𝑚and𝐸𝐸𝑚𝑚  are treated as constants, while the variations 
of 𝜌𝜌(𝑡𝑡) and 𝐸𝐸(𝑡𝑡) are assumed to depend solely on the 
age of the tissues, 𝑡𝑡 (measured in months). The detailed 
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model formulation for 𝜌𝜌(𝑡𝑡) and 𝐸𝐸(𝑡𝑡) is described in the 
following section. 

The growth model (𝜌𝜌(𝑡𝑡)) 

We model the increase in collagen in the 
fibers over time using a rate equation. Therefore, the 
rate of change of 𝜌𝜌(𝑡𝑡) can be expressed as: 

  
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝜌𝜌𝑚𝑚−𝜌𝜌
𝜏𝜏

  (1) 

where 𝜏𝜏 is the constant relaxation time of tissues. 
By rearranging equation (1) and integrating 

both sides, we can derive the expression for the 
growth function as follows: 

  ∫ 𝑑𝑑𝑑𝑑
𝜌𝜌𝑚𝑚−𝜌𝜌

=𝜌𝜌
𝜌𝜌0

∫ 𝑑𝑑𝑑𝑑
𝜏𝜏

𝑡𝑡
𝑡𝑡0   (2) 

 𝜌𝜌(𝑡𝑡) = 𝜌𝜌𝑚𝑚 − (𝜌𝜌𝑚𝑚 − 𝜌𝜌0)𝑒𝑒−
(𝑡𝑡−𝑡𝑡0)

𝜏𝜏   (3) 

where 𝜌𝜌0 and 𝑡𝑡0 are the initial values of the collagen 
growth and the age of the tissues, respectively. 

The elastic modulus model (𝐸𝐸(𝑡𝑡)) 

Referring to the constitutive law of elastic 
materials in equation (4), where 𝜎𝜎 and 𝜀𝜀 represent the 
stress and strain in the collagen within the tissues, 
respectively, we can formulate a mathematical model 
for the elastic modulus of a collagen fiber in ligaments 
and tendons over time as follows: 

 𝜎𝜎 = 𝐸𝐸(𝑡𝑡)𝜀𝜀 (4) 

Based on previous studies [17, 18], collagen 
in a collagen fiber is generated over time. To maintain 
a constant collagen density within the fiber, the increase 
in the cross-sectional area is attributed to the exerted 
force 𝑃𝑃 distributed along the circumference of the 
collagen surface, causing an increase in the radius ∆𝑟𝑟 
in the 𝑟𝑟 - direction, as shown in Figure 1. Consequently, 
the stress and strain due to this increase in the cross-
sectional area of the collagen can be expressed as 

𝜎𝜎 = 𝑃𝑃/2𝜋𝜋𝜋𝜋𝜋𝜋 and as 𝜀𝜀 = ∆𝑟𝑟/𝑟𝑟 , respectively. Substituting 
these into equation (4), we obtain: 

  
𝑃𝑃

2𝜋𝜋𝜋𝜋𝜋𝜋
= 𝐸𝐸(𝑡𝑡) ∆𝑟𝑟

𝑟𝑟
  (5) 

 
Assuming that, for small deformations, the 

tissues behave as a linear elastic material obeying 
Hooke's Law (equation (4)), we can state that:  

 𝑃𝑃 = 𝑘𝑘𝑘𝑘 (6) 

where 𝑘𝑘 is the stiffness constant of the collagen within 
the fiber. 

By substituting equation (6) into equation 
(5) and rearranging, we obtain: 

 𝐸𝐸(𝑡𝑡) = 𝑘𝑘𝑘𝑘
2𝜋𝜋𝜋𝜋𝜋𝜋

× 𝑟𝑟
∆𝑟𝑟

 (7)  

To express equation (7) as a function of 𝜌𝜌(𝑡𝑡), 
we multiply 𝑟𝑟/𝑟𝑟 to the right-hand side of equation 
(7) as follow: 

  𝐸𝐸(𝑡𝑡) = 𝑘𝑘
2𝜋𝜋𝜋𝜋

× 𝑟𝑟.𝑟𝑟
𝑟𝑟.∆𝑟𝑟

  (8)  

For small deformations, we can approximate 

that 𝑟𝑟.∆𝑟𝑟 ≈ ∫ 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑡𝑡
0 = 𝑟𝑟𝑡𝑡2

2
. Substituting this into 

equation (8), we obtain: 

 𝐸𝐸(𝑡𝑡) = 𝛼𝛼(𝑟𝑟
2

𝑟𝑟𝑡𝑡2
)  (9) 

where 𝛼𝛼 = 𝑘𝑘/𝜋𝜋𝜋𝜋 is a constant parameter of the model. 

Recalling that 𝜌𝜌 = 𝐴𝐴
𝐴𝐴𝑡𝑡

= 𝑟𝑟2

𝑟𝑟𝑡𝑡2
 and substituting 

it into equation (9), we obtain: 

 𝐸𝐸(𝑡𝑡) = 𝛼𝛼𝛼𝛼(𝑡𝑡) (10) 

By substituting 𝜌𝜌(𝑡𝑡) from equation (3) into 
equation (10), we can finally derive the elastic 
modulus model of the tissues as: 

  𝐸𝐸(𝑡𝑡) = 𝐸𝐸𝑚𝑚 − (𝐸𝐸𝑚𝑚 − 𝐸𝐸0)𝑒𝑒−
(𝑡𝑡−𝑡𝑡0)

𝜏𝜏  (11) 

where 𝐸𝐸𝑚𝑚 = 𝛼𝛼𝜌𝜌𝑚𝑚 and 𝐸𝐸0 = 𝛼𝛼𝜌𝜌0. 

The relationship between elastic modulus (𝐸𝐸)  and 
collagen fraction (𝜌𝜌)  in fibrils and the total fiber 
cross-sectional area 

The relationship between 𝐸𝐸 and 𝜌𝜌 can be 
expressed as follows: 

By referencing the elastic modulus model 
presented in equation (11) and the growth model in 
equation (3), we derive Equations (12) and (13), 
respectively. 

 𝐸𝐸(𝑡𝑡) − 𝐸𝐸𝑚𝑚 = −(𝐸𝐸𝑚𝑚 − 𝐸𝐸0)𝑒𝑒−
(𝑡𝑡−𝑡𝑡0)

𝜏𝜏   (12)  

 𝜌𝜌(𝑡𝑡) − 𝜌𝜌𝑚𝑚 = −(𝜌𝜌𝑚𝑚 − 𝜌𝜌0)𝑒𝑒−
(𝑡𝑡−𝑡𝑡0)

𝜏𝜏   (13) 

By dividing equation (12) by equation (13), 
we derive the following expression. 

 
𝐸𝐸−𝐸𝐸𝑚𝑚
𝜌𝜌−𝜌𝜌𝑚𝑚

= 𝐸𝐸𝑚𝑚−𝐸𝐸0
𝜌𝜌𝑚𝑚−𝜌𝜌0

  (14) 

 
 (𝐸𝐸−𝐸𝐸0)+(𝐸𝐸0−𝐸𝐸𝑚𝑚)
(𝜌𝜌−𝜌𝜌0)+(𝜌𝜌0−𝜌𝜌𝑚𝑚)

= 𝐸𝐸𝑚𝑚−𝐸𝐸0
𝜌𝜌𝑚𝑚−𝜌𝜌0

  (15) 

 (𝐸𝐸 − 𝐸𝐸0) = �𝐸𝐸𝑚𝑚−𝐸𝐸0
𝜌𝜌𝑚𝑚−𝜌𝜌0

� [(𝜌𝜌 − 𝜌𝜌0) + (𝜌𝜌0 − 𝜌𝜌𝑚𝑚)] − (𝐸𝐸0 − 𝐸𝐸𝑚𝑚)  (16)  

By dividing equation (16) by 𝜌𝜌 − 𝜌𝜌0, the 
following expression is obtained. 

 
𝐸𝐸−𝐸𝐸0
𝜌𝜌−𝜌𝜌0

= �𝐸𝐸𝑚𝑚−𝐸𝐸0
𝜌𝜌𝑚𝑚−𝜌𝜌0

� �1 + 𝜌𝜌0−𝜌𝜌𝑚𝑚
𝜌𝜌−𝜌𝜌0

� − (𝐸𝐸0−𝐸𝐸𝑚𝑚
𝜌𝜌−𝜌𝜌0

)  (17) 
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Thus, the relationship between 𝐸𝐸 and 𝜌𝜌 can 
be represented by the formula for the slope of the 𝐸𝐸 - 𝜌𝜌 
curve, as follows: 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= ∆𝐸𝐸
∆𝜌𝜌

= 𝐸𝐸−𝐸𝐸0
𝜌𝜌−𝜌𝜌0

= �𝐸𝐸𝑚𝑚−𝐸𝐸0
𝜌𝜌𝑚𝑚−𝜌𝜌0

�  (18) 

Given that 𝐸𝐸𝑚𝑚,𝐸𝐸0, 𝜌𝜌𝑚𝑚  and 𝜌𝜌0 are constants, 
the slope of the 𝐸𝐸 - 𝜌𝜌 curve remains constant. This 
indicates a linear relationship between 𝐸𝐸 and 𝜌𝜌. 

By assuming the initial conditions, 𝐸𝐸0 = 0 and 
𝜌𝜌0 = 0, we derive the following equation, which is 
consistent with Equation (10). 

 
𝐸𝐸
𝜌𝜌

= �𝐸𝐸𝑚𝑚
𝜌𝜌𝑚𝑚
� = 𝛼𝛼  (19) 

Based on the model formulation presented 
above, the overall structure of the model system is 
illustrated in Figure 2.

 
Figure 2 Schematic representation of the overall model system. 

 
Figure 3  Experimental data showing the fraction of the cross-sectional area of collagen in fibrils and the 

total cross-sectional area of a fiber versus the ages of mouse tail tendons [17], along with the model 
fitting parameters 𝜌𝜌𝑚𝑚 = 0.8075 and 𝜏𝜏 = 1.106 months (𝑅𝑅2 ≈ 0.9744).

RESULTS AND DISCUSSION 

Parameter estimation of the growth model (𝜌𝜌(𝑡𝑡))  

To describe the growth and maturation behaviors 
of ligaments and tendons, the parameters (𝜌𝜌𝑚𝑚, 𝜏𝜏) in 
Equation (3) of the growth model need to be estimated. 
This study employed curve fitting between the 
mathematical model and experimental data from [17] 

to determine the appropriate values for these parameters. 
The initial conditions for the model were set 

to 𝜌𝜌0 = 0 and 𝑡𝑡0 = 0. The model was then fitted to the 
experimental data, which included the fraction of the 
cross-sectional area of collagen in fibrils and the total 
cross-sectional area of a fiber plotted against the ages 
(in months) of mouse tail tendons, as reported in [17]. 
The curve fitting was performed using the Levenberg-
Marquardt nonlinear least squares algorithm, implemented 

in Matlab (The MathWorks, Inc.). The parameter 
estimation results were found to be 𝜌𝜌𝑚𝑚 = 0.8075 and 

𝜏𝜏 = 1.106 months, with a coefficient of determination 
𝑅𝑅2 ≈ 0.9744.  

As shown in Figure 3, the model fits well with 
the experimental data, accurately describing the 
characteristics of the growth and maturation behaviors 
of the tissues. According to the growth model (equation 
(3)), as 𝑡𝑡 → ∞, 𝜌𝜌 approaches 𝜌𝜌𝑚𝑚 = 0.8075, indicating 
that collagen growth eventually stabilizes at mature 
ages and becomes constant. 

Parameter estimation of the elastic modulus model 
(𝐸𝐸(𝑡𝑡)) 

The elastic modulus model (Equation 11) includes 
two parameters, 𝐸𝐸𝑚𝑚and 𝜏𝜏. Given that 𝜏𝜏 was previously 
estimated as 1.106, we only need to estimate 𝐸𝐸𝑚𝑚  to 
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describe the stiffness behavior of ligaments and tendons 
over time. Therefore, we performed curve fitting 
between the mathematical model and the experimental 
results from the published study [17] to determine 
the appropriate value for 𝐸𝐸𝑚𝑚. 

Assuming the initial conditions of 𝐸𝐸0 = 0 and 

𝑡𝑡0 = 0, the model was fitted to the experimental data, 
which measured the elastic modulus of fibers against 
the ages (in months) of mouse tail tendons, as reported 
in [17]. Using the Levenberg-Marquardt nonlinear least 

squares algorithm in Matlab (The MathWorks, Inc.), 
we estimated 𝐸𝐸𝑚𝑚  to be 580.8 MPa, with a coefficient of 
determination 𝑅𝑅2 ≈ 0.9161. 

As illustrated in Figure 4, the model fits the 
experimental data well, accurately capturing the 
mechanical behavior of the tissues during both growth 
and mature ages. According to the elastic modulus 
model (Equation 11), as 𝑡𝑡 → ∞ , 𝐸𝐸 approaches 𝐸𝐸𝑚𝑚 = 580.8 
MPa, indicating that the elastic modulus of a collagen 
fiber stabilizes at mature ages.

 
Figure 4 Experimental data showing the elastic modulus of a fiber versus the ages of mouse tail tendons 

[17], along with the model fitting parameters 𝐸𝐸𝑚𝑚 = 580.8 MPa and 𝜏𝜏 = 1.106 months (𝑅𝑅2 ≈ 0.9161).

The curve fitting of the proposed models to 
the experimental data yielded 𝑅𝑅2 ≈ 0.9744 (±2.6%) for 
collagen growth and 𝑅𝑅2 ≈ 0.9161 (±8.4%) for elastic 
modulus, as shown in Figures 3 and 4, respectively. In 
biomechanics research, it is common to encounter 
significant data scatter, which can be influenced by 
factors such as the subject's age, tendon conditions, 
and specimen preparation processes [19]. For instance, 
a recent study [20] reported up to ±30% scatter in the 
values of the elastic modulus of human ligaments with 
aging. Similarly, another study [6] showed a polynomial 
function fitting to the experimental data of human 
tendon elastic modulus across all ages, with an 𝑅𝑅2 of 
only 0.47 (±53%). 

Given this context, the observed scatter in our 
model and experimental data, particularly the last data 
points in Figures 3 and 4 that deviate from the model 
calculations, falls within the expected range of 
experimental errors. However, further experimental data 
is necessary to validate these models fully. Additional 
data will also enable the extension of the models, 
potentially aiding in the development of age-appropriate 
interventions and treatments in fields such as orthopedics, 
rehabilitation, and sports medicine. 

Estimation of the parameter relating the growth model 
to the elastic modulus model 

 According to Equation (10), the parameter 𝛼𝛼, 
which relates the growth of collagen in fibrils (growth 
model) to the variation in the elastic modulus of a fiber 
(elastic modulus model) over time, is a constant. From 
Equation (11), 𝐸𝐸𝑚𝑚 = 𝛼𝛼𝜌𝜌𝑚𝑚, and using the previously 

estimated values of 𝜌𝜌𝑚𝑚 = 0.8075 and 𝐸𝐸𝑚𝑚 = 580.8 MPa, 
we can determine that 𝛼𝛼 = 719.3 MPa. This constant 
parameter 𝛼𝛼 links the structural growth to the mechanical 
properties of collagen fibers, providing a unified 
framework for understanding the age-dependent 
behavior of ligaments and tendons. 

Variation of the parameter, 𝛼𝛼, influencing the elastic 
modulus model 

 The variation of the constant parameter 𝛼𝛼, 
which represents the stiffness of the collagen in fibrils, 
influences the elastic modulus of fibers in ligaments 
and tendons. This relationship is illustrated in Figure 5. 

As shown, when 𝛼𝛼 increases, the elastic modulus 
in the mature region (𝐸𝐸𝑚𝑚) also increases, while the 
time for the elastic modulus to stabilize (𝜏𝜏) remains 
unchanged. 

Due to the linear relationship described by 
Equations (10) and (11), the behavior of 𝛼𝛼 is consistent 
with the variations of the parameters 𝐸𝐸𝑚𝑚 and 𝜌𝜌𝑚𝑚,which 
influence the elastic modulus and growth models, 
respectively. This implies that the primary factor affecting 
the elastic modulus of ligaments and tendons is the 
stiffness of the collagen in the fibrils. 

As animals age, the amount of collagen in the 
fibrils increases. To maintain the same density of collagen, 
the cross-sectional area of the collagen fibrils must also 
increase. Therefore, the preserved density of collagen 
in the fibrils is a key property of the internal structure 
of ligaments and tendons, significantly influencing their 
elastic modulus.
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Figure 5 Impact of varying parameter 𝛼𝛼 on the elastic modulus values of a fiber. 

 
Figure 6  Impact of varying parameter 𝜏𝜏 on the elastic modulus values of a fiber. 

 
Figure 7  Experimental data depicting the relationship between elastic modulus and the collagen fraction in 

fibrils and the total fiber cross-sectional area [17], with the fitted slope parameter �𝐸𝐸𝑚𝑚−𝐸𝐸0
𝜌𝜌𝑚𝑚−𝜌𝜌0

� = 733.1 MPa 

(𝑅𝑅2 ≈ 0.9554).

Variation of the parameter, 𝜏𝜏, influencing the elastic 
modulus model 

The variation of the constant parameter 𝜏𝜏, which 
represents the time required for the elastic modulus 
of fiber or the cross-sectional area of the collagen in 
fibrils to stabilize, impacts the elastic modulus values 
of fibers in ligaments and tendons. This relationship 
is illustrated in Figure 6. 

As depicted, when𝜏𝜏 increases, the age at which 
the elastic modulus stabilizes also increases, while the 
stable elastic modulus in the mature region (𝐸𝐸𝑚𝑚) remains 
unchanged. 

Since 𝜏𝜏 is the same in both Equations (3) and (11), 
the behavior of this parameter is consistent across both 
the growth and elastic modulus models. This indicates 
that the primary factor influencing the time it takes for 

𝐸𝐸 or 𝜌𝜌 to stabilize in the mature region is the amount of 
collagen in the fibrils. As animals age, the collagen content 
in fibrils increases. To maintain a constant collagen density, 
the cross-sectional area of the collagen in the fibrils must 
also increase. Consequently, if the collagen growth 
is higher, it will take longer for the cross-sectional area 
of the collagen or the elastic modulus to stabilize. 
Therefore, the amount of growth collagen is likely a 
key factor in determining the relaxation time or the 
age at which tissues become mature. 
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Estimation of the parameter governing the relationship 
between elastic modulus (𝐸𝐸) and collagen fraction (𝜌𝜌) 
in fibrils and the total fiber cross-sectional area 

 Based on Equation (18), the analysis reveals a 
linear relationship between 𝐸𝐸 and 𝜌𝜌. The proportionality 
constant between these two parameters can be 
determined by the slope of the linear regression curve 
of 𝐸𝐸 versus 𝜌𝜌, as demonstrated in Figure 7. 

As illustrated in Figure 7, a linear relationship 
between 𝐸𝐸 and 𝜌𝜌 was established. The slope of the linear 
function was determined through curve fitting to the 
experimental data, incorporating the initial conditions, 
𝐸𝐸0 = 0 and 𝜌𝜌0 = 0. The resulting slope was 733.1 MPa, 
which is in close agreement with the previously 
determined constant parameter  𝛼𝛼 = 719.3 MPa, 
indicating consistency with equation (19). This 
congruence between the two methods for estimating 
the constant parameter 𝛼𝛼 offers valuable insights for 
the design of age-dependent experimental models in 
future research. 

In Figures 3, 4, and 7, we present the experimental 
data with error bars representing the standard error 
of the mean (SEM). The values for the parameters 𝜌𝜌 

and 𝐸𝐸 at each age were derived from the average 
measurements of 3-4 mouse specimens. As evidenced 
by the figures, the curves generated through our curve-
fitting procedure closely align with the experimental 
data, consistently falling within the range of the error 
bars. This alignment underscores the robustness 
and reliability of the proposed models in accurately 
capturing the observed mechanical behavior. However, 
it is important to note that the goodness of fit, as 
reflected by the 𝑅𝑅2 values, may improve with an increased 
sample size. A larger number of specimens would 
likely reduce variability and refine the precision of 
the parameter estimates, potentially yielding even 
stronger correlations between the models and the 
experimental data. 

CONCLUSIONS 

The experimental data [17] indicate that aging 
significantly affects the material composition and 
mechanical behavior of ligaments and tendons. 
Specifically, in these tissues, the fraction of the cross-
sectional area of collagen fibrils and the total cross-
sectional area of a collagen fiber-referred to as collagen 
growth-along with the elastic modulus of collagen 
fibers, increase rapidly during early ages (growth ages) 

and stabilize during middle and old ages (mature ages). 
In this study, we presented mathematical 

models to describe these age-related changes in collagen 
growth and the elastic modulus of collagen fibers in 
ligaments and tendons. The parameters for these 
models were estimated using published data on mouse 
tail tendons [17]. Our model formulation, which assumes 
a constant stiffness of collagen, demonstrates that 

collagen growth (structural changes) is linearly related 
to the elastic modulus (mechanical property changes) 

of collagen fibers over time. Both models exhibit trends 
consistent with experimental data, including distinct 
growth and mature regions, as shown in Figures 3 and 
4. The proposed elastic modulus model effectively 
captures the age-related trends of collagen fiber elasticity 
and explains the underlying mechanism of collagen 
growth influencing these mechanical changes. 

Thus, our models provide a clear understanding 
of the growth mechanisms related to the mechanical 
properties of tissues as they age. This knowledge is 
crucial for comprehending the physiological origins 
of age-related changes in tissue components. A deeper 
understanding of these mechanisms can aid in addressing 
aging and developing preventive measures. Furthermore, 
the proposed models have potential applications in 
various aspects of age-dependent research. 

Our findings indicate a linear, time-independent 
relationship between 𝐸𝐸 (elastic modulus) and 𝜌𝜌 (collagen 
fraction), highlighting the critical role of collagen 
quantity in tissue mechanics. This relationship, observed 
in mouse tail tendons, suggests that collagen's influence 
on mechanical behavior remains consistent over time. 
Future research should focus on extending this analysis 
to other species and tissue types to confirm the 
generalizability of this finding and provide a more 
comprehensive understanding of tissue mechanics 
across biological systems. Expanding experimental 
data in this way will enhance our ability to develop more 
robust, species-specific models with broader clinical 
and biomaterial applications. Additionally, future work 
will focus on extending these models to capture the 
declining elastic modulus in the aging phase and 
describe the mechanical characteristics of ligaments 
and tendons across different ages, reflecting the dynamic 
evolution observed in experimental data. This will 
enhance our understanding of the fundamental changes 
in connective tissues with age, paving the way for 
improved therapeutic interventions. 
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ABSTRACT 

Drilling is a crucial process in metal manufacturing, with drill bits being key tools for creating holes in workpieces. 
During drilling, wear of the drill bits occurs inevitably. Several factors affect the wear of drill bits, such as materials, 
workpieces, and drilling parameters. The impact of these parameters on wear is investigated to understand the 
effects of drilling parameters on drill bit wear. This study used a diameter of 6 mm of uncoated high-speed steel 
drill bits to create the hole with 30 mm depth on ASTM A36 steel. The drilling was performed utilizing the DMG 
Mori DMU-50 5-axis drilling machine at three different levels of spindle speed (800, 1100, and 1400 rev/min) 
and feed rate (120, 135, and 150 mm/min). The sensor force dynamometer measured the thrust force and the 
cutting torque during drilling. However, many types of wear occur on drill bits during drilling. This research 
investigates only flank wear on the cutting edge of drill bits. The flank wear on the drill bits was measured with 
the overlap image technique using an Olympus SZ61 stereo microscope with a C-P3 OPTIKA digital camera. The 
results showed that adjusting drill parameters to increase the feed per revolution may result in a higher drill bit 
flank wear rate. Additionally, to quantify the wear of the drill bit based on the number of holes drilled, both the 
feed per revolution and the cutting distance per hole must be considered. 

Keywords: Drill bits, Drilling parameters, Flank wear, Thrust force, Cutting torque

INTRODUCTION 

Drilling is an important machining process for 
creating holes, with the drill bit being the main tool. 
However, wear of drill bits during drilling is inevitable. 
This wear can manifest in various forms, such as crater, 
margin, chisel, and flank. The most critical criterion 
for tool life in drilling is flank wear [1-3]. The wear of 
a drill bit due to usage limits its lifespan and negatively 
affects the quality of the holes. To address these problems, 
the wear resistance of drill bits has been improved by 
focusing on the drill bit material and coatings. Proper 
drilling parameters can also help reduce drill bit 
wear. Many research studies have been conducted 
to understand the effects of drilling parameters on Z 
that drill bit wear increases with an increase in feed 
rate, while low feed rates and cutting speeds result in 
longer tool life. Turgay Kivak et al. [5], Muksin R. Harahap 
et al. [6], M. Balaji et al. [7], and Nur Munirah Binti Meera 
Mydin et al. [8] showed that drill bit wear increases 
with increasing cutting speed. However, previous 
studies have not fully clarified the effects of drilling 
parameters on drill bit wear. To improve understanding, 
some research has considered how drilling parameters 
influence the forces exerted on the drill bit during 
drilling, as explored by A. Mohan kumar et al. [9] and 
Ferit Ficici [10]. They showed that the feed rate affects 

thrust force more than cutting speed. However, they 
did not examine the effects of thrust forces on drill bit 
wear. Consequently, to further clarify the effects of 
drilling parameters on drill bit wear, we investigated 
the influence of drilling parameters on drill bit wear 
and combined the results of both thrust force and 
cutting torque to enhance our understanding. 

MATERIALS AND METHODS 

The high-speed steel drill bits manufactured by 
Nachi Technology Co., Ltd. were used in this work. The 
characteristics of the drill bits - surface hardness, drill 
bit diameter, helix angle, point angle per tooth, relief 
angle, flute width, runout, and radius of the point angle - 
are shown in Table 1. Surface hardness was assessed 
using the Future-Tech FM-800 micro-Vickers hardness 
tester. The drill bit was employed to create the hole 
on the ASTM A36 steel, each with a depth of 30 mm, 
utilizing the DMG Mori DMU-50 5-axis drilling machine. 
The drilling process involved two groups of parameters: 
the first group operated at three different levels of 
spindle speed (800, 1100, and 1400 rev/min) with a 
constant feed rate of 135 mm/min, while the second 
group operated at three different levels of feed rate 
(120, 135, and 150 mm/min) with a constant spindle 
speed of 1100 rev/min, as outlined in Table 2. A control 
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experimental condition was chosen for both groups 
based on the manufacturer's recommendations. The 
selected rotation speeds and feed rates were intentionally 
set below and above the manufacturer's recommended 
values to observe the trends and changes in the 
performance of the drill bits. The thrust force and 
torque were measured during drilling using the Kistler 
4-component dynamometer (model: 9272). The 
schematic of the dynamometer and the workpiece 
setup for drilling is shown in Figure 1. After every 10 

holes, the drill bits were visually inspected, and 
images of the drill bit surfaces were captured using 
an Olympus SZ61 stereo microscope with a C-P3 
OPTIKA digital camera. The captured images were 
used to measure flank wear by the overlap technique, 
as shown in Figure 2. Additionally, the flank wear 
on the cutting edge of the drill was measured at 1 
mm from the edge of the drill, following the method 
used in the works of V. Z. Mehrabad et al. [11].

Table 1 Characteristics of the drill bit. 

Surface 
hardness 
(HV0.1) 

Diameter 
(mm) 

Helix angle 
(degree) 

Point angle 
per Teeth 
(degree) 

Relief 
angle 

(degree) 

Flute width 
(front), (mm) 

Flute width 
(back), (mm) 

Run Out 
(mm) 

R -Point 
angle 
(mm) 

722.33 6.08 31.5 59.2 15 3.83 3.59 0.04 4.66 

Table 2 Drilling parameters. 

Group Rotation speed (rev/min) Feed rate (mm/min) 

1 800, 1100, 1400 135 

2 1100 120, 135, 150 

 
Figure 1 The schematic of dynamometer and workpiece setting for drilling.

 
(a) The overview of measurement flank wear. 

 
(b) Magnification image of measurement flank 

wear at the cutting edge.
Figure 2 The front view of the wear drill bits was measured by comparing the worn image before and after 

drilling the drill bits with the image overlap technique. 
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Figure 3 The front view of drill bits before and after use at 10, 50 and 120 holes. Drilling was performed 

under a feed rate of 135 mm/min and rotation speeds of 1100 rpm. 

 
Figure 4  The flank wear of the drill bits at cutting distances with three rotation speeds and feed rates. 

  
(a) Flank wear rate during drilling with difference 
rotation speed at constant feed rate 135 mm/min. 

(b) Flank wear rate during drilling with difference 
feed rate at constant rotation speed 1100 rpm. 

Figure 5 The flank wear rate of the drill bits varies with (a) three rotation speeds and (b) three feed rates.
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RESULTS AND DISCUSSION 

Drill bits observation 

 After drilling every 10 holes, wear on the drill 
bits was observed visually and measured using an 
imaging technique with the Olympus SZ61 stereo 
microscope equipped with a C-P3 OPTIKA digital camera. 
Figure 3 displays front views of the drill bits captured 
before and after drilling 10, 50, and 120 holes at the 
rotation speed of 1100 rpm and the feed rate of 135 
mm/min. It was observed that initially, the cutting 
edge of the drill remained a straight line, but gradually 
transformed into a jagged line with increased drilling, 
indicating an increase in metal loss termed as flank 
wear. Notably, after drilling 50 holes, significant metal 
loss was evident at the cutting edge of the drill bits. 
Additionally, streaky scratches on the front surface 
of the drill indicated abrasive wear on the cutting edge. 
The observed changes in the cutting edge were 
consistent across all drilling parameters. However, 
the wear width of the drill was not visually discernible, 
making it challenging to determine which drilling 
parameters affected drill bit wear more significantly. 
Therefore, the numerical values of drill bit wear are 
measured and are presented in section wear of drill 
bits of the results. 

Wear of drill bits 

 The wear of the drill bits was measured using 
an image overlap technique after every 10 holes drilled. 
To understand the effects of the drilling parameters on 
the wear of the drill bits, the flank wear is presented in 
correlation with the accumulated cutting distance, 
which is defined by the length of the moving cutting 
edge relative to the cut materials. The flank wear of the 
drill bit at accumulated cutting distances under various 
drilling conditions is shown in Figure 4. From Figure 4, 
we can observe that increasing the accumulated cutting 
distance increases flank wear. However, when we 
investigate the slope of the flank wear curve, we can divide 
the curve into stages with different slopes. This indicates 
that the flank wear of the drill bit during drilling occurs 
in two stages. In the initial stage, from the start of drilling 
to the first 10 holes, the flank wear of the drill bits occurs 
at a higher rate than in the second stage. 

This is because the drill bit is acclimating to the 
workpiece, causing the cutting edge of the drill bits to 
be a jagged line, as shown in Figure 3. Later, the drill bits 
enter the second stage, where the wear increases only 
slightly despite the increasing accumulated cutting 
length. This stage is known as steady-state wear. To 
understand the effects of drilling parameters on the 
wear of the drill bit, the wear rate, determined by the 
slope of the wear curve in the second stage in Figure 4, 
was analyzed. It was found that the wear rates in the 
second stage under different drilling conditions were 

not similar. Figures 5(a) and 5(b) show the flank wear 
rate of a drill bit at three different rotation speeds and 
three different feed rates, respectively. From Figure 
5(a), it can be observed that increasing the rotation 
speed is likely to decrease the wear rate. In contrast, 
Figure 5(b) shows that a higher feed rate clearly 
increases the flank wear rate. Because the drilling 
parameters used in this study are not the physical 
parameters needed to understand their effects on 
the flank wear rate, the flank wear rate was plotted 
against the feed per revolution, which is the physical 
parameter that reflects the amount of metal removed 
per revolution, as shown in Figure 6. It can be seen that 
increasing the feed per r 

Thrust force and cutting torque during  drilling 

In order to more deeply understand the effects 
of drilling parameters on the wear of the drill bit, thrust 
force and cutting torque were investigated. Figure 7 
shows examples of thrust force and cutting torque during 
drilling at a rotation speed of 1100 rpm and a feed rate 
of 135 mm/min. Figure 7 indicates that the characteristics 
of the thrust force and cutting torque of the drill bits 
during drilling can be divided into four main stages. 
In stage A, the thrust force and cutting torque increase 
rapidly to a peak. These occurred when the drill bit 
touched the surface of the workpiece until the tip of the 
drill bit is fully embedded in the workpiece, causing a 
gradual increase in thrust force, and cutting torque. 
Subsequently, the thrust force and cutting torque enter 
stage B as the drill bit tip is thoroughly drilled into the 
workpiece. Stage B's thrust force and cutting torque 
decrease towards a steady state, stage C. In stage C, the 
thrust force and cutting torque remain constant until 
the drill bit reaches the predetermined depth. Finally, 
in stage D, the thrust force and cutting torque sharply 
decrease as the drill bit moves out of the workpiece. 
From the thrust force and cutting torque characteristics 
during drilling, it can be recognized that the thrust force 
and cutting torque in stage C represent the forces involved 
in cutting ASTM A36 steel under various drilling conditions. 
Figure 8 shows the effects of rotation speed and feed 
rate on the thrust force and cutting torque, respectively. 
Figure 8 shows that the thrust force and cutting torque 
during drilling decrease with increasing rotation speed 
and decreasing feed rate. 
 To understand the results of drill bit wear 
and force during drilling, the relationships between 
forces at steady state wear and flank wear rate and the 
relationship between feed per revolution and forces 
at steady state wear were plotted and analyzed as 
shown in Figures 9 and 10. Figure 9 shows the relationship 
between thrust force and cutting torque, which affects 
the flank wear rate. As demonstrated in Figure 9, an 
increase in both thrust force and cutting torque increases 
the flank wear rate.
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Figure 6 Flank wear rate at steady state wear various feed per revolution .

 
(a) Thrust force 

 
(b) Cutting torque 

Figure 7 The example of (a) thrust force and (b) cutting torque during drilling as 1 hole with 1100 rpm of rotation 
speed and 135 mm/min of feed rate.
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 (a) Thrust force (b) Cutting torque 

 
 (c) Thrust force   (d) Cutting torque 
Figure 8 The average of (a,c) thrust force and (b,d) cutting torque of drill bits drilling at 3-13.3 seconds with three 

rotation speeds and feed rates. 

 
(a) Thrust force     (b) Cutting torque 

Figure 9  The average (a) thrust force and (b) cutting torque on flank wear rate at steady state wear. 

This is because the flank wear of the drill bit 
is a type of abrasive wear that generally increases 
with the force exerted between the cutting tool and 
the workpiece. Figure 10 shows that a higher feed per 
revolution results in higher thrust force and cutting 
torque. Therefore, it can be recognized that adjusting 

drill parameters to increase the feed per revolution 
may result in a higher flank wear rate of the drill bit. 
Additionally, if we want to quantify the wear of the 
drill bit by the number of holes created, both the feed 
per revolution used and the cutting distance per hole 
must be considered.
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(a) Thrust force     (b) Cutting torque 

Figure 10 Effect feed per revolution on (a) thrust force and (b) cutting torque.

CONCLUSIONS 

 This study investigated the influence of feed 
rates and rotation speeds on drill bit wear. Thrust force 
and cutting torque during drilling were recorded, and 
their relationships with steady-state flank wear rate 
were analyzed to explain the wear of the drill bit. It can 
be recognized that adjusting drill parameters to increase 
the feed per revolution may result in a higher drill bit 
flank wear rate. Additionally, to quantify the drill bit's 
wear by the number of holes created, both the feed per 
revolution used and the cutting distance per hole must 
be considered. 
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ABSTRACT 

This study investigates the flight stability of unmanned aerial vehicles (UAVs) by comparing two-, three-, and 
six-blade propellers. The experiment uses a self-made drone with a 3D-printed polylactic acid (PLA) frame and 
an Arduino-based flight control system to create an efficient UAV prototype. The flight tests are conducted in a 
controlled environment, eliminating flight confounders such as wind and temperature, and the three types 
of propellers are of similar size. Stability was assessed by measuring deviations in the drone's X and Y axes 
while hovering within ±30 degrees, and standard deviation (SD) was calculated to quantify variability. The 
tests revealed that propeller count significantly impacts stability and overall performance. The three-blade 
propeller provided the best stability, with the smallest SD in the X-axis at 10.85 and Y-axis at 11.85, and 
showed the least deviation over ±30 degrees during take-off and flight. While the 2-blade propeller has the 
least stability in flight, with a value of 15.08 in the X-axis and 16.3 in the Y-axis, showing a deviation 
exceeding ±30 degrees several times throughout the test, the 6-blade propeller demonstrates intermediate 
performance, with a value of 12.71 in the X-axis and 15.57 in the Y-axis, which is more stable than the 2-blade 
propeller but still less stable than the 3-blade propeller. The results of this study provide UAV design data by 
studying the factors in selecting propellers with different numbers of blades for drones, presenting 
information on the importance of propeller selection for drone flight performance and stability. The results 
of this study can be applied to various drone applications, such as aerial photography, agriculture, or 
industry. Finally, in the future, other factors are expected to affect the differences in the number of blades 
regarding energy efficiency and flight duration. 

Keywords: Drone stability, Arduino control system, Unmanned aerial vehicles (UAV)

INTRODUCTION 

The most dramatic  evolution of  some 
improvements due to recent advances in information 
technology and artificial intelligence already shapes 
many aspects of autonomous systems, especially 
UAVs. The systems cover every detail, from specifically 
non-piloted aircraft to piloted flying robots that can 
fly without a person on board [1]. Fixed-wing, hybrid 
vertical take-off, and landing (VTOL) hybrids comprise 
the three core UAV types, representing rotorcraft and 
tiltrotor models. Rotorcraft series: subcategorizing 
into single-rotor (helicopter style) and multi-rotor 
variants [2]. Drones bring many advantages over 
traditional vehicles in the same context, and one of 
the areas where we can see this transformation taking 
place is logistics. These benefits are as follows: high-
speed operation at a constant speed; it handles no 
road infrastructure requirement; public navigation to a 
direct path with traffic wouldn't be an issue [3]. Industry 
leaders have anecdotally documented drone use across 
various applications, such as Shell for oil platform flare 

stack inspection, Zipline for medical supplies delivery 
in Africa, and IKEA for real-time warehouse inventory 
management [4]. Figure 1 highlights the core engineering 
fields responsible for the design of UAVs tailored to 
different missions. In the design of UAVs, primary 
emphasis has been placed on mechanical systems, 
which have been analyzed, and visualization tools have 
been used way ahead of the process. The chosen had 
to offer both in how light it was (most of the work that 
was done for these materials was aimed at ensuring 
they could hold up to the weight they needed to support 
while also allowing for the craft to fly as long as possible 
given necessarily limited battery life). This is particularly 
clear in the case of commercial UAV models and flying 
saucers, where the weight should be optimized to have 
enough efficiency on take-off and long-range autonomy 
[5]. Although UAV use is becoming more common, cost 
remains a major barrier to broad research adoption 
because of high primary acquisition, maintenance, 
and training costs. Low-cost prototyping appears to be 
a valid strategy in this context to grant local actors more 

https://ird.rmutt.ac.th/
https://doi.org/10.60101/jarst.2024.258251


2 

 
©2025 Institute of Research and Development, RMUTT, Thailand 

J Appl Res Sci Tech 2025;24(1):258251 

DOI: 10.60101/jarst.2024.258251 

 

agency, may they be biodiversity conservation managers 
[6]. 

The evolution of UAV materials has allowed 
manufacturing savings and has been the core approach 
to reducing UAV costs. Modern-day UAVs depend 
largely upon high-strength, low-weight carbon fiber 
composites to replace the earlier aerospace aluminum 
of manned aircraft [7]. In this context, additive 
manufacturing and 3D printing technology have become 
game changers in empowering the evolution of UAVs. 
It is a layer-wise process in which materials are deposited 
following digital models, providing flexibility and 
economic viability for small-batch production of parts 
with intricate geometries [8]. The fast development 
of 3D printing has dramatically changed prototyping, 
offering rapid and accurate facets in UAV production 
[9]. Polylactic acid (PLA), which is derived from starch 
like corn and sugar cane, has become one of the most 
common 3D printing materials. Its medium cost, 
biodegradability, and versatility make it a proper 
material for many fields of application (such as food 
packaging or medical devices) [10]. PLA provides a 
viable solution for using chassis fabrication in UAV 
construction. Though not as strong (good stiffness to 
weight) for lightweight applications, the lightweight 
nature of PLA is a large contributor to the weight savings 
achievable, consequently increasing fuel efficiency and 
payload capability for UAVs [11]. 

Control systems operated by microcontrollers 
underpin modern UAV operations. As a breakthrough 
technology in UAV technology, these purpose-built 
embedded systems are revolutionizing how specific 
device functions can be more efficiently handled and 
have correspondingly begun to find use within new 
drone designs and in wide-ranging environments like 
our homes and research laboratories. While general-
purpose processors are too flexible, microcontrollers 
are designed for specific tasks that allow handling 
details across a range of devices and make them popular 
in modern technology [12]. Arduino is a general-purpose, 
open-source microcontroller platform that is widely 
used in the industrial sector. It is used in embedded 
systems and the Internet of Things (IoT). The advantages 
of this ecosystem, a combination of hardware, software, 
and developer communities for IoT, include cheaper, 
cost-effective system design, flexibility across platforms, 
and ease in interfacing with a wide range of input/output 
devices [13-14]. Arduino has achieved widespread appeal 
because of its easy-to-setup and easy-programming 
environment, leveraging C++-derived language as well 
as the Integrated Development Environment (IDE) to 
develop and execute code. Developers at any level of 
competency are afforded ease-of-use courtesy of this 
simple syntax and IDE. Its open-source architecture, 
versatility, and cost-effectiveness have since made it 
the platform of choice for many different applications 
within academia or at an industrial level [15]. 

The incorporation of private Arduino autopilot 
components in the flying versions of UAVs can control 
some activities and maneuvering actions throughout 
flight [16]. Rotary Wing UAVs, like quadcopters, have 
been the main driving factor for application development 
requiring vertical take-off, landing, and hovering. With 
best-in-class stability and control, they are a perfect 
choice for breaking the ice across various industries, 
and their compact body and lightweight ensure fluid 
deployment. The current research inclines toward 
performance enhancement via vibration and noise 
reduction, rotor efficiency optimization, as well as 
advanced stability systems [17]. Those drones employ 
four multi-bladed propellers that transform mechanical 
energy into aerodynamic thrust. Propeller designs vary 
from fixed-pitch to variable-pitch, and blade geometry, 
rotational speed, and airspeed are critical for the 
overall performance of a propeller [18]. Flow fields are 
considerably affected by distributed propellers in 
distributed propulsion systems, which lead to a non-
linear aerodynamic performance. Off-axis freestream/ 

axial directions incoming to the propeller cause oblique 
inflows, creating off-primary thrust and moment forces. 
The combined multi-directional effects can detriment 
flight stability, and therefore, it is necessary to have 
information pertaining to the propeller dynamics as 
soon as possible in the design process [19]. 

Zheng et al. (2020) studied flight stability and 
developed a fully tilt-controlled drone platform that can 
move in different directions and angles. During testing, 
the platform can tilt up to 30 degrees while hovering, 
and the drone remains stable at this angle. An important 
technical reason for maintaining the tilt angle of no 
more than 30 degrees is that exceeding this point can 
cause the thrust adjustment mechanism to lose its 
efficiency, resulting in instability and possibly preventing 
rotation. Therefore, it is necessary to maintain a tilt 
angle of no more than 30 degrees to maintain stability 
while hovering and precisely control the direction of 
movement [20]. 

 
Figure 1 Key Technological Components of UAV (Drone) 

Systems. 

This study presents the design and construction 
of a UAV using a PLA-printed frame controlled by an 
Arduino board. This UAV is made of PLA via a 3D printing 
process, which is low-cost and easy to customize. The 
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main objective of the study is to analyze flight stability 
by comparing three types of propellers, 2-blade, 3-
blade, and 6-blade propellers, to obtain information 
on the effects of different numbers of propellers on 
flight stability and controllability. Such studies are 
very important in designing UAVs that require stability 
for specific applications, such as aerial photography, 
precision agriculture, and infrastructure inspection. 
Therefore, this research provides information to 
understand the factors of the number of propellers 
on flight and can be used as a guideline for developing 
efficient UAV systems for practical applications in 
industry and further research. The experimental results 
can also be applied to develop propellers that can 
change the number of blades during flight, allowing 
the UAV to have higher flexibility and efficiency in 
various situations. 

MATERIALS AND METHODS 

A. Drone construction and materials 

This study analyzes the flight stability of a 
drone by examining the effects of different propeller 
blade numbers. The drone is a 4-arm model, made 
from PLA material using 3D printing. Its structural 
frame supports the equipment and secures the arms. 
The drone's dimensions are 5.9 cm in width, 19.8 cm 
in length, and 12.8 cm in height. Each arm measures 
2.3 cm in width, 14.3 cm in length, and 1.6 cm in height. 
The total weight of the drone, excluding the propellers, 
is 1.2 kilograms after all equipment is installed, as 
shown in Figure 2. 

From Figure 3. The tested drone is equipped 
with an Arduino-based flight control system, a receiver 
for remote control operations, and a gyroscope sensor 
to monitor tilt angles during flight. The key components 
of the drone are as follows: 

1. Components: 
o Lower base body: 1 part. 
o Upper base body: 1 part. 
o Drone arms: 4 parts. 
o 2-blade propellers: 4 parts. 
o 3-blade propellers: 4 parts. 
o 6-blade propellers: 4 parts. 

2. Control System:  
o Microcontroller ESP32: 1 part. 
o Arduino UNO R3: 1 part. 
o Remote control Flysky FS I6X: 1 part. 

3. Electrical Components:  
o Gyroscope sensor MPU6050: 2 parts. 
o Receiver FS IA6B: 1 part. 
o Battery lipo 3 cell 11.1 V: 1 part. 
o Brushless motors A2212/6T 2200KV: 4 parts.  
o Electronic Speed Controller (ESC) 30A 

5V/2A: 4 parts. 
The necessary software for the operation includes 

Arduino IDE for programming the drone's flight control 

and data collection via ESP32, which the ability to access 
Wi-Fi and Bluetooth. It uses the advantage of accessing 
Wi-Fi of the ESP32 to send data to the Blynk IoT platform 
to collect data during flight, which is used to design the 
drone's components and structure for 3D printing and 
Blynk IoT, an IoT platform for creating a dashboard to 
monitor real-time data and control devices over the 
internet. 

 
Figure 2 UAV (Drone) from PLA material. 

 
Figure 3 Materials and equipment for UAV installation. 

B. Circuit diagram 

Figure 4 presents the circuit diagram of the 
drone, comprising various components, each with 
distinct functions and operational roles. The specific 
details of each component are as follows: 

Receiver FS IA6B: receives control signals from 
the remote control and transmits them to the Arduino 
board through Channels 1-4, connecting to the digital 
ports of the Arduino. 

1. Arduino UNO R3: acts as an input, receiving 
signals from the receiver through Channels 1-4 to the 
digital ports of the Arduino and then controlling the 
operation of the brushless motors on all four arms via 
the speed controller. 

2. Electronic Speed Controller (ESC): Adjusts 
the frequency of the electrical signals to control the 
speed and rotation of the brushless motors, providing 
a means for making propellers spin at a higher or 
slower rate. To maintain the speed of brushless motors, 
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take control signals from Arduino in brushless motors. 
Furthermore, it also regulates power delivery for 
optimal motor performance via the ESC. 

3. Duplicate both the gyro sensor MPU6050 
(SDA and SCL port to Arduino). It measures rotation 
or tilt in multiple axes of the drone. The gyroscope 
then sends this information to the Arduino so that 
the drone can be balanced to steer through the air 
consistently. 

4. Tercell 11.1 VDC: rated at 11.1 VDC, is the 
power provider to other parts on the PCB. Components 
that run with higher requirements (up to 12 VDC) like 
the ESC and the Arduino are powered right through 
it, while others, such as the gyroscope or ESP32, are 
powered. Full System Wiring Diagram This diagram 
also shows where every component is wired to. 

5. The data collection methodology used is 
illustrated in the circuit diagram in Figure 5, where we 
collect the data from a gyroscope sensor measuring the 
axis. The measured values are sent to the ESP32 by the 

sensor, which collects the flight data in this way. This 
data is then sent to the Blynk IoT app for real-time 
recording and viewing, allowing us to analyze flight 
stability. The details are as follows: 

5.1 The Gyroscope MPU6050 module connects 
to the ESP32 via the ports of SDA (GPIO21) and SCL 
(GPIO22). The sensor detects rotational and tilt 
movements across all axes, transmitting angular values 
or rotation rates to the ESP32 microcontroller. 

5.2 ESP32 is a microcontroller and integrated 
Wi-Fi/Bluetooth solution that has been designed for 
long-distance data transmission applications. This time 
around, the ESP32 gets axis measurements from the 
Gyroscope MPU6050 sensor and sends that data to 
display in the Blynk IoT dashboard. 

5.3 What is the Blynk IoT platform? In this case, 
it's used to show the axis data collected from the drone 
in real-time during flight. The results will then be 
analyzed to determine the flight stability of a drone in 
future studies.

 
Figure 4 Circuit Diagram of UAV. 

 
Figure 5 Circuit diagram of ESP32 for data collection.
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C. Experimental methodology 

All tests will be performed in a controlled 
environment to ensure the most accurate measurements 
possible and keep testing as bias-free as possible. That 
includes tightly controlled temperature and humidity 
(free from outside breeze influence). The measures 
provide a commonality and consistency of conditions 
between all flight tests in the experiment. 

 
Figure 6 Drone mounting base for flight testing. 

The flight test set-up is shown in Fig. 6, and the 
levels are installed within a controlled, closed environment 
where environmental parameters are strictly controlled. 
The testing rig holds the drone at a constant altitude 
level, ensuring stable flight. To ensure the stability of 
the base, a leveled water scale was used to level up 
the surface and make it completely flat. This integral 
subsequent detail removes potential discrepancies, 
providing a constant and standardized surface from 
which every test article can launch. 

 
Figure 7 Drone propeller configurations: (a) 2-blade, 

(b) 3-blade, and (c) 6-blade. 

This study compares props with two blade 
weights of 3 grams, three blade weights of 5 grams, 
and six blade weights of 6 grams to assess the drone's 
stability (Figure 7). Each propeller has a diameter of 
roughly 4 inches, and since they are all lightweight, 
we may disregard their weight. These three propeller 
types were chosen because they are simple to purchase 
and assemble drone equipment. A single drone, shown 
in Figure 8, Including devices circuits and brushless 
motors was used for all the tests, and it had a weight 
of around 1.2 kilograms, a length of 37.4 cm, a width 
of 29.6 cm, and a height of 12.8 cm.  

 
Figure 8 The drone is mounted onto the test stand. 

In this work, the drone is attached in a free-
joint mount at its center point, which restricts it to 
only being able to fly 20 cm high but with the ability 
to be tilted. The motors are started at maximum speed, 
and the time until they reach maximum is recorded 
for 2 minutes 30 seconds. Telemetry for tilt data is 
collected from Y and X axes to determine flight stability. 
During the testing, every type of propeller is exposed 
to equal conditions, in which it is certain that only 
one thing changes for the same situation during each 
flight stability test-the number of propeller blades. 

RESULTS AND DISCUSSION 

A. Effect of blade numbers on flight stability  

This study utilized published data and test 
results from three different propellers to investigate 
the influence of the number of blades on flight stability. 
During each test, the drone flew at peak power for 2 
minutes 30 seconds but eliminated the first and last 
15 seconds for instability incurred in take-off and 
landing (landing was brutal). Analysis of a 2-min stable 
flight period In the assessment, deviations from the 
zero reference were measured within a threshold tilt 
range of ±30 degrees to consider for stability calculations. 
Tilts over this range indicated that either control was 
lost or stability had been diminished and were quantified 
in the X- and Y-directions, as illustrated in Figure 8. 

 
Figure 8 X and Y axes of Drone. 

In measuring data fluctuations, drone flight 
is affected by factors that alter its tilt from a stable 
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axis. When testing different propellers, a high standard 
deviation (SD) indicates significant flight angle changes 
and instability, while a low SD suggests consistent and 
stable flight. The findings are detailed below. 

 
(a) 

 
(b) 

Figure 9 Drone stability tests results propeller 2-blade: 
(a) X Axis, (b) Y Axis. 

Figure 9 provides a detailed analysis of the 
drone's flight stability equipped with two propellers. 
The graphs illustrate the drone’s angular deviation 
from its stable hovering position, with the stability 
line (green line) as a reference. The results reveal that 
when using propellers 2-blade, the drone exhibited 
angular deviations exceeding the allowable limit of 
±30 degrees (red line) along the X-axis on 9 occasions. 
Furthermore, in the Y-axis, deviations beyond ±30 

degrees occurred 11 times. The calculation for evaluating 
flight performance shows that the SD for the 2-blade 
drone on the X-axis is 15.08, and on the Y-axis, it is 16.3. 

Figure 10 presents the flight stability results 
for the drone fitted with 3-blade propellers. The data 
reveals that the drone surpassed the allowed angular 
deviation of ±30 degrees (red line) along the X-axis 
on 4 occasions. Similarly, 5 instances of deviation 
beyond 30 degrees were observed along the Y-axis. 
The calculation for evaluating flight performance 
shows that the SD for the 3-blade drone on the X-axis 
is 10.85, and on the Y-axis, it is 11.85. 

Flight stability results for drones with 6-blade 
propellers are shown in Figure 11. The data thus shows 
that the drone exceeded the permitted roll angle  
(-30 ≤ θ ≤ 30) (red line) along the X-axis in 7 cases. 
Also, a complete deviation was made over ±30 degrees 

nine times for the Y-axis. The calculation of the flight 
performance values shows that for the X-axis, a 6-blade 
drone has an SD of 12.71 and for the Y-axis it is 15.57. 

 
(a) 

 
(b) 

Figure 10 Drone stability tests results propeller 3-blade: 
(a) X Axis, (b) Y Axis. 

 
(a) 

 
(b) 

Figure 11 Drone stability tests results propeller 6-blade: 
(a) X Axis, (b) Y Axis. 

 B. Comparison of stability for three types of propellers 

This study compared 2-blade, 3-blade, and 
6-blade drone propellers in their flight stability. 
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Stability was measured according to angular deviations 
(X and Y axes) and standard deviations (SD) of flight 
variances. The results show markedly different flight 
stabilities among propeller types, as shown in the 
following sections. 

 2-Blade Propellers: Drones with 2-bladed 
propellers registered the most significant angular 
deviations during testing. More precisely, 9 times X > 
±30 deg and also Y > ±30 deg 11 times. Figure 9 shows 
many points that deviated from the stability line (green 
line) while remaining within ±30 degrees. The constant 
shifts of the axis indicate a lot of movement slop 
when you're flying these 2-blade propeller planes. 
The calculated SD values for the X and Y axes were 
15.08 and 16.3, indicating many disturbance signals 
causing the flight performance to drop below that 
of other propellers by as much as 58% (in one scenario). 

3-Blade Propellers: Drones with a 3-blade 
propeller showed the lowest angular deviations. 
Only 4 deviated significantly more than ±30 degrees 
along the X-axis and 5 along the Y. The graph in Figure 
10 also has less departure from the stability line (green 
line), which means the balance is significantly better. 
This resulted in X-axis and Y-axis SD values that were 
more than a third of those for 2 blades: 10.85 and 
11.85, respectively, meaning a generally much stabler 
flight with less deviation between any two flights. 

6-Blade Propellers: The 6-bladed propeller 
drones exhibited fewer angular deviations versus the 
2-blade ones but more than how the 3-blade ones acted. 
The X-axis saw 7 anomalies of at least ±30 degrees, 
and the Y-axis saw 9. As seen in Figure 11(a), the green 
line indicates the stability line, and during deviations 
away from this point, although normalized to ± 30 
degrees was achieved a few times, the flight tended 
to stabilize towards that. Although it can be seen 
from Figure 11(b) that deviations from the stability 
line along Y are more common, they are still over ±30 
degrees. For the X and Y axes, one could respectively 
only expect a standard deviation (SD) as low as 12.71 
and 15.57 in comparison with 3 blades, which would 
mean this stability is superior to using a 2-blade 
propeller but not ideal yet. 

The results showed that 3-blade propellers 
had the greatest stability, deviated less, and had lower 
SD values than other types. The flight deviations and 
oscillations were not severe; thus, they allowed effective 
and stable control during the recovery phase. In comparison, 
2-blade propellers exhibited the most significant 
instability (the highest SD values) and wandered into 
ranges beyond ±30 degrees. 6-blade propellers showed 
more minor variations than 2-blade propellers, although 
still more significant than 3-blade propellers. 

CONCLUSIONS 

This study represent how propeller configurations 
affect UAVs during flight. The research shows that 

the number of propellers plays a crucial role in drone 
flight performance, with more propellers having a 
greater impact.  The 3-blade propeller has lower 
standard deviation (SD) values, indicating greater 
stability and improved accuracy in drone flights. The 
2-blade propeller show high instability and significant 
SD values (the variable most responsible for the instability 
in general); such as variability linked to unstable flight 
conditions. Although the 6-blade propeller has lower 
take-off deflection than the 2-blade propeller, its flight 
stability is still less than the 3-blade propeller. The 
results show the 3-blade propeller had the best stability, 
followed by the 6-blade propeller, which produced 
a better result than 2-blade propeller configurations. 
The results are useful in designing a high-stability 
UAV for applications like aerial photography or 
infrastructure inspection, improving control and 
accuracy. However, this study has several limitations, 
such as the weight constraints of the prototype drone 
and the specific motor and battery configurations, 
which may influence results. Future research should 
investigate the impact of propeller layouts on energy 
efficiency and performance under varying payloads 
and motor speeds, thereby broadening the applicability 
of this research to diverse industrial and agricultural 
UAV designs. 
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ABSTRACT 

This research aimed to investigate the optimal working conditions for pectinase and cellulase, evaluate the quality 
of jackfruit cob syrup, and assess its physical and chemical properties and consumer acceptance. The study began 
with exploring the optimal conditions for syrup production from jackfruit cobs. The factors studied were the 
amount of pectinase in 3 levels: 0.04, 0.06, and 0.08%; the amount of cellulase in 2 levels: 0.1 and 0.2%; and the 
incubated temperature in 3 levels: 40, 45, and 50 °C; the incubated time in 3 levels: 30, 90, and 150 minutes. 
All 54 conditions were obtained in Factorial experiments in Completely Randomized Design (CRD). The physical 
and chemical properties were analyzed, and the optimal conditions were determined through hierarchical 
clustering, along with evaluating the physical and chemical properties and consumer acceptance. It was found 
that the optimum conditions for extraction of jackfruit cob juice include 0.08% pectinase, 0.2% cellulase, incubated 
temperature at 40 °C, and a curing time of 90 minutes, respectively. The properties of jackfruit cob syrup were 
as follows: brightness (L*) of 22.77 ±0.04, (a*) of -0.74 ±0.06, and (b*) of 9.16 ±0.43. The light transmittance was 
1.99 ±0.01, viscosity was 14.00 ±0.05 centipoise, and pH was 4.75 ±0.10, indicating prebiotic properties. The 
overall liking score was 7.96. After being informed about the nutritional benefits of jackfruit cob syrup, 85.00% 
of consumers indicated a willingness to purchase the product. It will add value to the waste jackfruit cob in 
agriculture to 86 baht per kilogram. Therefore, jackfruit cob syrup is a value-added product that enhances the 
utilization of agricultural by-products, reduces agricultural waste, and meets consumer demand for healthy 
food options. 

Keywords: Value added, Syrup, Jackfruit cob, Agricultural waste, Prebiotics 

INTRODUCTION 

Jackfruit is an important economic fruit in 
South and Southeast Asia. According to jackfruit 
planting statistics in 2020, there were 2,646,918 rai of 
jackfruit planting areas in Asia with a yield of 388,471.42 
tons per year. Its scientific name is Artocarpus heterophyllus, 
belonging to the Moraceae family. Most consumers 
prefer to eat fresh jackfruit meat. It is processed at an 
industrial level, such as ice cream, jackfruit in syrup, 
canned jackfruit, dried jackfruit, crispy jackfruit, jackfruit 
jam, etc. As for jackfruit seeds, the utilization is still 
minimal. Jackfruit seeds are primarily boiled for 
consumption as a snack or processed into jackfruit 
seed flour. Steamed jackfruit bark and cob are utilized 
in animal feed and bio-fertilizer production. However, 
a significant amount of waste still remains from 

jackfruit consumption. Jackfruit cob then becomes 
waste, causing an impact on the environment, being 
a breeding ground for insect disease carriers, and 
polluting the environment, causing health problems, 
economic loss, and so on [1]. Jackfruit cob has a unique 
aroma. It has a sweetness level of 22 degrees Brix. 
This fruit contains important nutritional values, 
including carbohydrates in the form of oligosaccharides 
and polysaccharides. These carbohydrates function 
as prebiotics, supporting gut health by preventing 
and alleviating symptoms of  gastrointestinal 
infections. They also strengthen the immune system, 
support digestion, and enhance the absorption of 
nutrients into the body. Additionally, jackfruit cob aids 
in fat metabolism and helps reduce LDL cholesterol 
levels. It is also rich in calcium, phosphorus, iron, 
vitamin B1, and vitamin B2 [2]. At present, the concept 
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of adding value to waste after processing agricultural 
products is a way to increase income for farmers and 
various entrepreneurs in the agribusiness system [3]. 
It is also a guideline for developing and promoting 
environmentally friendly agriculture by promoting 
the use of agricultural waste to be processed into other 
products in order to add value to agricultural products. 

Fruit syrup is a product processed from fruit. 
It is a food preservation method that uses high-
concentration sugar mixed with fruit juice. The syrup 
is liquid with high viscosity. The color of the syrup may 
look cloudy or clear, and it may smell of fruit. Syrup 
is used in food products, beverages, desserts, milk, 
and ice cream, as a sweetener, flavoring agent, and 
decorating food products to attract consumers [4]. 
Therefore, syrup is a primary source of drinks, milk, 
food, and snacks. Currently, syrup demand in Asia is 
distributed as follows: 52% for the food industry, 
19% for the chemical and pharmaceutical industry, 
2% for import packaging and distribution, and 27% 
for other purposes. The import in the food industry 
is 52 percent, which is worth about 2,106 million US 
dollars or about 66,469 million baht, which is the 
result of the world's population increasing to 7.7 
billion people in 2019 from 6.1 billion people in 
2000 and the demand for syrup from other industries 
(food and beverages) increases.[5] Food syrup is a 
sweetener that is safer for health than sugar, which 
is high in antioxidants and helps slow down aging. 
It also reduces the risk of serious diseases such as 
diabetes, heart disease, cancer, and atherosclerosis, 
as well as various brain-related diseases. It also helps 
digestion, reduces gas in the stomach, flatulence, and 
constipation, and helps to strengthen the body's 
immunity [6]. 

Therefore, this research aims to explore the 
syrup production process to enhance the value of 
agricultural products, reduce agricultural waste, 
and meet consumer demand for healthy food options. 

MATERIALS AND METHODS 

1. Raw material preparation 

Ripe jackfruit cobs with a yellow color and 
fragrant aroma are used to prepare jackfruit cob juice. 
The cobs are first separated from the jackfruit skins, and 
any bruised cobs are removed. Then the good ones will 
be washed thoroughly with clean water. The jackfruit 
cobs are inhibited for the browning reaction with 
boiling steam at atmospheric pressure for 10 minutes 
and then quickly cooled. The jackfruit cobs are centrifuged 
with the pulper and finisher for fruit juice extraction 
and separation at a speed of 200 rpm and the spin 
time is 5 minutes. The quality is analyzed, including 
pH value using a pH meter, the percentage of light 
transmittance of 650 nm., the content of dissolved 

solids using a refractometer, and the percentage of 
yield (% Yield). 

2. Study of optimum working conditions of pectinase 
and cellulase 

The optimal conditions for pectinase and 
cellulase were studied. There were 4 factors studied: 
the amount of pectinase at 3 levels: 0.04, 0.06, and 
0.08 [7,8]; the amount of cellulase at 2 levels: 0.1% 
and 0.2% [9]; the incubated temperature at 40, 45, 
and 50 degree Celsius [7,10,11] ; and the incubated 
time at 3 levels: 30, 90, and 150 minutes [12,10]. The 
experiment was planned using factorial in CRD. A 
total of 54 production conditions were obtained. 
The prepared jackfruit cobs were digested with 
pectinase and cellulase according to the specified 
conditions, and then the enzyme reaction was 
stopped by immersing them in boiling water for 10 
minutes and cooling rapidly. The extracted jackfruit 
cob juice was processed in a centrifuge separator at 
2,000 rpm for 20 minutes. The crystal was separated 
and analyzed for quality as follows: 

2.1 The physical properties include the yield 
percentage (% Yield), which is determined by precipitating 
jackfruit cob juice using pectinase and cellulase. The 
yield is calculated according to Equation 1. 

Percentage of yield (% Yield) =
Weight of extracted jackfruit cob juice

Weight of initial jackfruit cob
 x 100  (1) 

2.2 Find color value using Hunter Lab and 
light transmittance using UV/VIS Spectrophotometer 
of 650 nm. 

2.3 Chemical properties include pH value 
measured using a pH Meter and soluble solids measured 
using a Hand Refractometer. Afterward, suitable 
experimental subjects were selected by considering 
physical properties such as brightness and light 
transmittance using Hierarchical Clustering and the 
maximum light transmittance for producing jackfruit 
cob syrup. 

3. Study on the quality of jackfruit cob syrup  

Concentrate the jackfruit cob juice from the 
group with the highest brightness value and light 
transmittance using vacuum evaporation 1 atm at 
60 °C until it reaches 65 degrees Brix. Then, analyze 
its quality as follows: 

3.1 Physical properties include %yield, color 
value measured by Hunter Lab, light transmittance 
measured by UV/VIS Spectrophotometer, and viscosity 
measured by Brookfield Digital Viscometer. 

3.2 Chemical properties include pH value 
measured by using a pH meter. 

3.3 Consumer preferences were studied by 
planning a randomized complete block design (RCBD) 
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with a 9-point Hedonic Scale method for appearance, 
color, clarity, jackfruit smell, flavor, and overall preference. 
The sample comprised 100 consumers aged 20 years 
and over in Rajamangala University of Technology 
Thanyaburi, Pathum Thani Province. 

4. Study on physical and chemical qualities and consumer 
acceptance of jackfruit cob syrup 

4.1 The physical properties include color 
values measured using a Hunter Lab colorimeter, light 
transmittance measured with a UV/VIS spectrophotometer, 
and viscosity measured using a Brookfield Viscometer 
(Model DV1) from AMETEK. 

4.2  Chemical qualities include pH value 
measured by using a pH Meter. 

4.3 For prebiotic properties, prepare 1 ml of 
jackfruit syrup and add 9 ml of 0.85% sodium chloride 
(NaCl) solution. Shake to obtain a dilution level of 
10-1. Dilute the sample from 10-2 - 10-6 or according to 
appropriateness by pipetting 1 mL of prepared sample 
(10-1) into 9 mL of 0.85% NaCl solution, shaking well. 
Pipette 0.1 mL of each dilution onto Lactobacillus MRS 
agar. Spread the samples over two Petri dishes with a 
glass rod. The Petri dishes are incubated at 35 degrees 
Celsius for 24 hours. If no colonies are observed, 

incubation is extended for an additional 24 hours. 
Colonies are counted on dishes with a colony range of 
25 to 250. 

4.4 A study of consumer acceptance towards 
jackfruit cob syrup was done by using a 9-Point Hedonic 
Scale (a score of 1 means dislike the most and 9 means 
like the most). In terms of appearance, color, clarity, 
viscosity, jackfruit smell, sweet taste, jackfruit flavor, 
and overall preference by testing with 100 consumers 
aged 20 years and over in the area of Rajamangala 
University of Technology Thanyaburi, Pathum Thani 
Province. 

RESULTS AND DISCUSSION 

1. Raw material preparation 

According to raw material preparation, it was 
found that the jackfruit cob that was used to separate 
the pulp jackfruit cob juice looked turbid with some 
pulp and fiber, the light transmittance percentage 
(Transmittance 650) was 0.1, pH was 3.60, percentage 
of yield (% yield) was 21.3, and had sweetness of 20 
degrees Brix. The sweetness of jackfruit flesh is 20 - 
23 degrees Brix [7].

 
Figure 1 Segmentation Diagram.

2. Study of optimum working conditions for pectinase 
and cellulase 

Study of optimum working conditions for 
pectinase and cellulase on quality of jackfruit cob juice. 
After the jackfruit cob juice is treated with pectinase 
and cellulase under 54 different conditions, the enzyme 

reaction is halted by immersing the mixture in boiling 
water for 10 minutes, followed by rapid cooling. After 
that, the jackfruit cob juice was extracted in the pulper 
and finisher for fruit juice extraction and separation 
(2,000 rpm) for 20 minutes, separated, and analyzed 
for quality. It was found that the percentage of yield 

Group 1 : The group 
with the lowest 
brightness value and 
light transmittance. 
Experimental object 
14, 15,16,17,18,19,20, 
and 21 

Group 2 : The group 
with the relatively 
low brightness value 
and light light 
transmittance. 
Experimental object 
3, 4,5,6,7,8 and 9 

Group 4 : The group 
with the moderate 
brightness value and 
light transmittance. 
Experimental object 
22, 23,24,25,26,27,28, 
29 and 30 

Group 3 : The group 
with the lowest 
brightness value 
and light 
transmittance. 
Experimental object 
1, 2,10,11,12 and 13 

Group 5 : The group 
with high brightness 
value and light 
transmittance. 
Experimental object 
31,32,33,34,35,36,37,
38 and 39 

Group 6 : The group 
with relatively high 
brightness value and 
light transmittance. 
Experimental object 
40,41,42,43,44,45,46,5
0, 51, 52, 53 and 54 

Group 7 : The group 
with the highest 
brightness value and 
light transmittance. 
Experimental object 
47, 48 and 49 

Diagram of Segmentation, Illuminance, and Light Transmittance 

https://ird.rmutt.ac.th/
https://doi.org/10.60101/jarst.2024.258413


4 

 
©2025 Institute of Research and Development, RMUTT, Thailand J Appl Res Sci Tech 2025;24(1):258413 

DOI: 10.60101/jarst.2024.258413 

(% yield) was between 39.00 - 41.00. The luminosity (L*) 
was between 32.65 - 33.80. The light transmittance 
was between 1.12 -1.15. The pH was between 3.60-3.75. 
The soluble solid was between 19-21 degrees Brix. The 
appropriate experimental group was then analyzed 
and selected based on the study of physical properties, 
including brightness and light transmittance. The 
obtained data were analyzed and grouped according 
to their abilities to select the optimum condition for 
producing syrup from jackfruit cob using Hierarchical 
Clustering, in which targets in the same group are 
similar in 2 factors or variables, including brightness 
and light transmittance for use in the next step of the 
study as shown in Figure 1. 

According to Figure 1, the segmentation diagram 
using Hierarchical Clustering, it was found that the 
brightness values and the light transmittance values 
can be divided into 7 groups. The group that the 
researcher was interested in was group 7, with the 
highest brightness value and light transmittance in 
3 conditions: 47,48 and 49, which have brightness 
values of 32.63, 32.62, and 33.81, respectively, and 
the light transmittance values are 1.13, 1.13, and 1.13, 
respectively. Brightness and light transmittance are 
caused by pectinase breaking down pectin compounds. 
Pectic acid causes plant cells to break down, leading to 
pectin degradation in the fruit. This process allows 
colloidal protein molecules and pectin to form large 
complexes that precipitate, thereby increasing the 
clarity of the fruit juice. Additionally, cellulase digests 
cellulose or the fruit's cell wall, breaking it down until 
sugars dissolve in water and are absorbed into the cell 
interior as a carbon source, which enhances juice 
extraction. As a result, jackfruit cob juice exhibits 
favorable physical properties [12]. Using 0.08% pectinase 
and 0.2% cellulase breaks down pectin in the cell wall 
and middle lamella, releasing more water and decreasing 
viscosity. This is consistent with the research of [13], 

which found that the concentration of pectinase and 
curing time can increase the yield of strawberry juice 
was statistically significant (p≤0.05). This aligns with 
the findings of [7], which reported that increasing 
the ratio of pectinase to ground jackfruit pulp during 
the production of jackfruit syrup led to a higher syrup 
yield. Statistical analysis revealed that when the 
pectinase ratio exceeded 0.06% (v/w), a significant 
increase in the volume of jackfruit syrup was observed 
(p≤0.05). Consequently, a pectinase concentration 
of 0.08% (v/w) was selected for treatments 47, 48, and 
49 [14] . Additionally, the combined use of pectinase 
and cellulase facilitates the breakdown of fruit cell 
walls, enhancing juice extraction and improving the 
physical properties of the fruit juice. The study found 
that the curing temperature is higher when the amount 
of pectinase and cellulase increases and the duration 
is extended. Thus, there is a positive effect on the 
physical properties of the syrup, which pectinase 
serves to decompose pectin in fruit pulp, resulting in 
higher juice clarity and extraction [15], and cellulase-
degrading enzymes that catalyze the degradation of 
beta 1,4 bonds, glycosidic within the molecular structure 
of the smallest unit of cellulose to be decomposed 
entirely to obtain glucose and extract clearer fruit 
juice [7], so brightness and light transmittance or 
clarity is higher. Thus, Group 7 was selected because of 
the highest brightness value and light transmittance 
values in 3 conditions. 

3. Production of syrup from jackfruit cob 

The conditions in group 7 were selected to 
produce jackfruit cob syrup by using vacuum 
evaporation at a temperature of 60 degrees Celsius 
until the sweetness is 65 degrees Brix, and analyzing 
the physical properties, including color value, light 
transmittance, viscosity, and chemical qualities 
(pH). The results are shown in Table 1.

Table1 Physical quality and Chemical of syrup from jackfruit cob. 

Quality Condition 47 Condition 48 Condition 49 

Physical quality    
Color value (L*) 22.77a ±0.04 20.27c ±0.05 20.59b ±0.04 
a* -0.74b ±0.06 -0.96c ±0.06 -0.07a ±0.06 
b* 9.16b ±0.43 7.46c ±0.43 9.90a ±0.43 
Transmission (%T650) 1.99a ±0.01 1.90b ±0.01 1.87c ±0.02 
Viscousity (cP) 14.00c ±0.05 16.00b ±0.01 17.50a ±0.15 
Transmission (%T650) 22.77a ±0.04 20.27c ±0.05 20.59b ±0.04 
Chemical quality    
Acid - base (pH) 4.75a ±0.10 4.48b ±0.12 4.29c ±0.11 

Remark: Different letters in vertical is difference at 95% (p≤0.05) 
 ns No statistically significant differences (p≥0.05) 
 a,b,c Average in vertical which have alphabets control statistically significant (p≤0.05) 
 ± Standard deviation. 
 Condition 47: Pectinase 0.08 Cellulose 0.2 temperature used for the curing 40 °C about 90 minutes. 
 Condition 48: Pectinase 0.08 Cellulose 0.2 temperature used for the curing 40 °C about 150 minutes. 
 Condition 49: Pectinase 0.08 Cellulose 0.2 temperature used for the curing 45 °C about 30 minutes.
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According to Table 1, the color brightness (L*) 
of jackfruit cob syrup was analyzed, and it was found 
that condition 47, which used 0.08% pectinase and 0.2% 
cellulase, treated at 40°C for 90 minutes, produced the 
best results. The color brightness (L*) was significantly 
the highest (p≤0.05). The brightness (L*) of jackfruit cob 
syrup was lower than that of jackfruit juice treated with 
pectinase and cellulase. This reduction in brightness 
is attributed to the evaporation temperature, which 
promotes the Maillard reaction between carbohydrates 
and amino acids. This reaction is a key chemical process 
responsible for the distinctive taste, aroma, and color 
observed in many processed foods. By changing the 
color of food, the carbonyl group of the sugar reacts with 
the amino group of the amino acid to form glycosylamine 
(N-substituted Glycosylamine) and water. Unstable 
glycosylamine then rearranges through Amadori 
Rearrangement and forms into Amadori compounds, 
which such compounds can react in many ways. This 
leads to the formation of compounds that give the 
melanoidins, which make the syrup browner [16] 

This is consistent with [12] research, which found 
that high temperature with longer curing time results 
in more browning of the syrup and lower brightness 
due to high temperature and longer time which cause 
a color change. This forms a brown compound, a Maillard 
reaction and is in the red to green (a*) region. The 
negative value indicated that the jackfruit cob syrup 
was greener than reddish. Therefore, it gives a yellowish 
appearance to jackfruit cob syrup. The pigment called 
Flavonol is found in yellow fruits and vegetables [14]. 

According to the percentage of  l ight 
transmittance of syrup from jackfruit cob, it was 
found that condition 47 used 0.08% of pectinase and 
0.2% of cellulase, cured at 40 degrees Celsius for 90 

minutes significantly (p≤0.05). The percentage of 
light transmittance of syrup from jackfruit cob was 
higher than that of jackfruit juice precipitated with 
pectinase and cellulase because the curing time 
affects the clarity or light transmittance. The curing 
temperature and time affected the extracted dissolved 
solids content and clarity or light transmittance [13]. 

According to the viscosity (cP) of jackfruit cob 
syrup in Table 1, it was found that condition 47 used 

0.08%  pectinase and 0.2%  cellulase, cured at 40 

degrees Celsius for 90 minutes, significantly lowest 
viscosity (p≤0.05) due to pectinase curing time, and 
cellulase liquefaction that is almost complete, i.e., 
the pectinase that decomposes the pectin in the fruit 
into smaller molecules dissolves into the liquid part. 
It works when plant cells are torn or affected [8], and 
cellulase acts to catalyze the degradation of beta 1,4 

bonds Glycosidic acid within the molecular structure 
of cellulose is the smallest unit [8], thus resulting in 
a low viscosity of jackfruit cob syrup. 

According to the pH values of the jackfruit 
cob syrup shown in Table 1, it was found that under 
condition 47, where 0.08% pectinase and 0.2% cellulase 
were incubated at 40°C for 90 minutes, the highest 
pH value was 4.75 (p≤0.05), which is classified as a 
low pH value. The pH values ranged from 4.73 to 4.80, 
categorizing the syrup as a low-acid food. However, 
during production, the process involves heat treatment 
to destroy or inhibit the growth of spoilage-causing 
and pathogenic microorganisms, ensuring preservation 
and an extended shelf life [17]. 

4. Study of consumer preference towards syrup from 
jackfruit cob 

Consumer preferences were evaluated using 
a 9-point hedonic scale with a sample of 100 consumers. 
The assessment covered appearance, color, clarity, 
jackfruit aroma, flavor, and overall preference. The 
results are presented in Table 2. 

According to Table 2, it was found that the syrup 
from jackfruit cob from all 3 conditions had significantly 
different scores of consumer preference (p<0.05) in 
terms of appearance, color, clarity, jackfruit smell, 
jackfruit flavor, and overall preference. The jackfruit 
syrup from condition 47 got the highest score in terms 
of appearance, color, clarity, jackfruit smell, flavor, and 
overall preference because the syrup from the jackfruit 
cob is clear. The clarity or brightness of the syrup product 
is affected by the Maillard reaction. It depends on 
temperature, time, and pH value. In general, high 
temperatures and long periods increase the Maillard 
reaction.

Table 2 Physical quality and Chemical of syrup from jackfruit cob. 

Sensory products (Character) Condition 47 Condition 48 Condition 49 

Apperance 7.23a ±1.18 6.72b ±1.06 6.48b ±1.34 
Color 7.32a ±1.14 6.81b ±1.06 6.84b ±1.35 
Transparency 7.24a ±1.01 6.82b ±1.07 6.89b ±1.29 
Jackfruit smell 7.16a ±1.53 6.65b ±1.42 6.47b ±1.70 
Jackfruit flavor 7.31a ±1.38 6.68b ±1.35 6.62b ±1.40 
Overall preference 7.43a ±1.01 6.78b ±1.01 6.65b ±1.23 

Remark: Condition 47: Pectinase 0.08 Cellulose 0.2 temperature used for the curing 40 °C about 90 minutes.  
 Condition 48: Pectinase 0.08 Cellulose 0.2 temperature used for the curing 40 °C about 150 minutes. 
 Condition 49: Pectinase 0.08 Cellulose 0.2 temperature used for the curing 45 °C about 30 minutes.
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5. Study on the physical qualities of jackfruit syrup 
products 

The study on the physical properties of jackfruit 
syrup products includes % yield, color value, light 
transmittance, and viscosity, while the chemical 
properties include pH and prebiotic characteristics. 
The experimental results are presented in Table 3. 

Table 3 Physical quality Chemical and Prebiotic of 
jackfruit cob syrup. 

Quantity Quantity 

Physical quality  
%yield 12.00 
Brightness (L*)  22.77 
Transmission (%T650) 1.99 
Viscousity (cP) 14.00 
Chemical quality  
Acid - Base (pH) 4.75 
Prebiotic microorganism quality 
(CFU/g) 

 

Jackfruit syrup 3.8x106 

According to Table 3, the physical qualities were 
analyzed and found to include a %yield of 12.00, color 
lightness (L*) of 22.77, light transmittance of 1.99, and 
viscosity (cP) of 14.00 when using 0.08% pectinase and 
0.2% cellulase, treated at 40°C for 90 minutes. The 
results showed that the curing temperature significantly 
affected brightness, temperature, and curing time, 
influencing the extracted dissolved solids and the 
clarity or light transmittance. [14]. There is a pigment 
called flavonol found in yellow fruits and vegetables. 
The chemical qualities, including pH value, was 4.75, 
which has a weak acidity value. It was found that a pH 
range of 4.73 to 4.80 does not classify the product as 
a high-risk food for microbial growth, which could 
cause spoilage or support pathogenic microorganisms. 
This pH range contributes to food preservation and 
extends shelf life [10]. 

According to the prebiotic properties analysis 
of jackfruit cob syrup products by studying the syrup 
from jackfruit cobs used as food for microorganisms, 
Lactobacillus sp., which is a probiotic microorganism 
[19]. According to Table 4, it was found that syrup from 
jackfruit cobs contained the amount of Lactobacillus 
sp., which equals 3.8 x 106 colonies per gram. It is 
considered to have prebiotic properties. Generally, 
the optimal amount of probiotic bacteria in a product 
is at least 106-107 colonies per gram. This showed that 
it was not a prebiotic [18] that could affect the microbial 
balance within the gastrointestinal tract and inhibit 
the growth of pathogenic microorganisms (Pathogens) 
in the gastrointestinal tract that cause food diarrhea. 
Prebiotics are not digested or absorbed in the 
gastrointestinal tract. It is a nutrient that stimulates the 
growth of specific probiotics and can change the ratio 
of microorganisms to make good health [19]. Therefore, 

syrup from jackfruit cobs is classified as a prebiotic 
food. 

6. Study of consumer acceptance of syrup from jackfruit 
cob 

A study of consumer preferences towards the 
product used 9-point Hedonic Scale for appearance, 
color, clarity, viscosity, jackfruit smell, sweet taste, 
jackfruit flavor, and overall preference was done by 
testing with 100 consumers. It was found that the 
consumers rated their preference in terms of appearance, 
color, clarity, viscosity, jackfruit smell, sweet taste, 
jackfruit flavor, and overall preference. The consumer 
acceptance level was moderate, with a mean score 
of 7.79 ±0.26. Approximately 85% of consumers 
expressed a willingness to purchase jackfruit cob 
syrup due to its distinctive characteristic - the unique 
flavor of jackfruit. Additionally, its nutritional value 
was a key factor influencing purchase decisions, as 
modern consumers are increasingly focused on 
health and well-being, including physical, emotional, 
and mental health. Moreover, the production of 
jackfruit cob syrup supports the agricultural sector 
by adding value to agricultural by-products [20]. 

7. Study of production cost of jackfruit cob syrup 

According to the study of the cost of producing 
jackfruit cob syrup by calculating the cost of producing 
jackfruit cob syrup consisting of direct raw materials, 
the overhead cost is 35% of the raw material price. It was 
found that 1 liter of jackfruit cob syrup costs 170.17 

baht. If a profit of 50% of the cost price is added, the 
selling price per liter of jackfruit cob is 255.26 baht, 
which is cheaper compared to commercial products. 
Which is cheaper than commercial products, with 1 
liter priced at 650-690 baht. Since the syrup from the 
jackfruit cob use raw materials that are waste, the cost 
of production is low, adding value to the product. In 
addition, jackfruit cob syrup retains its unique aroma, 
sweetness, and nutritional value, including protein, 
carbohydrates, calcium, phosphorus, iron, vitamin 
B1, and vitamin B2 [2]. It is considered an alternative 
that creates economic value that will benefit the 
agricultural industry more. 

CONCLUSIONS 

According to the study of the optimum conditions 
for the production of syrup from jackfruit cob, it was 
found that extraction requires 0.08% of pectinase, 0.2% 
of cellulase, curing temperature of 40 degrees Celsius, 
and curing time of 90 minutes. Physical qualities include 
the lightness of the product. The mean was 22.77 ±0.04 
percent of the light transmittance of the product. 
The average value was 1.99 ±0.01. The viscosity of the 
product had an average value of 14.00 ±0.05 centipoise. 
The chemical properties included a pH value of 4.75 
±0.10. Consumers rated their overall preference 
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with an average score of 7.96 ±0.62. The respondents 
received information about the benefits of the syrup 
products from jackfruit cobs, they would definitely 
buy jackfruit syrup, accounting for 85.00 percent, 
with the most buying reason due to novelty, accounting 
for 29.00 percent, and the cost of producing 1 liter 
of jackfruit cob syrup was 170.17 baht. 
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ABSTRACT 

This research aims to: 1. Study the post-tension concrete floor type. 2. Study the case study of the building construction 
process using post-tension concrete floors by studying the plans and construction steps of post-tension concrete 
floors from studying the manuals and documents for the construction of prestressed concrete floors, applying 
the knowledge gained from working and learning on-site to understand the characteristics, types, and plans of 
prestressed concrete floors and the construction steps of prestressed concrete floors. The results of this research 
provide information on the plans and steps in the construction of post-tension concrete floors, construction 
supervision, management to meet the specified time frame, various construction problems and solutions, and 
the development of knowledge and skills in construction supervision for future use. In conclusion, understanding 
the work process, construction process control methods, and inspection of various post-tension concrete floor 
constructions can increase work efficiency and reduce labor costs, time, and damage costs, such as contracting 
parties for breaches of contract. It was found that the advantages of the post-tension floor system are more floors 
at the same building height and less wind load at the same number of floors because it can improve long-term 
performance compared to traditional reinforced concrete and beam-slab systems. In addition, factors that 
affect the useful labor utilization ratio consist of 4 factors: complexity of building design, work items or work 
steps that make work difficult; use of appropriate tools and machinery to facilitate work and reduce labor waiting 
time; use of various innovations or substitute materials to help reduce time in work steps; arranging a team of 
workers that is appropriate for the size and type of work. These factors directly affect the ratio of useful workers. 
Results from this research Can be used to improve construction processes and inspection, Including selecting 
concrete materials to increase efficiency. 

Keywords: Construction, Control, Plan, Post-tension, Process

INTRODUCTION 

Post-tensioned slabs are popular in construction 
in countries with low-seismic zones, especially Thailand, 
because they are more economical than construction 
with traditional structures. There is no need for structural 
beams to support the floor. The structural floor has a 
small thickness, which makes it lightweight. The overall 
weight of the building is reduced, reducing the foundation's 
size and the number of piles. Fast and easy construction. 
Increased building space due to increased column-
to-column span. The height between buildings' floors 
is reduced. (Get more floors at the same height) Light 
weight can reduce dead load by up to 20 - 30%, which 
results in less weight being transferred to the foundation. 
Reduce the size of the foundation and the number of 
pillars [1]. 

Prestressed concrete technology was first used 
in Thailand in 1940 to prestress beams. Concrete supports 

the floor of Preeda Thamrong Bridge, 64 meters long. 
This technology has been developed throughout the 
past. Initially, construction was done by foreign 
companies. Evolution of the development of prestressed 
concrete technology in the country in the period 40 
years ago, by studying prestressed and tensile steel 
structures [2]. Currently, the construction of high-
rise buildings and condominiums has used prestressed 
concrete floors or post-tension floors in large quantities 
because this construction takes a short and hassle-
free time [3]. Properly studying the plans ensures that 
the tensioning process is executed correctly, which is 
critical for the floor's ability to bear loads safely. Missteps 
in the tensioning process can lead to cracks, excessive 
deflection, or even catastrophic failure [4]. Understanding 
the construction steps minimizes the risk of such issues. 
The placement of tendons must be precise, as incorrect 
placement can compromise the structural performance 
of the floor [5]. So, studying the plans ensures that the 
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layout of the tendons follows the engineering design 
accurately. 

The timing of when to apply the tension is 
critical. Applying it too early or too late can weaken 
the concrete. Understanding the construction schedule 
ensures that tensioning occurs at the optimal time. 
Post-tensioned concrete floors often use less concrete 
and steel than traditional reinforced concrete, saving 
costs [5]. Proper study of the plans allows for the 
maximum utilization of these savings by ensuring that 
materials are used efficiently. By understanding the 
precise construction steps, contractors can streamline 
the construction process, reducing overall project time 
and costs [6]. 

Non-compliance with standards can result in 
legal issues or costly repairs. Studying the plans helps 
avoid these potential problems. Properly constructed 
post-tensioned floors are highly durable and can handle 
large spans with minimal cracking and deflection over 
time [7]. 

Overall, a deep understanding of the plans 
and construction steps is vital for ensuring that post-
tensioned concrete floors are safe, efficient, and durable, 
meeting all design and regulatory requirements. 

This study seeks to understand post-tension 
slabs' detailed design and construction process. Following 
the correct construction steps enhances the long-term 
performance of the structure. Understanding the 
construction process helps plan future maintenance, 
ensuring that the post-tensioned system continues 
to perform well throughout the building's life. It will 
help improve construction efficiency, reduce costs, and 
minimize construction errors. 

MATERIALS AND METHODS 

1. Materials used in the construction 

1.1 Finished floor slab 
It is a flat-bottomed prestressed concrete with 

a cross-section like a board. Whether it is a mold or 
part of the structure, performing both duties helps 
bear weight. Generally, the cross-section is 35 cm. wide, 
5 cm. thick, and arranged next to each other. The bottom 
side of the floor is smooth without plastering. Concrete 
pouring on top (Structural Topping) will work as a 
composite (Composite) with the finished floor. 

1.2 Solid prestressed concrete floor slabs 
Prestressed concrete floor slabs have a smooth 

surface, eliminating the need to plaster or install a 
ceiling. The long span can be used in various lengths. 
It's convenient and economical. This is because 
temporary bracing is not required in construction. 
Thus, saving both time and labor. (except thickness 
6 cm.) They are designed to have different cross-sectional 
sizes and lengths. To bear the weight of the load. To 
replace the area for casting in place used for constructing 
residential buildings and condominiums. Office 
buildings and industrial factories.  

1.3 Solid prestressed concrete floor slabs (Plank) 
It is a small prefabricated concrete slab, usually 

6 cm thick and 30 or 35 cm wide, used for general 
small buildings such as residential buildings and 
condominiums. 

1.4 Micropile 
It is a small, driven pile with a length of 1.5 

meters. It has high density, strength, and durability. 
1.5 Driven pile 
This type of pile There are concrete piles, steel 

piles, and wooden piles. Most commonly use concrete 
piles. Because it is stronger than wooden poles and 
cheaper than steel poles. Concrete piles can be divided 
into two types: reinforced concrete and reinforced 
concrete. 

1.5 Cement 
1.5.1 Ordinary Portland cement (Type1) 

is suitable for general concrete work, which complies 
with TIS 15 cement. 

1.5.2 Use the type that gives fast compressive 
strength (Type 3) following TIS 15. This type of cement 
will provide high compressive strength in the initial 
stages. Because it is finer than ordinary Portland cement, 
it is suitable for making concrete that needs to be 
used quickly. It can reduce curing time. 

1.6 Coarse Aggregate 
The stone standard used in producing prestressed 

precast concrete slabs generally uses 3/8-inch stone, 
suitable for solid concrete slabs. 

1.7 Fine Aggregate 
The sand standard that produces prestressed 

precast concrete slabs should have an FM value. Within 
the range 2.50-3.50. 

1.8 High tensile steel wire (PC Wire) 
Steel wire standards are used in the production 

of prestressed precast concrete slabs. It has a 4 and 5 
millimeters diameter and must comply with TIS 95. 

2. Tools and machinery used to install tensile floor slabs 

2.1 Production platform (Bed) 
The production platform for prestressed 

precast concrete slabs is a form used to cast concrete 
slab products. It is a steel rail along the length. The length 
of the production stand may vary according to the area 
of each factory. It is usually approximately 50-60 meters 
long to suit the time required for production. 

A production platform for solid precast concrete 
slabs (Plank) is a form used to cast concrete slab products. 
It looks like a steel rail along its length. by the length 
and form of the general production platform It will 
be 0.30-0.35 meters wide and 5 centimeters thick. The 
length depends on the condition of each factory. 

2.2 Wire Stressing Machine 
A wire-pulling machine pulls high-tensile steel 

wire to produce precast concrete slabs. Prestressing 
can be used with both hollow and solid floors. There 
are 2 types: used to pull high-tensile steel wire and 
high-tensile stranded steel wire, Depending on the wire 
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drawing cylinder. However, the solid type is used 
with general high tensile steel wire for prestressed precast 
concrete slabs and may be used in some prestressed 
products such as small piles, etc. 

2.3 Wire wedge, wire splicing, and high tensile 
stranded steel wire cylinders 

Used for fixing wire at the head-end of the wire 
mounting panel. Wire wedges used to hold high tensile 
steel wires are 2-3 pieces with teeth for holding the wire 
in a wedge wire cylinder. 

2.4 Length divider set 
Used for dividing the length of floor slabs to 

be produced. The length must be divided before concrete 
is poured into the form. There are 2 types: hole type, 
used by inserting wire into the specified holes according 
to the quantity produced. The wire height can be set 
using a comb type. Used to divide by steps between 
each wire. Nevertheless, we cannot set the wire height 
distance. 

2.5 Concrete Mixing 
Pan Type This mixer consists of an important 

part: a circular pan and a stirring blade attached to the 
shaft. Furthermore, it will rotate around an axis 
perpendicular to the Pan Mixer's axis. Some types of 
Pans will rotate, and some types of mixing blades 
will rotate. Moreover, some rotate both in opposite 
directions. The concrete is mixed very well. The Pan 
Mixer is effective for hard and highly bonded concrete, 
such as cement-heavy concrete. Therefore, it will be 
used for prestressed concrete work. 

2.6 Concrete vibrating equipment 
Used for firmly shaking concrete. with vibration 

Makes the concrete evenly dense. The surface of the 
workpiece is smooth. Generally, a vibrator is used. Or 
you can use a concrete pendant. 

3. Engineering standards or regulations that are followed 
during the design and installation 

3.1 Post-Tension Concrete Floor 
Post-tension concrete floors are widely used 

because they are economical and can be constructed 
quickly [8]. This can be seen in office buildings, parking 
lots, hotels, shopping malls, etc., which often have long 
column spans. After bonding forces, the characteristics 
of post-tensioned concrete floor systems allow them 
to be designed as flat floors without beams, with long 
column spans, and to bear more weight than general 
structural floors. 

3.2 Advantages of Post-Tension Concrete Floor 
Systems [8] 

Post-tension concrete floor systems can work 
quickly. The construction speed is about 7-14 days per 
floor because it can support the weight of the structure 
immediately after pulling the prestressing wire and 
saves on labor costs, scaffolding costs, and formwork 
costs and reduces construction time because the building 
can be designed to have a longer column span than the 

general structure, allowing for a wider variety of usable 
space designs. 

Post-tension concrete floor systems can be 
designed to have a lower structural thickness than 
reinforced concrete floors, which can reduce the height 
between building floors. This allows buildings using 
post-tension concrete floors to have more floors 
than general reinforced concrete buildings of the 
same building height. Because it is a prestressed 
concrete floor, it has the property of resisting cracking, 
resulting in a floor that is more watertight than general 
reinforced concrete floors, reducing the problem of 
water seepage and rusting of reinforcing steel. In 
addition, post-tension concrete floors can be designed 
to have a covering distance sufficient to resist fire 
according to the standards and requirements of fire-
resistant materials according to Ministerial Regulation 
No. 40 B.E. 2540. The advantages of post-tension 
concrete floors in various aspects include architectural, 
structural, and cost-effectiveness. 

3.3 Ground Characterization 
Most post-tension concrete floors can be 

designed as flat slabs because they are easy to work with 
and save material costs, labor costs, and construction 
time. These are the advantages of post-tension concrete 
floors compared to general reinforced concrete floors. 
However, the specification of post-tension concrete 
floors must also consider other factors. In some cases, 
post-tension concrete floors require drop panels or 
band beams to achieve maximum savings, such as in 
cases where the building has a long column-to-column 
span, small columns, or 4 large openings. Initially, the 
characteristics of the post-tension concrete floor 
can be considered from the length (span), such as flat 
slab, flat slab with a column span of 6-9 m., drop panel, 
flat slab with a column span of 9-12 m., and band beam, 
a floor with a wide beam with a column span of more 
than 12 m. 

3.4 Determination of the distance between the 
outer span columns and the cantilevered floor 

To design post-tension concrete floors with 
the highest economic value, determining the distance 
between the edge columns and the free-floating slab 
that is appropriate and consistent with the spacing 
between the columns of the inner span will allow to 
reduce the amount of prestressing wire and the thickness 
of the post-tension concrete floors. The appropriate 
distance between the edge columns and the free-
floating slab may be considered from the spacing 
between the columns of the inner span. 

3.5 Determination of floor thickness 
The thickness of the slab affects the amount 

of prestressing wire and the amount of reinforcing steel, 
as well as the deflection and vibration of the post-tension 
concrete slab. Specifying a slab thickness that is too 
thin may result in the slab having much prestressing 
wire, resulting in high and uneconomical construction 
costs. It may also cause the slab to be unable to withstand 
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shear, deflection, and vibration. Consider the example 
table of design thickness of the post-tension concrete 
slab, shown in Table 1. 

Table 1 Determination of floor thickness. (Source: 
Siam Cement Company Limited). 

Section Type 
Loading 

(LL) kg/m2 

Span/depth 
ration 6m.  
<=L <=13m. 

1. Flat plate 250 
500 

1,000 

40 
36 
30 

2. Flat slab with 
drop panel 

250 
500 

1,000 

44 
40 
34 

3. Flat slab with 
banded beam 

 
250 
500 

1,000 

SLAB 
45 
40 
35 

BEAM 
25 
22 
18 

3.6 Lowering the ground level 
Post-tension concrete floors can have different 

floor levels (lower floor levels) by either lowering the 
floor with a flat bottom or lowering the floor with a 
lower bottom. However, the suitable and economical 
floor lowering distance for post-tension concrete floors 
is less than 5 cm. 

3.7 Determination of openings in post-tensioned 
concrete floors 

The most suitable opening location on post-
tensioned concrete floors should be in the middle of 
the span. The most avoidable location is the column 
head or support area because the column head area 
will have a dense line of prestressed wires. Most 
importantly, prestressed concrete floors are mainly 
designed as flat plates. This type of floor requires 
the concrete around the column to be important in 
resisting punching shear. Having openings around 
the column within 10 times the floor thickness (10h) 
will greatly reduce the punching shear capacity. 
According to ACI requirements, openings that are no 
more than 10 times the floor thickness (10h) away 
from the column will reduce the concrete line that acts 
as a punching shear force (Critical section), reducing 
punching shear capacity. If the punching shear capacity 
is insufficient, it may be necessary to add shear stirrup, 
increase the floor thickness, and add column capital or 
beam to help with the force. 

3.8 Post-Tension Concrete Floor Installation 
Procedure 

The steps for installing prestressed concrete 
floors (post-tension) include: 1) setting up supports 
and floor formwork, 2) placing lower reinforcing bars, 
3) inserting PC Strand wire into the corrugated sheath, 
4) attaching tendon anchors to side forms 5) placing 
upper reinforcing bars 6) pouring concrete 7) prestressing 

the concrete 8) sealing the Anchorage sockets with 
mortar, and 9) injecting mortar. 

3.9 Aggregate and mixed sizes 
The elastic modulus of cement-based materials 

is complex due to the non-homogeneous structure of 
the material. To predict the behavior of concrete under 
load, it is necessary to understand the effects of aggregate 
type, aggregate size, and aggregate volume [9]. The 
modulus of elasticity is directly proportional to the 
stiffness of each component in the concrete and the 
joints [10]. Most static elasticity modulus from 
normal axial compression only reaches a stress level 
of approximately 40-50% of the concrete's ultimate 
compressive strength, which is the level at which the 
stress does not occur. Small cracks at the interface 
between the cement and aggregates [11]. Research 
has shown that compaction to improve the mix ratio 
is a very effective way to reduce the cement content in 
the mix [12]. Cement production hurts the environment 
and improving the compaction of the aggregates can 
reduce the cement content and increase the elastic 
modulus. It helps to improve the strength by improving 
the hydration process in concrete [13]. And the strength 
of concrete is greatly influenced by the size distribution 
of aggregates, where the key factor in aggregate 
compaction is to allow small aggregates to fill the 
spaces between large aggregate particles by using the 
right mix size and proportion [14]. 

RESULTS AND DISCUSSION 

Case study of the structural floor of an 8-
storey building, a prestressed concrete floor structure. 
The construction of the prestressed concrete floor 
can be summarized in Figure 1-8: 

1. Steel structure floor plan 

 
Figure 1 Steel structure floor plan [15].  
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2. Expanded shear reinforcement type 

 
Figure 2 Example Figure [15].  

3. Beam A is inside the floor. 

 
Figure 3 Beam A is inside the floor [15]. 

4. Shop Drawing (Prestressed Wire) 

Shop Drawing (Prestressed Wire Line) shows 
the number of types of prestressed wire lines and the 
number of lines for use in laying out the wire ropes 
and checking before pouring concrete. 

 
Figure 4 Shop Drawing (Prestressed Wire) [15].  

5. Shop Drawing (Prestressed Wire Profile) 

Shop Drawing (Prestressed Wire Profile) is a 
wire rope extension drawing for placing Bar Chairs 

because each section of the wire rope will not be placed 
the same in terms of the distance and height of the Bar 
Chair. 

 

Figure 5 Shop Drawing (Prestressed Wire Profile) [15]. 

6. More floors at the same building height 

 
Figure 6 More floors at the same building height [15].  

7. Wind Load less than the same number of floors 

 
Figure 7 Wind less Load than the same number of 

floors [15]. 

8. The construction steps [15] 

The construction steps of reinforced concrete 
floors are following the step according to figure 8. 

 
Figure 8 The construction steps of reinforced concrete 

floors [15]. 
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scaffolding, Table 

Form, floor form and 
floor side form
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9. Factors affecting productivity in construction work 
of floor work 

There are 4  main factors in prestressed 
concrete: [15] 

1. Complexity in building design, work materials, 
or work procedures that cause difficulty in working. 

2. Use appropriate machinery to facilitate 
work and reduce waiting time for workers in concrete 
pouring work. 

3. Using innovations or alternative materials 
to help reduce the time in the work process and reduce 

the difficulty of the work, such as installing steel and 
reinforcing steel. 

4. Arranging the right team of workers for 
the size and type of work. 

CONCLUSIONS 

Understanding the work process, construction 
process control methods and inspection of various 
post-tension concrete floor constructions can increase 
work efficiency and reduce labor costs, time, and damage 
costs, such as contracting parties for breaches of contract. 

Table 2 Comparison of various features of Post-Tension Slabs, Reinforced Concrete Slabs, and Beam-Slab Systems. 

Feature Post-Tension Slabs Reinforced Concrete Slabs Beam-Slab Systems 

Strength High, better crack control, and 
load distribution 

Lower tensile strength, prone 
to cracking 

High, but requires large 
beams 

Cost Potentially lower overall due 
to material savings 

Generally higher due to more 
material needed 

Higher due to additional 
beams and reinforcement 

Slab Thickness Thinner slabs, more space-
efficient 

Thicker slabs for strength Thicker slabs with added 
beam depth 

Construction 
Time 

Faster due to reduced slab 
thickness and complexity 

Slower due to thicker slabs 
and more reinforcement 

Slower due to beam 
complexity 

Long Span 
Capability 

Ideal for long spans with fewer 
supports 

Limited span capabilities 
without beams 

Suitable for long spans but 
with additional material 

requirements 

Durability and 
Maintenance 

Low maintenance, fewer 
cracks, higher durability 

Prone to cracking and 
maintenance issues 

Prone to cracking, additional 
complexity for repairs 

Flexibility and 
Space 

More flexible use of space, 
open areas 

Reduced ceiling height due to 
thickness 

Reduced space flexibility due 
to beams 

This study found that the advantages of the 
post-tension floor system are more floors at the same 
building height and less wind load at the same number 
of floors. Post-tension concrete slabs are a superior 
choice in many situations, offering cost and time savings, 
reduced material usage, and improved long-term 
performance compared to traditional reinforced concrete 
and beam-slab systems. PT slabs are particularly well-
suited for long spans, flexible space usage, and structures 
that prioritize minimizing slab thickness. While PT 
systems require higher initial costs due to specialized 
equipment and materials, their efficiency in construction 
time, reduced labor costs, and lower long-term 
maintenance make them a favorable option for many 
building projects. This is in line with the research of 
Thanapat Ekphong and Kawin Tantisevi (2021), who 
studied the construction productivity of prestressed 
concrete floors in high-rise buildings. This research 
shows that a lump sum cost based on the weight of wire 
ropes is 26-37 bath-sq.m. of slabs, while a labor cost 
based on the number of man-days is 10-12 bath-sq.m. 
Hence, the difference in labor costs calculated by these 
two approaches is likely a profit margin for subcontractors. 

Moreover, the research of Narongchai Paksa and 
Thotsapon Pinkaew (2020) studied the development 
of high elastic modulus concrete for ultra-rigid structures. 
The results are compared with normal concrete 
specimens using limestone as coarse aggregate. It is 
found that the proposed concrete using EAF slag can 
significantly enhance the elastic modulus and is more 
cost-effective than conventional high-strength concrete. 

In addition, factors that affect the useful labor 
utilization ratio consist of 4 factors: complexity of 
building design, work items or work steps that make 
work difficult; use of appropriate tools and machinery 
to facilitate work and reduce labor waiting time; use 
of various innovations or substitute materials to help 
reduce time in work steps; arranging a team of workers 
that is appropriate for the size and type of work. These 
factors directly affect the ratio of useful workers. 
However, if there are indirect factors that may cause an 
impact on the work, causing the ratio of useful workers 
to decrease, the researcher believes that this research 
can be further developed to study such impacts and 
to be beneficial to projects with similar characteristics 
in the future. 
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Recommendations for use and precautions 
of post-tension concrete floors include checking the 
safe load specified in the post-tension concrete floor 
structure before actual use. Any holes that are dug after 
construction is complete must be consulted with a design 
engineer. Renovations and changes to the building's 
space usage must be consulted with a design engineer. 
The scaffolding must not be dismantled before the 
prestressed wire pulling is complete. Also, the integration 
of new technologies into the post-tensioned concrete 
slab construction process has the potential to significantly 
improve efficiency, quality, sustainability, and safety. 
By embracing innovations in AI, robotics, 3D printing, 
AR, and advanced materials, the construction industry 
can develop more innovative, more resilient structures. 
Further research into the application of these technologies 
and the development of new materials and construction 
methods will drive the evolution of post-tensioning 
techniques, ensuring that they remain a cost-effective, 
sustainable, and adaptable solution for modern building 
projects. 
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ABSTRACT 

Piecewise linear systems of difference equations have gained significant attention for their ability to model 
complex behavior in population dynamics, economics, and electronics fields. Despite their simple structure, 
these systems can exhibit diverse behaviors, including convergence to equilibrium points, periodic solutions, 
and chaotic outcomes under specific conditions. This paper investigates the long-term behavior of a specific 
piecewise linear system of difference equations. The primary goal is understanding how initial conditions 
and parameter values influence the system's behavior. The research focuses on identifying and analyzing 
equilibrium points, periodic solutions (cycles), and the conditions under which these behaviors occur. Building 
on previous work by Grove et al., we study a family of two-dimensional difference equations containing absolute 
value terms. The analysis focuses on initial conditions in the third quadrant, divided into three distinct regions: 
A, B, and C. The behaviors within each region are explored to characterize the system's outcomes. Region A: The 
system converges to an equilibrium point. The number of iterations required for convergence varies depending 
on the sub-region. Region B: The system converges to an equilibrium point in exactly two iterations. Region C: 
The system exhibits more complex behaviors, with potential outcomes including convergence to a 4-cycle or 
an equilibrium point. Behavior in this region suggests that initial conditions may lead to one of two prime 
period-4 cycles. Regions A and B consistently lead to equilibrium points, while Region C displays more varied 
outcomes, including periodic cycles. These findings emphasize the complexity of piecewise linear systems and 
stress the need for further research to fully understand the behaviors in Region C. 

Keywords: Piecewise linear system, Equilibrium point, Difference equations 

INTRODUCTION 

The study of piecewise linear systems of 
difference equations has garnered attention for their 
ability to model complex dynamics in various fields 
such as population dynamics [1], economics [2] and 
electronics [3]. Despite their simplicity, these systems 
exhibit a wide range of behaviors, including convergence 
to equilibrium points, periodic solutions, and sometimes 
chaotic behavior [4, 5, 6]. Researchers aim to understand 
the long-term behavior of these systems and how 
initial conditions and parameters influence their 
behaviors. One of the key research drivers is the open 
problem posed by Grove et al. [7], which introduced 
a family of systems defined by the general form 

 �𝑥𝑥𝑛𝑛+1 = |𝑥𝑥𝑛𝑛| + 𝑎𝑎𝑎𝑎𝑛𝑛 + 𝑏𝑏 
𝑦𝑦𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 + 𝑐𝑐|𝑦𝑦𝑛𝑛| + 𝑑𝑑  (1) 

with parameters 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 and 𝑑𝑑 belonging to {−1, 0, 1} 
and initial condition (𝑥𝑥0,𝑦𝑦0) ∈ ℝ2. 

Various studies have analyzed how different 
parameter values affect the system's long-term behaviors. 
For instance, in article [8] demonstrated that certain 

parameter sets could result in either a unique equilibrium 
or periodic behavior with a prime period of 5. 

Two primary types of attractors are commonly 
identified: equilibrium points and periodic solutions 
(cycles). Equilibrium points represent stable states 
where the system remains unchanged after iterations. 
These points are of particular interest because, under 
certain conditions, the system always converges to 
this stable state, regardless of initial conditions. 
Researchers explore whether solutions converge to 
a single equilibrium or multiple equilibrium points 
depending on the system's parameters. Periodic 
solutions, or cycles, are repeating patterns where the 
system's state follows a cycle with a fixed prime period.  

Parameters and initial conditions influence 
the existence and stability of these periodic solutions. 
Researchers have identified conditions where the 
system exhibits periodic behavior with various prime 
periods. The article [9] found that in system (1), with 
a = b = d = -1 and c = 1, when the initial condition is 
an element of the closed second or fourth quadrant, 
the solution to the system is either a prime period-
3 solution or one of two prime period-4 solutions. 
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One key contribution to this research is the 
work in [10], which studies a special case of system 
(1) by setting 𝑏𝑏 = 𝑐𝑐 = −1 and 𝑑𝑑 = 1 but generalizes the 
parameter 𝑏𝑏 into the following system: 

 �𝑥𝑥𝑛𝑛+1 = |𝑥𝑥𝑛𝑛| − 𝑦𝑦𝑛𝑛 − 𝑏𝑏 
𝑦𝑦𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 − |𝑦𝑦𝑛𝑛| + 1 , (2) 

where 𝑏𝑏 ≥ 4 and found that for 𝑏𝑏 = 4, solutions converge 
to equilibrium, while for 𝑏𝑏 ≥ 6, the system exhibits 
periodic behavior with a prime period of 5 [11]. Their 
findings illustrate the importance of parameter thresholds 
in determining whether the system converges to an 
equilibrium or follows periodic behavior. In article 
[12], the study the system (2) by setting b = 3: 

 �𝑥𝑥𝑛𝑛+1 = |𝑥𝑥𝑛𝑛| − 𝑦𝑦𝑛𝑛 − 3 
𝑦𝑦𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 − |𝑦𝑦𝑛𝑛| + 1 , (3) 

finding that the solutions can converge to a periodic 
cycle with a prime period of 4. Their investigation 
focuses on a specific region in the first quadrant. In 
[13] and [14], the behaviors of System (3) in the second 
quadrant were investigated, and 4-cycles and 
equilibrium points were identified. Building on this, we 
now examine System (3), considering initial conditions 
located in a specific region of the third quadrant. 

MATERIALS AND METHODS 

We divide the third quadrant into subregions 
and investigate each one by substituting specific initial 
conditions into System (3) and performing direct 
calculations. Moreover, in some regions, we identified 
patterns in the solutions, which we used to formulate 
inductive statements to explain the behavior of the 
solutions. 

We applied the same methods to investigate 
the behavior of solutions as described in articles 
[12-14]. The following definitions [15], will be applied 
in this paper. A two-dimensional first-order system 
of difference equations takes the form: 𝑥𝑥𝑛𝑛+1 =
𝑓𝑓(𝑥𝑥𝑛𝑛 ,𝑦𝑦𝑛𝑛) and 𝑦𝑦𝑛𝑛+1 = 𝑔𝑔(𝑥𝑥𝑛𝑛 ,𝑦𝑦𝑛𝑛) where 𝑓𝑓 and 𝑔𝑔 are 
continuous functions mapping 𝑅𝑅2 to 𝑅𝑅 and 𝑛𝑛 ≥ 0. A 
solution to this system is a sequence {(𝑥𝑥𝑛𝑛 ,𝑦𝑦𝑛𝑛)}𝑛𝑛=0∞  
that satisfies the system for all 𝑛𝑛 ≥ 0. If an initial condition 
(𝑥𝑥0,𝑦𝑦0)  ∈ 𝑅𝑅2 is given, then the subsequent solutions are 
determined as: (𝑥𝑥1,𝑦𝑦1) = �𝑓𝑓(𝑥𝑥0,𝑦𝑦0),𝑔𝑔(𝑥𝑥0,𝑦𝑦0)�, (𝑥𝑥2,𝑦𝑦2) = 
�𝑓𝑓(𝑥𝑥1,𝑦𝑦1),𝑔𝑔(𝑥𝑥1,𝑦𝑦1)�,⋯ .  

A solution that remains constant for all 𝑛𝑛 ≥ 0 
is referred to as an equilibrium solution. If (𝑥𝑥𝑛𝑛 ,𝑦𝑦𝑛𝑛) =
(𝑥̅𝑥,𝑦𝑦�) for all 𝑛𝑛 ≥ 0, it represents an equilibrium 
solution, and (𝑥̅𝑥,𝑦𝑦�) is known as an equilibrium point 
of the system.  

A solution {(𝑥𝑥𝑛𝑛 ,𝑦𝑦𝑛𝑛)}𝑛𝑛=0∞  is called an eventual 
equilibrium point if there exists an integer 𝑁𝑁 > 0 
such that for all 𝑛𝑛 ≥ N, (𝑥𝑥𝑛𝑛 ,𝑦𝑦𝑛𝑛) = (𝑥̅𝑥,𝑦𝑦�). 

A solution is called eventually periodic with 
a period 𝑝𝑝, or an eventually period 𝑝𝑝-cycle, if there 
exists an integer 𝑁𝑁 > 0 such that the solution is periodic 

with period 𝑝𝑝, meaning �𝑥𝑥𝑛𝑛+𝑝𝑝,𝑦𝑦𝑛𝑛+𝑝𝑝� = (𝑥𝑥𝑛𝑛,𝑦𝑦𝑛𝑛) for all 
𝑛𝑛 ≥ N.  

The set of periodic point is prime period 𝑝𝑝 (or 
𝑝𝑝-cycle) if 𝑝𝑝 the smallest positive integer such that 
the set member is periodic with period 𝑝𝑝. We define 
a  4-cyc le  as  the  set  ��(𝑎𝑎, 𝑏𝑏), (𝑐𝑐,𝑑𝑑), (𝑒𝑒, 𝑓𝑓), (𝑔𝑔, ℎ)��, 
consisting of four consecutive points (𝑎𝑎, 𝑏𝑏), (𝑐𝑐,𝑑𝑑), (𝑒𝑒, 𝑓𝑓), 
(𝑔𝑔, ℎ) in the 𝑥𝑥𝑥𝑥-plane.  

A solution is considered eventually periodic 
with period 𝑝𝑝 (eventually a 4-cycle) if the orbit, 
through forward iterations, passes through one of 
the cycle's points. We define the region of the initial 
condition in the third quadrant as the set 𝑄𝑄3 =
{(𝑥𝑥,𝑦𝑦) ∈ 𝑅𝑅2|𝑥𝑥 < 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦 < 0}. 

RESULTS AND DISCUSSION 

We will examine the behaviors of System 
(3) when the initial condition is located in the set 
𝐴𝐴 = {(𝑥𝑥,𝑦𝑦) ∈ 𝑄𝑄3| − 𝑥𝑥 − 𝑦𝑦 − 3 < 0 a n d  𝑥𝑥 + 𝑦𝑦 + 1 ≥ 0}, 
𝐵𝐵 = {(𝑥𝑥,𝑦𝑦) ∈ 𝑄𝑄3| − 𝑥𝑥 − 𝑦𝑦 − 3 < 0 a n d  𝑥𝑥 + 𝑦𝑦 + 1 < 0} 
and 𝐶𝐶 = {(𝑥𝑥,𝑦𝑦) ∈ 𝑄𝑄3| − 𝑥𝑥 − 𝑦𝑦 − 3 ≥ 0 and 𝑥𝑥 + 𝑦𝑦 + 1 <
0}. We assert that System (3) has an equilibrium 
point at (−1,−1), determined by solving equations 
𝑥̅𝑥 = −𝑥̅𝑥 − 𝑦𝑦� − 3 and 𝑦𝑦� = 𝑥̅𝑥 + 𝑦𝑦� + 1. Additionally, we 
identified two prime period-4 solutions (or 4-cycles): 
𝑃𝑃4.1 = {((−5,−1), (3,−5), (5,−1), (3,5)) } a n d  𝑃𝑃4.2 =
{((1,−1), (−1,1), (−3,−1), (1,−3)) } for System (3). 
We will start our investigation by calculating the 
first iteration for (𝑥𝑥0,𝑦𝑦0) ∈ 𝐴𝐴, which corresponds to 
the green region in Figure 1. In Figure 1, the third 
quadrant is separated into three sub-regions by the 
lines𝑓𝑓(𝑥𝑥) and 𝑔𝑔(𝑥𝑥). The red point is the equilibrium 
point of the system (3). The green region represents 
the points in the set 𝐴𝐴. The pink region represents 
the points in set B. The remaining white region in 
the third quadrant represents the points in set C. 

 
Figure 1 The third quadrant is separated into three 

sub-regions by the lines 𝑓𝑓(𝑥𝑥) and 𝑔𝑔(𝑥𝑥). 

Thus, we obtain the following solutions: 

 �𝑥𝑥1 = |𝑥𝑥0| − 𝑦𝑦0 − 3 =  −𝑥𝑥0 − 𝑦𝑦0 − 3 < 0
𝑦𝑦1 = 𝑥𝑥0 − |𝑦𝑦0| + 1 =  𝑥𝑥0 + 𝑦𝑦0 + 1 ≥ 0    (4) 
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Because the initial condition(𝑥𝑥0,𝑦𝑦0) ∈ 𝐴𝐴, 𝑥𝑥1 is negative 
and 𝑦𝑦1is non-negative.  

 � 𝑥𝑥2 = |𝑥𝑥1| − 𝑦𝑦1 − 3 = −1 
𝑦𝑦2 = 𝑥𝑥1 − |𝑦𝑦1| + 1 = −2𝑥𝑥0 − 2𝑦𝑦0 − 3 < 0  (5) 

Since 𝑦𝑦1is non-negative, 𝑦𝑦2 =  −2𝑦𝑦1 − 1 < 0.  

 � 𝑥𝑥3 = |𝑥𝑥2| − 𝑦𝑦2 − 3 = 2𝑥𝑥0+2𝑦𝑦0 + 1 
𝑦𝑦3 = 𝑥𝑥2 − |𝑦𝑦2| + 1 = −2𝑥𝑥0−2𝑦𝑦0 − 3 < 0 (6) 

If 𝑥𝑥3 = 2𝑥𝑥0+2𝑦𝑦0 + 1 ≤ 0 then the next iteration 

�𝑥𝑥4 = |𝑥𝑥3| − 𝑦𝑦3 − 3 = −1 
𝑦𝑦4 = 𝑥𝑥3 − |𝑦𝑦3| + 1 = −1 . 

It means that (𝑥𝑥4,𝑦𝑦4) = (−1,−1).  We have 
the following lemma.  

Lemma 1. Let (𝑥𝑥0,𝑦𝑦0) ∈ 𝐴𝐴 be an initial condition 
where 2𝑥𝑥0+2𝑦𝑦0 + 1 ≤ 0. Then the fourth iteration of 
the solution of the system (3) is an equilibrium 
point (−1,−1). 

 
Figure 2 The region 𝐴𝐴 is separated into two subregions.  

We now suppose (𝑥𝑥0,𝑦𝑦0) ∈ 𝐴𝐴 to be an initial 
condition where 2𝑥𝑥0+2𝑦𝑦0 + 1 > 0, which corresponds 
to the gray region in Figure 2. In Figure 2, The green 
region represents the points that satisfy the condition 
in Lemma 1, while the gray region is the remaining 
part of set 𝐴𝐴. We have the closed form of the solution 
in (4) – (6), except for 𝑥𝑥3 = 2𝑥𝑥0+2𝑦𝑦0 + 1 > 0. Then 

 �𝑥𝑥4 = |𝑥𝑥3| − 𝑦𝑦3 − 3 =  4𝑥𝑥0+4𝑦𝑦0 + 1 
𝑦𝑦4 = 𝑥𝑥3 − |𝑦𝑦3| + 1 = −1 , (7) 

If 𝑥𝑥4 = 4𝑥𝑥0+4𝑦𝑦0 + 1 ≤ 0 then the next iteration 

�𝑥𝑥5 = |𝑥𝑥4| − 𝑦𝑦4 − 3 =  −4𝑥𝑥0−4𝑦𝑦0 − 3 < 0 
𝑦𝑦5 = 𝑥𝑥4 − |𝑦𝑦4| + 1 = 4𝑥𝑥0+4𝑦𝑦0 + 1 ≤ 0 , 

�𝑥𝑥6 = |𝑥𝑥5| − 𝑦𝑦5 − 3 =  −1
𝑦𝑦6 = 𝑥𝑥5 − |𝑦𝑦5| + 1 = −1 . 

This means that(𝑥𝑥6,𝑦𝑦6) = (−1,−1). We have 
the following lemma.  

Lemma 2. Let (𝑥𝑥0,𝑦𝑦0) ∈ 𝐴𝐴 be an initial condition 
where 4𝑥𝑥0+4𝑦𝑦0 + 1 ≤ 0. Then the sixth iteration of 
the solution of the system (3) is an equilibrium point 
(−1,−1). 

 
Figure 3 The gray region in Figure 2 is separated into 

two subregions.  

We further suppose(𝑥𝑥0,𝑦𝑦0) ∈ 𝐴𝐴 to be an initial 
condition where 4𝑥𝑥0+4𝑦𝑦0 + 1 > 0, which corresponds 
to the gray region in Figure 3. In Figure 3, The yellow 
region represents the points that satisfy the condition 
in Lemma 2, while the gray region is the remaining 
part of the set 𝐴𝐴.We will show that the solution will 
become an equilibrium point, proving by induction 
the following lemma. 

Lemma 3. Let (𝑥𝑥0,𝑦𝑦0) ∈ 𝐴𝐴 be an initial condition 
where 4𝑥𝑥0+4𝑦𝑦0 + 1 > 0. Then, the solution of the 
system (3) is eventually the equilibrium point. 

Proof. We have the closed form of the 
solution in (4) – (7), except for 𝑥𝑥4 = 4𝑥𝑥0+4𝑦𝑦0 + 1 > 0. 
Let 𝐴𝐴𝑛𝑛 = {(𝑥𝑥,𝑦𝑦)  ∈  𝑄𝑄3|22𝑛𝑛𝑥𝑥 + 22𝑛𝑛𝑦𝑦 + 1 > 0}  and 𝑃𝑃(𝑛𝑛) 
be the following statement “for (𝑥𝑥0,𝑦𝑦0)  ∈  𝐴𝐴𝑛𝑛,  

�𝑥𝑥4𝑛𝑛+1 =  22𝑛𝑛𝑥𝑥0 + 22𝑛𝑛𝑦𝑦0 − 1 < 0
𝑦𝑦4𝑛𝑛+1 =  22𝑛𝑛𝑥𝑥0 + 22𝑛𝑛𝑦𝑦0 + 1 > 0

  , 

�𝑥𝑥4𝑛𝑛+2 =  −22𝑛𝑛+1𝑥𝑥0 − 22𝑛𝑛+1𝑦𝑦0 − 3 < 0
𝑦𝑦4𝑛𝑛+2 =  −1  , 

� 𝑥𝑥4𝑛𝑛+3 =  22𝑛𝑛+1𝑥𝑥0 + 22𝑛𝑛+1𝑦𝑦0 + 1 
 𝑦𝑦4𝑛𝑛+3 =  −22𝑛𝑛+1𝑥𝑥0 − 22𝑛𝑛+1𝑦𝑦0 − 3 < 0

. 

If (𝑥𝑥0,𝑦𝑦0) ∈ 𝐵𝐵𝑛𝑛 = {(𝑥𝑥,𝑦𝑦) ∈ 𝐴𝐴𝑛𝑛|22𝑛𝑛+1𝑥𝑥 + 22𝑛𝑛+1𝑦𝑦 + 1 ≤ 0 }  

then 𝑥𝑥4𝑛𝑛+3 =  22𝑛𝑛+1𝑥𝑥0 + 22𝑛𝑛+1𝑦𝑦0 + 1 ≤ 0. Thus 

�𝑥𝑥4𝑛𝑛+4 =  −1
 𝑦𝑦4𝑛𝑛+4 =  −1. 

If(𝑥𝑥0,𝑦𝑦0) ∈ 𝐴𝐴𝑛𝑛 − 𝐵𝐵𝑛𝑛 = 
 {(𝑥𝑥,𝑦𝑦) ∈ 𝐴𝐴𝑛𝑛|22𝑛𝑛+1𝑥𝑥 + 22𝑛𝑛+1𝑦𝑦 + 1 > 0}  

then 𝑥𝑥4𝑛𝑛+3 =  22𝑛𝑛+1𝑥𝑥0 + 22𝑛𝑛+1𝑦𝑦0 + 1 > 0. So 

�𝑥𝑥4𝑛𝑛+4 =  22𝑛𝑛+2𝑥𝑥0 + 22𝑛𝑛+2𝑦𝑦0 + 1
𝑦𝑦4𝑛𝑛+4 =  −1 , 

If (𝑥𝑥0,𝑦𝑦0) ∈ (𝐴𝐴𝑛𝑛 − 𝐵𝐵𝑛𝑛) −  𝐴𝐴𝑛𝑛+1 = 

{(𝑥𝑥,𝑦𝑦) ∈ 𝐴𝐴𝑛𝑛 − 𝐵𝐵𝑛𝑛|22𝑛𝑛+2𝑥𝑥 + 22𝑛𝑛+2𝑦𝑦 + 1 ≤ 0},  

then 𝑥𝑥4𝑛𝑛+4 =  22𝑛𝑛+2𝑥𝑥0 + 22𝑛𝑛+2𝑦𝑦0 + 1 ≤ 0. So 

�𝑥𝑥4𝑛𝑛+5 =  −22𝑛𝑛+2𝑥𝑥0 − 22𝑛𝑛+2𝑦𝑦0 − 3 < 0
𝑦𝑦4𝑛𝑛+5 =  22𝑛𝑛+2𝑥𝑥0 + 22𝑛𝑛+2𝑦𝑦0 + 1 ≤ 0 

, 

�𝑥𝑥4𝑛𝑛+6 =  −1
𝑦𝑦4𝑛𝑛+6 =  −1. 
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If (𝑥𝑥0,𝑦𝑦0) ∈ 𝐴𝐴𝑛𝑛+1 = 

{(𝑥𝑥,𝑦𝑦) ∈ 𝑄𝑄3|22𝑛𝑛+2𝑥𝑥 + 22𝑛𝑛+2𝑦𝑦 + 1 > 0}  

then 𝑥𝑥4𝑛𝑛+4 =  22𝑛𝑛+2𝑥𝑥0 + 22𝑛𝑛+2𝑦𝑦0 + 1 > 0.” 

We first show that 𝑃𝑃(1) is true. Since 𝑥𝑥4 =
22𝑥𝑥0 + 22𝑦𝑦0 + 1 > 0 and 𝑦𝑦4 = −1  for 𝑛𝑛 = 1 with 

(𝑥𝑥0,𝑦𝑦0)  ∈  𝐴𝐴1 = {(𝑥𝑥,𝑦𝑦) ∈ 𝑄𝑄3|22𝑥𝑥 + 22𝑦𝑦 + 1 > 0} , we 
have 

�
𝑥𝑥4(1)+1 = 𝑥𝑥5 = 22𝑥𝑥0 + 22𝑦𝑦0 − 1 < 0
𝑦𝑦4(1)+1 = 𝑦𝑦5 = 22𝑥𝑥0 + 22𝑦𝑦0 + 1 > 0

. 

Since (𝑥𝑥0,𝑦𝑦0) ∈ 𝑄𝑄3 , we have 𝑥𝑥0 < 0 and 𝑦𝑦0 < 0, thus 
𝑥𝑥5 = 22𝑥𝑥0 + 22𝑦𝑦0 − 1 < 0. Additionally, since (𝑥𝑥0,𝑦𝑦0)  ∈
 𝐴𝐴1, we have 𝑦𝑦5 = 22𝑥𝑥0 + 22𝑦𝑦0 + 1 > 0. Then 

�
𝑥𝑥4(1)+2 = 𝑥𝑥6 = −23𝑥𝑥0 − 23𝑦𝑦0 − 3 < 0

𝑦𝑦4(1)+2 = 𝑦𝑦6 = −1 . 

Since 𝑥𝑥6 = −2𝑦𝑦5 − 1, we have 𝑥𝑥6 < 0. 

�
𝑥𝑥4(1)+3 = 𝑥𝑥7 = 23𝑥𝑥0 + 23𝑦𝑦0 + 1 

𝑦𝑦4(1)+3 = 𝑦𝑦7 = −23𝑥𝑥0 − 23𝑦𝑦0 − 3 < 0
.  

Since 𝑦𝑦7 = 𝑥𝑥6, we have 𝑦𝑦7 < 0. 

If (𝑥𝑥0,𝑦𝑦0)  ∈  𝐵𝐵1 = {(𝑥𝑥,𝑦𝑦) ∈ 𝐴𝐴1|23𝑥𝑥 + 23𝑦𝑦 + 1 ≤ 0}  

then 𝑥𝑥7 = 23𝑥𝑥0 + 23𝑦𝑦0 + 1 ≤ 0 .  

Then �
𝑥𝑥4(1)+4 = 𝑥𝑥8 = −1
𝑦𝑦4(1)+4 = 𝑦𝑦8 = −1. 

If (𝑥𝑥0,𝑦𝑦0) ∈ 𝐴𝐴1 − 𝐵𝐵1  = 
{(𝑥𝑥,𝑦𝑦) ∈ 𝐴𝐴1| 23𝑥𝑥 + 23𝑦𝑦 + 1 > 0}  

then 𝑥𝑥7 = 23𝑥𝑥0 + 23𝑦𝑦0 + 1 > 0. 

�
𝑥𝑥4(1)+4 = 𝑥𝑥8 = 24𝑥𝑥0 + 24𝑦𝑦0 + 1

𝑦𝑦4(1)+4 = 𝑦𝑦8 = −1 . 

If (𝑥𝑥0,𝑦𝑦0) ∈ (𝐴𝐴1 − 𝐵𝐵1) −  𝐴𝐴2 = 
{(𝑥𝑥,𝑦𝑦) ∈ 𝐴𝐴1 − 𝐵𝐵1| 24𝑥𝑥 + 24𝑦𝑦 + 1 ≤ 0}  

then 𝑥𝑥8 = 24𝑥𝑥0 + 24𝑦𝑦0 + 1 ≤ 0. 

�
𝑥𝑥4(1)+5 = 𝑥𝑥9 = −24𝑥𝑥0 − 24𝑦𝑦0 − 3 < 0
𝑦𝑦4(1)+5 = 𝑦𝑦9 = 24𝑥𝑥0 + 24𝑦𝑦0 + 1 < 0 

, 

�
𝑥𝑥4(1)+6 = 𝑥𝑥10 = −1
𝑦𝑦4(1)+6 = 𝑦𝑦10 = −1. 

If (𝑥𝑥0,𝑦𝑦0) ∈ 𝐴𝐴2 = {(𝑥𝑥,𝑦𝑦) ∈ 𝑄𝑄3|24𝑥𝑥 + 24𝑦𝑦 + 1 > 0} then 

𝑥𝑥8 = 24𝑥𝑥0 + 24𝑦𝑦0 + 1 > 0. Hence, 𝑃𝑃(1) is true.  

The base case of the induction, 𝐴𝐴1 is the 
triangular region of the initial condition (𝑥𝑥0,𝑦𝑦0) that is 
bounded by the graph of the function (𝑥𝑥) =  −𝑥𝑥 − 1/4 , 
the 𝑥𝑥-axis, and the 𝑦𝑦-axis, which corresponds to the 
blue dotted region in Figure 4. In Figure 4, the region 
of the initial condition 𝐴𝐴1 for the base case of 
induction is indicated by the dotted blue line. The 
green region represents set 𝐵𝐵1. The orange and white 
regions represent 𝐴𝐴1 − 𝐵𝐵1, and the white region 
represents 𝐴𝐴2. 𝐵𝐵1 is the region inside 𝐴𝐴1 below the 
graph of 𝑗𝑗(𝑥𝑥) =  −𝑥𝑥 − 1/8 , which is the green region in 

Figure 4. 𝐴𝐴1 − 𝐵𝐵1 is the triangular region above 𝑗𝑗(𝑥𝑥) and 
𝐴𝐴2 is the triangular region above 𝑘𝑘(𝑥𝑥) in Figure 4. 

 
Figure 4  The region of the initial condition 𝐴𝐴1 for the 

base case of induction. 

Now we suppose further that 𝑃𝑃(𝑘𝑘) is true for 
a positive integer. We have 

𝑥𝑥4𝑘𝑘+4 = 22𝑘𝑘+2𝑥𝑥0 + 22𝑘𝑘+2𝑦𝑦0 + 1 > 0 and 𝑦𝑦4𝑘𝑘+4 = −1 

for (𝑥𝑥0,𝑦𝑦0) ∈ 𝐴𝐴𝑘𝑘+1 = 

{(𝑥𝑥0,𝑦𝑦0) ∈ 𝑄𝑄3|22𝑘𝑘+2𝑥𝑥0 + 22𝑘𝑘+2𝑦𝑦0 + 1 > 0}.  
Then  

�
𝑥𝑥4(𝑘𝑘+1)+1 = 𝑥𝑥4𝑘𝑘+5 = 22(𝑘𝑘+1)𝑥𝑥0 + 22(𝑘𝑘+1)𝑦𝑦0 − 1 < 0
𝑦𝑦4(𝑘𝑘+1)+1 = 𝑦𝑦4𝑘𝑘+5 = 22(𝑘𝑘+1)𝑥𝑥0 + 22(𝑘𝑘+1)𝑦𝑦0 + 1 > 0

. 

Since (𝑥𝑥0,𝑦𝑦0) ∈ 𝑄𝑄3, we have 𝑥𝑥0,𝑦𝑦0 < 0, and thus  

𝑥𝑥4(𝑘𝑘+1)+1 = 22(𝑘𝑘+1)𝑥𝑥0 + 22(𝑘𝑘+1)𝑦𝑦0 − 1 < 0.  

Additionally, since (𝑥𝑥0,𝑦𝑦0)  ∈  𝐴𝐴𝑘𝑘+1, we have  

𝑦𝑦4(𝑘𝑘+1)+1 = 22(𝑘𝑘+1)𝑥𝑥0 + 22(𝑘𝑘+1)𝑦𝑦0 + 1 > 0. Thus 

�𝑥𝑥4(𝑘𝑘+1)+2 = 𝑥𝑥4𝑘𝑘+6 = −22(𝑘𝑘+1)+1𝑥𝑥0 − 22(𝑘𝑘+1)+1𝑦𝑦0 − 3 < 0
𝑦𝑦4(𝑘𝑘+1)+2 = 𝑦𝑦4𝑘𝑘+6 = −1 . 

Since 𝑥𝑥4(𝑘𝑘+1)+2 = −2𝑦𝑦4(𝑘𝑘+1)+1 − 1, 

we have 𝑥𝑥4(𝑘𝑘+1)+2 < 0. 

�
𝑥𝑥4(𝑘𝑘+1)+3 = 𝑥𝑥4𝑘𝑘+7 = 22(𝑘𝑘+1)+1𝑥𝑥0 + 22(𝑘𝑘+1)+1𝑦𝑦0 + 1 

𝑦𝑦4(𝑘𝑘+1)+3 = 𝑦𝑦4𝑘𝑘+7 = −22(𝑘𝑘+1)+1𝑥𝑥0 − 22(𝑘𝑘+1)+1𝑦𝑦0 − 3 < 0
. 

Since 𝑦𝑦4(𝑘𝑘+1)+3 = 𝑥𝑥4(𝑘𝑘+1)+2, we have 𝑦𝑦4(𝑘𝑘+1)+3 < 0. 

If (𝑥𝑥0,𝑦𝑦0)  ∈  𝐵𝐵𝑘𝑘+1 = 
{(𝑥𝑥,𝑦𝑦) ∈ 𝐴𝐴𝑘𝑘+1|22𝑘𝑘+3𝑥𝑥 + 22𝑘𝑘+3𝑦𝑦 + 1 ≤ 0} 

then 𝑥𝑥4(𝑘𝑘+1)+3 = 22(𝑘𝑘+1)+1𝑥𝑥0 + 22(𝑘𝑘+1)+1𝑦𝑦0 + 1 ≤ 0 .  

Thus �
𝑥𝑥4(𝑘𝑘+1)+4 = −1
𝑦𝑦4(𝑘𝑘+1)+4 = −1. 

If (𝑥𝑥0,𝑦𝑦0) ∈  𝐴𝐴𝑘𝑘+1 − 𝐵𝐵𝑘𝑘+1 = 

{(𝑥𝑥,𝑦𝑦)  ∈ 𝐴𝐴𝑘𝑘+1 |22𝑘𝑘+3𝑥𝑥 + 22𝑘𝑘+3𝑦𝑦 + 1 > 0} 

then 𝑥𝑥4(𝑘𝑘+1)+3 = 22𝑘𝑘+3𝑥𝑥0 + 22𝑘𝑘+3𝑦𝑦0 + 1 > 0. Thus 
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�𝑥𝑥4(𝑘𝑘+1)+4 = 𝑥𝑥4𝑘𝑘+8 = 22(𝑘𝑘+1)+2𝑥𝑥0 + 22(𝑘𝑘+1)+2𝑦𝑦0 + 1
𝑦𝑦4(𝑘𝑘+1)+4 = 𝑦𝑦4𝑘𝑘+8 = −1 . 

If (𝑥𝑥0,𝑦𝑦0) ∈ (𝐴𝐴𝑘𝑘+1 − 𝐵𝐵𝑘𝑘+1) − 𝐴𝐴𝑘𝑘+2 = 

{(𝑥𝑥,𝑦𝑦) ∈ (𝑥𝑥,𝑦𝑦) ∈ 𝐴𝐴𝑘𝑘+1 − 𝐵𝐵𝑘𝑘+1|22𝑘𝑘+4𝑥𝑥 + 22𝑘𝑘+4𝑦𝑦 + 1 ≤ 0}  

Then  𝑥𝑥4(𝑘𝑘+1)+4 =  𝑥𝑥4𝑘𝑘+8 = 22𝑘𝑘+4𝑥𝑥0 + 22𝑘𝑘+4𝑦𝑦0 + 1 ≤ 0.  
Thus 

�
𝑥𝑥4(𝑘𝑘+1)+5 = 𝑥𝑥4𝑘𝑘+9 = −22(𝑘𝑘+1)+2𝑥𝑥0 − 22(𝑘𝑘+1)+2𝑦𝑦0 − 3 < 0
𝑦𝑦4(𝑘𝑘+1)+5 = 𝑦𝑦4𝑘𝑘+9 = 22(𝑘𝑘+1)+2𝑥𝑥0 + 22(𝑘𝑘+1)+2𝑦𝑦0 + 1 ≤ 0 

. 

Since 𝑥𝑥4(𝑘𝑘+1)+5 = −2𝑥𝑥4(𝑘𝑘+1)+3 − 1,  

we have 𝑥𝑥4(𝑘𝑘+1)+5 < 0 and 𝑦𝑦4(𝑘𝑘+1)+5 = 𝑥𝑥4(𝑘𝑘+1)+4 ≤ 0.  

Thus �
𝑥𝑥4(𝑘𝑘+1)+6 = −1
𝑦𝑦4(𝑘𝑘+1)+6 = −1. 

If (𝑥𝑥0,𝑦𝑦0)  ∈  𝐴𝐴𝑘𝑘+2 = 
{(𝑥𝑥,𝑦𝑦) ∈ 𝑄𝑄3|22𝑘𝑘+4𝑥𝑥 + 22𝑘𝑘+4𝑦𝑦 + 1 > 0} then  

𝑥𝑥4𝑘𝑘+8 = 22𝑘𝑘+4𝑥𝑥0 + 22𝑘𝑘+4𝑦𝑦0 + 1 > 0.  

Hence 𝑃𝑃(𝑘𝑘 + 1) is true.  By mathematical 
induction, we conclude that 𝑃𝑃(𝑛𝑛) is true for every 
positive integer 𝑛𝑛 ≥ 1. If 𝑛𝑛 increases, the regions of 
𝐴𝐴𝑛𝑛 and 𝐵𝐵𝑛𝑛 will become progressively smaller. By 
mathematical induction, 𝑃𝑃(𝑛𝑛) shows that if the 
initial condition is within region 𝐴𝐴1, the solution 
will eventually converge to an equilibrium point. � 

By the above lemmas, we immediately have the 
following theorem. 

Theorem Let (𝑥𝑥0,𝑦𝑦0) be an initial condition 
in the set. Then the solution of the system (3) is 
eventually the equilibrium point.  
  The second region, the set 𝐵𝐵, which corresponds 
to the pink region in Figure 1. We obtain the following 
solutions: 

�𝑥𝑥1 = |𝑥𝑥0| − 𝑦𝑦0 − 3 =  −𝑥𝑥0 − 𝑦𝑦0 − 3 < 0
𝑦𝑦1 = 𝑥𝑥0 − |𝑦𝑦0| + 1 =  𝑥𝑥0 + 𝑦𝑦0 + 1 < 0  ,  

�𝑥𝑥2 = |𝑥𝑥1| − 𝑦𝑦1 − 3 = −1 
𝑦𝑦2 = 𝑥𝑥1 − |𝑦𝑦1| + 1 = −1  . 

We have the following proposition.  
Proposition Let (𝑥𝑥0,𝑦𝑦0) ∈ 𝐵𝐵be an initial condition 

where 2𝑥𝑥0+2𝑦𝑦0 + 1 ≤ 0. Then the second iteration of 
the solution of the system (3) is an equilibrium point 
(−1,−1). 

The remaining region, which is below the line 
of the function 𝑓𝑓(𝑥𝑥) =  −𝑥𝑥 − 3, is in the set 𝐶𝐶 of the third 
quadrant in Figure 1. We have (𝑥𝑥1,𝑦𝑦1) belonging to 
the fourth quadrant. The behaviors of the solution are 
more complicated than those of the other two sub-
regions and are interesting to study, which we leave 
for future work. This result agrees with the findings 
in article [12]; there are regions where the solution 
eventually becomes an equilibrium point. 

From the Theorem and Proposition, the solution 
will eventually converge to an equilibrium point when 
we begin with an initial condition in set A or B. These 

results expand the understanding of the behavior of 
system (3), building on [12], which examined initial 
conditions only in the first quadrant, and further findings 
of [13] and [14], which focused specifically on initial 
conditions in the second quadrant. However, according 
to our results, no initial condition will converge to a 
4-cycle. We conjecture that the solution of system (3) 
with an initial condition in set 𝐶𝐶 will eventually converge 
to a 4-cycle 𝑃𝑃4.1 or 𝑃𝑃4.2. 

CONCLUSIONS 

In conclusion, system (3) analysis reveals that 
its long-term behavior is highly sensitive to the initial 
conditions, particularly within different sub-regions 
of the third quadrant. For initial conditions in the 
set 𝐴𝐴, the system converges to the equilibrium point 
(-1, -1) after either four or six iterations, depending on 
the specific region of 𝐴𝐴. Similarly, for initial conditions 
in set 𝐵𝐵, the solution also converges to the equilibrium 
point in just two iterations. However, the behavior of 
the system for initial conditions in set 𝐶𝐶 is notably 
more complex, with the possibility of convergence 
to a 4-cycle rather than an equilibrium point. This 
complexity presents fascinating opportunities for 
future research. Although our current findings suggest 
that no initial conditions in sets 𝐴𝐴 or 𝐵𝐵 lead to a 4-cycle, 
we conjecture that the system's behavior in set 𝐶𝐶 may 
eventually result in convergence to one of the identified 
4-cycles, 𝑃𝑃4.1 or 𝑃𝑃4.2, as highlighted in previous studies. 
Further investigation into this sub-region is necessary 
to fully understand the behaviors of system (3). 
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ABSTRACT 

Crispy lotus seeds were a healthful snack suitable for all ages and commonly available in modern 
commerce outlets. The production process requires removing the lotus embryo before crisping. Traditionally, 
manual labor separated the embryo from the lotus seeds. Operators use specialized equipment to separate 
the lotus embryo from the lotus seeds. This requires a lot of work time and may cause injury to the operator due 
to the equipment used. Many research works have created machines to help process lotus seed products, 
but their performance is lacking. This research focused on creating and developing a fresh lotus seed embryo 
removal machine to improve precision and reduce seed damage during extraction. The prototype machine 
included a frame construction, a seed feeding tray, a piercing unit, and a PLC control panel. Two types of 
needles are used to pierce the lotus embryo. The sharp needle produced the best results when tested with 
sharp and blunt needles at piercing speeds of 16.7, 25.0, and 33.3 mm/s. The findings revealed a 91.7% 
success rate in embryo removal, 13.9% seed splitting, 2.8% seed damage, a processing capacity of 0.7 kg/hr, 
and an energy usage of 0.4 kW-hr. Economic engineering research revealed that employing the lotus embryo 
removal machine for 1,440 hours per year resulted in an average cost of 83.3 THB per kilogram, a 26.4-month 
payback period, and a breakeven threshold of 1,233.3 hours per year (863.3 kg per year). The prototype 
performed at least twice as quickly as manual labor (0.3 kg/hr). 
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INTRODUCTION 

The lotus plant is highly versatile, with all 
parts, from roots to leaves, being edible [1, 2]. Fresh 
lotus seeds, in particular, have been processed into 
OTOP products and developed into food items for 
modern trade markets. Lotus seeds are highly nutritious 
and possess therapeutic properties [3-5]. The bitter 
embryo at the seed's center resembles a sprout with 
two arrow-shaped leaves, one short and one long, 
ranging from yellow-green to dark green, measuring 
1-1.5 cm in length and approximately 2 mm in diameter. 
Traditionally discarded, lotus seed embryos were later 
recognized for their medicinal properties, including 
alleviating irritability, insomnia, and oral infections, 
reducing blood pressure, dilating coronary arteries in 
arterial stenosis, and relieving thirst after hematemesis 
[6-8]. Consequently, their use increased, particularly 
in capsules and lotus seed tea. 

In Thailand, community-based businesses 
process lotus seeds by peeling them with a fruit 
knife, manually removing the shell and membrane, 
and extracting the embryo with a toothpick or skewer 
(Figure 1). The seeds and embryos are then separated 
for further processing. This step relied on manual 

labor, posing a risk of cuts and requiring considerable 
time and effort [9]. Researchers in Thailand have 
investigated the use of lotus seed de-shelling and 
piercing machines [10-12]. Still, their lack of accuracy 
and performance, along with their high seed damage 
rate, have prevented their adoption. While lotus seed 
de-shelling machines used abroad [13-15] are available, 
their high cost and incompatibility with the physical 
characteristics of Thai lotus seeds have prevented 
imports. Lotus seed piercing machines have not 
been used either domestically or internationally. 
Therefore, research was conducted to develop a new 
industrial-grade lotus seed piercing machine, 
providing a model for entrepreneurs to study and 
improve the machine's accuracy and suitability for 
Thai-grown lotus seeds. 

MATERIALS AND METHODS 

2.1 Examined the key details for the design. 

a) Studied the physical characteristics of lotus 
seeds. 

This study aimed to determine the physical 
characteristics of peeled fresh lotus seeds, providing 
data for designing seed-feeding trays and making 
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necessary machine adjustments, including seed 
diameter and length (Figure 2). A random sample of 
100 lotus seeds was measured with a Mitutoyo 530-
118 vernier caliper (made in Japan). The seed diameters 
ranged from 9 to 14 mm, averaging 11.2 ± 1.1 mm, and 
lengths ranged from 14 to 19 mm, averaging 16.7 ± 0.9 
mm. Compared to Langkapin et al. (2014) [10], the seeds 
in this study were smaller and rounder. The diameter 
and length were used to design the width and height 
of the seed-feeding compartments in the packaging 
tray. 

 
Figure 1 Manual method of peeling and piercing lotus 

seeds. 

 
  (a)Diameter  (b) Length 
Figure 2 Physical characteristics of lotus seeds. 

b) Studied the optimal system for lotus seed 
piercing. 

A literature survey revealed that Langkapin 
et al. (2014) [10] developed a fresh lotus seed piercing 
machine with a cam-controlled mechanism and a 
conveyor system powered by a Geneva wheel. The 
system achieved a 70% piercing rate, 13.3% seed 
damage, and a processing capacity of 1.2 kg/hr. The 
fully mechanical design resulted in high seed damage 
and low accuracy. To improve precision and reduce 

seed damage, key concepts from this machine were 
incorporated into a new design featuring a Programmable 
Logic Controller (PLC). 

2.2 Design and construction of the prototype machine 

Using the design data, a fresh lotus seed 
piercing machine was developed using computer-
aided design software [16] and mechanical and 
agricultural machinery design concepts [17]. The 
main components included the main frame structure, 
the seed feeding tray, the piercing unit, and the PLC 
control panel, as shown in Figures 3 and 4. 

 
Figure 3 Prototype design using CAD software. 

 
Figure 4 The prototype lotus seed piercing machine. 
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The details of each component are as follows: 
1. The main frame structure, made of 30 x 

30 mm metal profiles, supports various components 
and is assembled with metal brackets, screws, and 
T-nuts. The frame measures 656 mm in width, 1,186 
mm in length, and 800 mm in height. The seed tray 
and other components are positioned on top, with a 
500 mm rack gear featuring 15 mm-wide teeth and 
105 teeth and a 460 mm linear guide rail supporting 
the power system and drive components along the 
Y-axis. The PLC control panel is located on the right 
side of the frame. 

2. The seed feeding tray, made of aluminum, 
holds peeled lotus seeds for piercing. It measures 
425 mm in width, 425 mm in length, and 15 mm in 
height, with a handle for easy handling. The tray 
accommodates 36 seeds, arranged in 6 rows of 6 holes, 
spaced 65 mm apart. Each compartment is cylindrical, 
14 mm in diameter, and 12 mm deep, with a bottom 
hole twice the size of the piercing needle, enabling it 
to pass through the tray. 

3. Piercing unit: the piercing unit for the lotus 
seeds was mounted on a movable mechanism capable 
of movement along the X, Y, and Z axes. The coordinate 
system was defined using the right-hand rule. Design 
details are as follows: 

The piercing unit's X and Y-axis moving device 
(Figure 5) features a Y-axis base that drives the piercing 
head along the X and Z axes. Using linear guides, the 
10 mm thick aluminum base is fixed to the machine 
frame. A C-57STM03 stepping motor provides power, 
with a 15 mm wide, 25-tooth gear transmitting power 
to a rack gear on the Y-axis base, enabling 500 mm 
forward and backward movement of the piercing 
head. The X-axis movement is driven by another C-
57STM03 motor, transferring power to a 500 mm 
ball screw, with a linear guide controlling its position 
for the left-right movement of the piercing head. 

The Z-axis moving device, shown in Figure 
6, enables vertical movement of the piercing head. 
It consists of a linear guide and a 180 mm ball screw 
mounted on a 12 mm thick aluminum base. A C-
57STM03 stepping motor powers the system, allowing 
the piercing head to puncture two seeds simultaneously. 
The stainless-steel needle, 3 mm in diameter and 
130 mm in length, is used for the puncturing process. 
As the piercing head rises, seeds are ejected from 
the needle by an aluminum push mechanism at the 
frame's bottom. The tests utilized two types of needles: 
blunt-ended and sharp-ended. 

4. The PLC control panel, measuring 256 mm 
in width, 530 mm in length, and 750 mm in height, 
was mounted on the right side of the machine frame. 
It controlled the piercing machine's operation and 
featured an intuitive interface with status indicators 
and safety functions. The main control circuit used 
a Mitsubishi FX3U-32M PLC with 16 inputs and 16 
outputs. The panel included relays, a switching power 

supply, circuit breakers, magnetic contactors, fuses, 
and terminal blocks. The front of the panel had a pilot 
bulb, push-button switches, various controls, and an 
emergency switch [18, 19]. 

 
Figure 5 The X and Y axis moving device of the piercing 

unit. 

 
Figure 6 The Z-axis moving device and piercing needle: 

(a) blunt-tipped and (b) sharp-tipped.  

The operation of the lotus seed-piercing 
machine commences with the operator placing the 
lotus seeds into the seeding tray and positioning the 
tray in the upper compartment of the machine. The 
white status light on the control panel is illuminated 
upon activating the circuit breaker and power switch. 
Pressing the Reset button once initiates the movement 
of the X, Z, and Y-axes through inductive proximity 
switches, enabling the detection and setting of the 
home position for all three axes. The switch is then set 
to "Auto" mode, and pressing the Start button activates 
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the green status light on the control panel. Subsequently, 
the piercing head moves to the designated position 
to pierce the seeds in the tray. Upon completion of the 
operation, the piercing head automatically returns 
to the home position, and the seed tray is removed 
to collect the pierced seeds. 

2.3 Testing and performance evaluation of the prototype 
machine 

After the prototype machine was modified 
to address defects, its performance was tested and 
evaluated, including the quality of lotus seed piercing. 
The study's performance indicators included piercing 
percentage, seed splitting percentage, seed damage 
percentage, operational capacity, and electrical 
energy consumption, calculated using the following 
equation: 

The lotus seed piercing percentage was 
calculated using Equation (1). 

 𝑐𝑐𝑡𝑡 =  𝑊𝑊1
𝑊𝑊  × 100  (1) 

Where: 
𝐶𝐶𝑡𝑡 = lotus seed piercing percentage (%) 
𝑊𝑊1 = weight of pierced lotus seeds (kg) 
𝑊𝑊 = total weight of lotus seeds (kg) 

The percentage of lotus seeds split into two 
halves was calculated using Equation (2). 

 𝑆𝑆𝑔𝑔 =  𝑊𝑊2
𝑊𝑊  × 100  (2) 

Where: 
𝑆𝑆𝑔𝑔 = percentage of lotus seeds split into two halves (%) 
𝑊𝑊2 = weight of lotus seeds split into two halves (kg) 

Damaged seeds were identified based on any 
visible cracks or defects from the original seed during 
testing. The percentage of seed damage was calculated 
using Equation (3). 

 𝐷𝐷𝑔𝑔 =  𝑊𝑊3
𝑊𝑊  × 100  (3) 

Where: 
Dg = percentage of seed damage (%) 
W3= weight of damaged seeds (kg) 

The operational efficiency was calculated 
using equation (4). 

 𝐶𝐶𝑎𝑎 =  𝑊𝑊1
𝑇𝑇  (4) 

Where: 
Ca = actual operational efficiency (kg/hr)  
T = total operating time, Including the seed feeding 

time (hr). 

Electrical energy consumption was calculated 
using equation (5). 

 𝑃𝑃 = 𝐼𝐼𝐼𝐼𝐼𝐼
1,000

  (5) 

Where:  
𝑃𝑃 = the electrical energy consumption (kW-h)  

𝐼𝐼 = the current (Amperes) 
𝑉𝑉 = the voltage (Volts) 
𝑡𝑡 = the time (Hours) 

During the test, manually dehulled and size-
sorted Padum variety lotus seeds were used, with 
diameters ranging from 9 to 14 mm (average 11.4 ± 
1.2 mm) and lengths from 14 to 20 mm (average 17.1 
± 0.8 mm) based on a sample of 50 seeds. Initial tests 
identified an optimal pulse frequency for driving 
the stepper motors on all axes, ranging from 4,000 to 
10,000 Hz, ensuring smooth operation. Test speeds 
for the stabbing head were selected based on motor-
driven velocities of 16.7, 25.0, and 33.3 mm per second. 
Two types of needles, sharp-tipped and blunt-tipped, 
were used. Each test involved 30 seeds, with three 
replications per condition. For each trial, the total 
work time, weight of successfully punctured seeds, 
weight of seeds split into two halves, weight of damaged 
seeds, and voltage were recorded. Statistical analysis 
was conducted at a 95% confidence level using one-
way ANOVA, followed by Duncan's New Multiple 
Range Test (DMRT) for multiple comparisons. A 
paired-samples t-test (p < 0.05) was used to assess 
significant differences between groups. 

2.4 Economic analysis. 

a) Analysis and evaluation of average costs.  
The cost assessment for using the lotus seed 

punching machine assumed entrepreneurs purchased 
it to replace manual labor. It included both fixed 
and variable costs. Fixed costs comprised machine 
depreciation (calculated using the straight-line method 
over a 5-year lifespan) and the opportunity cost of 
capital (at a 10% interest rate). Fixed expenses that do 
not vary with processing volume, such as insurance, 
taxes, storage, and transportation, were excluded. 
Variable costs, determined by the amount of lotus 
seed processed, included labor, electricity, maintenance, 
and repair costs. 

b) Payback Period Analysis. 
This analysis estimated the time required 

for the investment in the lotus seed machine to be 
paid back, calculated by dividing the initial investment 
cost by the expected net benefits over 5 years. 

c) Break-Even Point Analysis. 
The break-even point was calculated by 

comparing the costs of using the prototype seed-
peeling machine to those of manual labor [20]. 

RESULTS AND DISCUSSION 

The lotus seeds obtained after testing the 
prototype machine's performance are shown in Figure 
7(a). Figure 7(b) shows the peeled lotus seeds. Figure 
7(c) depicts seeds with easily removable embryos, 
while Figure 7(d) shows seeds split into two halves 
and those damaged during testing. The test results 
of the prototype machine, based on the type of needle 

https://ird.rmutt.ac.th/
https://doi.org/10.60101/jarst.2025.260222


5 

 
©2025 Institute of Research and Development, RMUTT, Thailand 

J Appl Res Sci Tech 2025:24(1);260222 

DOI: 10.60101/jarst.2025.260222 

 

and the average speed of the piercing head, are presented 
as follows. 

 
Figure 7 Performance test results of the lotus seed 

peeling machine: (a) lotus seeds after peeling, 
(b) peeled embryos, (c) partially peeled lotus 
seeds, and (d) lotus seeds split into two halves 
and damaged. 

 
Figure 8 The percentage of lotus seed core removal at 

various needle types and average piercing 
speeds. (In each treatment, means followed by the same 
letter are not significantly different at p ≤ 0.05 by Duncan's 
multiple range tests.) 

 
Figure 9 The percentage of lotus seed core removal at 

different piercing speeds and needle types. 
(In each treatment, means with the same letter are not 
significantly different at p ≤ 0.05, as determined by 
pairwise t-tests.) 

3.1 The percentage of pierced lotus seeds. 

When tested with various needle types and 
average head speeds, the lotus seed piercing machine 
demonstrated a piercing rate of 88.0-94.4%. The 
statistical analysis showed no statistically significant 

differences in the piercing percentage at the 0.05 
significance level between using sharp and blunt 
needles at various head speeds. As depicted in Figure 
8, this finding suggests that either type of needle may 
be utilized at any head speed without affecting the 
piercing performance. According to the findings, the 
piercing percentage increased somewhat with more 
incredible head speeds and was comparable for both 
needles. 

Figure 9 shows that the blunt needle performed 
better than the sharp needle at all tested speeds. The 
sharp needle achieved a piercing rate of 88.0-91.7%, 
while the blunt needle ranged from 93.5-94.4%, due 
to the blunt needle having a larger cross-sectional 
area in contact with the lotus embryo than the sharp 
needle. The optimal needle type and head speed should 
be selected based on additional research criteria, which 
will be discussed later. 

 
Figure 10 The percentage of lotus seeds split into two 

halves based on the type of needle and 
the piercing speed. (In each treatment, means 
followed by the same letter are not significantly 
different at p ≤ 0.05 by Duncan's multiple range tests.) 

 
Figure 11 The percentage of lotus seeds split into two 

halves at different piercing speeds and 
needle types. (In each treatment, means with the 
same letter are not significantly different at p ≤ 0.05, 
as determined by pairwise t-tests.) 

3.2 The percentage of lotus seeds split into two halves. 

Statistical analysis in Figure 10 showed no 
significant differences at the 0.05 level in the percentage 
of lotus seeds split into two halves when using the 
sharp needle across various head speeds. However, 
significant differences were found with the blunt 
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needle. The sharp needle split 13.9-16.7% of seeds, 
while the blunt needle split 26.9-30.6%. Figure 11 
showed that the blunt needle consistently resulted in 
more seeds split across all speeds. As shown in Figure 
12, both whole and split seeds can be processed into 
crispy lotus seeds, with no price difference reported. 

 
  (a) (b) 
Figure 12 Shows dried lotus seeds: (a) split seeds 

[21] and (b) whole seeds [22]. 

 
Figure 13 The percentage of damage at different types 

of needles and the piercing speed. (In each 
treatment, means followed by the same letter are not 
significantly different at p ≤ 0.05 by Duncan's multiple 
range tests.) 

 
Figure 14 Damage percentage at different piercing 

speeds and needle types. (In each treatment, 
means with the same letter are not significantly 
different at p ≤ 0.05, as determined by pairwise t-
tests.) 

3.3 Percentage of damage. 

Figure 13 shows that both blunt and sharp 
needle head types yielded similar results. Damage 

percentage slightly decreased with increased puncture 
head speed, but statistical analysis found no significant 
differences at the 0.05 level. Damage percentage 
decreased with increasing puncture head speed. Figure 
14 revealed that the blunt-tipped head caused more 
damage than the sharp-tipped head at all speeds. The 
blunt-tipped head had damage rates of 3.7-6.5%, while 
the sharp-tipped head ranged from 2.8-4.6%. The lowest 
damage percentage, 2.8%, occurred with the sharp-
tipped head at a speed of 33.3 mm/s. 

3.4 Machine performance. 

Statistical analysis revealed significant 
differences in machine performance at a 0.05 
significance level across tests with both puncture 
head types and speeds (Figure 15). Results shown in 
Figure 16 indicated no significant difference in 
piercing capability between the two head types at all 
average speeds. Performance improved with increased 
head speed, with operational capacities ranging from 
0.4 to 0.7 kg/hr for both heads. 

 
Figure 15 The work capacity of different types of 

needles and the piercing speed. (In each 
treatment, means followed by the same letter are not 
significantly different at p ≤ 0.05 by Duncan's multiple 
range tests.) 

 
Figure 16 The work capacity at different piercing 

speeds and needle types. (In each treatment, 
means with the same letter are not significantly 
different at p ≤ 0.05, as determined by pairwise t-tests.) 

Based on operational capacity, piercing 
percentage, and seed damage, the sharp-tipped head 
at an average speed of 33.3 mm/s achieved the best 
performance, with a piercing efficiency of 91.7% and 
seed damage of only 2.8%. This configuration, with a 
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0.7 kg/hr capacity, was selected for further economic 
engineering analysis. 

3.5 Power consumption. 

Statistical analysis (Figure 17) showed 
significant differences in the machine's electrical 
energy consumption at a 0.05 significance level 
across probe types and speed groups. Energy usage 
increased with higher probe speeds, ranging from 
0.2 to 0.4 kW-hr. At the optimal speed of 33.3 mm/s, 
the sharp probe, which demonstrated the highest 
work capacity, consumed 0.4 kW-hr. This value was 
used for subsequent economic engineering analysis. 

 
Figure 17 The electrical energy consumption at different 

types of needles and the piercing speed. 
(In each treatment, means followed by the same letter 
are not significantly different at p ≤ 0.05 by Duncan's 
multiple range tests.) 

3.6 Engineering economic analysis results. 

The engineering economic analysis considered 
a single operator with a machine capacity of 0.7 kg/hr 
and energy consumption of 0.4 kW-hr, based on a 
prototype cost of 61,500 THB, a 5-year lifespan, and 
a 10% interest rate. The average price was 83.3 
THB/kg, with a payback period of 26.4 months and 
a breakeven point at 1,233.3 hours/year (863.3 kg 
per year), assuming 1,440 hours of operation annually 
(8 hours/day for 6 months). These metrics were 
compared to manual labor by one worker. 

CONCLUSIONS 

Performance tests of the prototype lotus seed 
punching machine with a sharp-tipped head showed 
optimal operation at an average head speed of 33.3 
mm/s, achieving a piercing rate of 91.7%, a production 
capacity of 0.7 kg/hr, a seed splitting rate of 13.9%, a 
seed damage rate of 2.8%, and an energy consumption 
of 0.4 kW-hr. Compared to Langkapin et al. (2014), the 
new machine had a 0.5 kg/hr lower work capacity, 
10% less seed damage, and 21.7% greater accuracy. 
Despite this, it was more than twice as fast as manual 
labor. To enhance the processing speed significantly, 
the required production capacity can increase the 
number of tool headsets. The results met the study's 
objectives and offered operators a viable option for 
exploring an industry-level prototype. 
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