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ABSTRACT

Smoking is one of the leading causes of preventable mortality worldwide, affecting multiple organ systems
and contributing to numerous chronic diseases. It is well established that smoking increases the risk of lung
cancer, cardiovascular diseases such as heart attacks and strokes, and chronic respiratory conditions, including
chronic obstructive pulmonary disease (COPD). In Thailand, mathematical modeling has not yet been applied
to the study of smoking behavior. To better understand smoking behavior and the effects of anti-smoking
interventions, this study develops a nonlinear mathematical model of smoking in Thailand that incorporates
the influence of anti-smoking campaigns. The population is categorized into non-smokers, active smokers,
permanent quitters, and temporary quitters. This simplification makes the model easier to analyze and more
practical to use. The model assumes that non-smokers may become smokers through social interactions and
that smokers may quit either temporarily or permanently, with temporary quitters susceptible to relapse.
The boundedness of the model is proven, and the basic reproductive number (R,) is derived using the next-
generation matrix method. Stability analyses of both the smoking-free and smoking-present equilibrium
points using the Routh—Hurwitz criteria show that the system is locally asymptotically stable when R, < 1,
indicating effective control of smoking prevalence under these conditions. Numerical simulations further
demonstrate that increasing the rate of anti-smoking campaigns significantly reduces the number of active
smokers, highlighting the importance of sustained public health interventions. Overall, this combined analytical
and numerical framework offers valuable insights into smoking dynamics and provides a practical tool for
designing and evaluating strategies to reduce smoking rates and associated health burdens.
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INTRODUCTION Socioeconomic factors significantly influence
and are important for predicting smoking behaviors
among Thai adults in mathematical models [6, 7].
Moreover, these factors can help identify target groups
for anti-smoking awareness campaigns. Research
indicates that households with financial strain are 2.41
times more likely to include smokers, while extended
families are 1.53 times more likely to experience smoking

Tobacco use remains a significant public health
concern in Thailand, with far-reaching consequences
for individual health and the national economy [1]. The
detrimental effects of smoking are particularly evident
in the mortality rates associated with secondhand
smoke exposure. Secondhand smoke leads to over 9,400

deaths apnually in Thailand, surpassing even the United compared to nuclear families [8]. Globally, tobacco
States' figure of 7,300 deaths [2]. Smoking-related consumption has decreased by 33% since 2000,

1llnes.ses such as lur}g cancer, hea'rt disease, and chroplc according to the World Health Organization (WHO) [9].
respiratory conditions contribute to substantial However, countries such as Indonesia and Egypt have
healthcare CPStS’ with costs estimated at appr.oximately seen incr;eases in smoking rates [10]. Brazil serves as a
0.5% of Thalland"s GDP annually [3]. Despite effortg successful model of tobacco control through MPOWER
to reduce smoking prevalence, ratgs among Thai strategies like taxation and advertising bans, which
adults aged 15 and above have remained stagnant at have reduced smoking prevalence by 35% [11]. Using

19-21% as of 2024, threatening ttze country's g0aljqeas from other countries together with information
target of reducing smoking by 30% by 2025 [4, 5]. about Thailand's own society and economy gives

High-risk groups include working-age males (3 9'8%) Thailand a chance to create better policies that fit its
and young males aged 10-14 (11.3%) [5], emphasizing special needs

the necessity for targeted interventions. Several dynamic models of smoking behavior
have been developed to explore different intervention
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strategies. In 2019, Verma & Bhadauria [12] introduced
a mathematical model dividing the population into
three groups (potential smokers, current smokers, and
permanent quitters) to analyze how anti-smoking
campaigns impact smoking behavior, mainly through
education and media. Khyar et al. [13] presented a
five-compartment smoking model utilizing optimal
control theory to identify effective intervention
strategies.In 2022, Said et al. [ 14] studied a mathematical
model to analyze the spread of smoking, considering
both individual and social influences. The nonlinear
model divides the population into different smoking
statuses and examines the transmission dynamics
within large social networks and among individuals.
Next year, Sofia et al. [15] focused on the model by
integrating media-aware populations, demonstrating
that sustained awareness campaigns could reduce
smoking prevalence.

Building on previous research, we improved
the model by reducing the number of population
classes from five to four. This simplification makes the
model easier to analyze and more practical to use. It
focuses on the most critical stages of smoking by
removing redundant or overlapping groups without
losing important behavior details. As a result, the
model is mathematically simpler and more applicable
in practice, while still capturing the essential elements
needed to designing effective interventions.

This study developed a mathematical model
of smoking behavior by investigating the effect of
the anti-smoking campaign rate. The local stability
of the model's equilibrium points, smoking-free and
smoking-present, was proven and demonstrated the
conditions under which smoking prevalence can either
persist or decline. Furthermore, this paper has been
appropriately adapted to the social and cultural
context in Thailand.

\ AND TEGHNOLGY

MATERIALS AND METHODS
1. Model formulation

The total population is divided into four classes
of individual, namely non-smokers (S, ), active smokers
(1), permanent quitters (Q) and temporary quitters
(S,). We assumed that individuals in the non-smoker
class become active smokers when they interact with
smokers or social smokers (at rate 1 — ¢ and B).
Moreover, they either quit smoking temporarily (at
rate o + ¢ and 1 — &) or permanently quit smoking (at
rate o + ¢ and ¢). The temporary quitting smokers
may become smokers again. In Figurel, it illustrates
the diagram of the smoking model consisting of non-
smokers, active smokers, permanent quitters, and
temporary quitters classes from the total population

Figure 1 The smoking model.

From Figure 1, the smoking model identifies
the coefficients viz A to represent the recruitment
rate of potential smokers, u for natural death rate, ug
to denote disease (smoking) death rate, ¢ for campaign
rate, B to represent rate of potential smokers becoming
smokers, ¢ to denote quitting smoking rate, and é
for proportion of permanent quitting smoking. The
model variables and parameters are summarized in
Table 1.

Table 1 Description of the model variables and parameters.

Symbol Description Unit

Variable S, Non-smokers Person

I Active smokers Person

Q Permanent quitters Person

S, Temporary quitters Person

Parameter A Recruitment rate of potential smokers Person per day

U Natural death rate Per day

Us Disease (smoking) death rate Per day

¢ Campaign rate Per day

B Rate of potential smokers becoming smokers Per person per day

o Quitting smoking rate Per day

& Proportion of permanent quitting smoking -
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The mathematical representation of the
smoking behavior has shown as a system of nonlinear
ordinary differential equations (1) given as:

% =A—(1-¢)BSiI —uS,
L= (1= B + ) — (0 + ) — (u+p)I

2 =@+ P -0

2 — (1= &) (o + $) — (1 — $IBS,] — S,

dac
with initial conditions S, (0) = 0, 1(0) = 0, Q(0) = 0,

and S,(0) = 0. Here N(¢t) = S, (t) + I(t) + Q(t) + S,(t)
is the total population.

(1)

We differentiate N(¢) with respect to t, then
dN _dS, dl dQ ds,
dt  dt ' dt  dt = dt
=A—pSi+1+Q+S3) — sl

=A—uN — ugl
<A—uN

dN

—+uN < A

dt
By solving the above inequality, we get

A A
N(t) <=+ N(0)e # ——e7Ht,
I I
Taking the limit ¢t - oo, yields
A
Nt)<—=N.
u

2. Mathematical analysis

2.1 Existence of equilibria

From the system of nonlinear ordinary
differential equations (1), stability analysis has been
carried out the equilibrium points. To determine the

equilibrium points, each equation in the system of

equation (1) must be equal to zero, that is, 51—,

dt
dal d ds:
0,2 =-0,and %2 = 0.
dt dt dt

The system (1) can be written as:

A=A —@)pSiI—puS; =0 (2)
A=P)BS1+S) = (@ +P) = (u+p)l =0 (3)
§(o+P)—pQ =0 (4)
A=+ ) =1 = P)BS I —puS;, =0 (5)

Using equations (2) - (5), two equilibrium
points are found, namely the smoking-free equilibrium
point E, = (52,1°,Q°52) and the smoking-present
equilibrium point E; = (5;,1%, 0%, S5).

The smoking-free equilibrium refers to the
situation in which the population has no smokers,
then! = 0.

From equation (2), we get S; = A/ u. Then
the smoking-free equilibrium point of the model is:

A
E, = (;,0,0,0)
2.2 The basic reproduction number

\ AND TEGHNOLGY

The basic reproduction number (R, ) represents
how many new people, on average, will start smoking
due to the influence of one current smoker throughout
their entire smoking lifetime. We calculate R, by
using the next generation matrix method [16].

Let x = (51,1,Q,5,)7, the system (1) can be
rewritten in the matrix form,

T=F) -V

where
A
A=) (S + S)I
FO=1" so+ey |
Q-8+
and

(1 = @)BS1I + uS;
(0 + P+ (1 + ugl
V(x) = .
) ueQ
(1= @)BS,1 +uS,
The Jacobian matrices of F(x) and V(x) are
evaluated as follows:

0 0 0 07
A
Py, = 0 A-¢)p; 0 0'
0 &o+¢) 0 0
0 1-8(@+¢) 0 o
and
o A=9B5 0 0]
Vg =|0 o+¢+pu+pus 0 0
° o 0 L 0
[0 0 0 pul

Therefore, the basic reproduction number is
given by the spectral radius (p) of the next generation

matrix:
- (1—-¢)pA apA
Ry = p(FEOVEol) = =
(c+d+utudn ap
wherea, = (1—-¢)panda; = o+ ¢ + u + y,.

Theorem 2.1 The smoking-present equilibrium point
of the system (1) is

Yo \aol* +p1” ayRy T om T aglf+pu

where ay=(1-¢)f, az=§(c+P)+u+ps, az=
é(c+ ¢),and a, = 0 + ¢.

Proof For the smoking-present equilibrium, the
population S; # 0,1* # 0,Q* # 0,and S; # 0.

From equation (2): A— (1 — ¢)BS,I — uS; = 0, thus,
we find

_ A _ A

CA-¢BIr +u allt+u

From equation (4): &(o+ ¢) —uQ =0, which
implies that

51

0" = E@+ )" al”
I 7
From equation (5), we can write
o _A-O@+HI_ (- ayl
2T (A-BIr+u all +pu
From equation (3), we obtain
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[(A =BG +S3)—(0+d+pu+u)l"=0.
Since I* # 0, that is,

A-P)BSi+S)—(0+dp+u+u)=0

e R
St =058
A+A=-D@+eI" A
(1—)BI*+u  uR,

ApRy + (1 = &) (0 + P)uRyI" = A(1 — P)BI" + Au
= Ap(1 = Ry)

T (A-8(0+PuRy— A1 —P)B
; M(1 = Ry)

T A-9(0 + Ry — (0 + ¢ + p+ pRy
Therefore,
A(Ry — 1) _AR -1

[§(0+ @) + 1+ ug)lRo - aRy
Hence, the smoking-present equilibrium point of

the model is:
A ARy — 1) azl* (1 —8&a,l*
El_(a01*+u' aRy T u agl*+u )'
where ay = (1= ¢)B, a; =§(0 + )+ + 1, a3 =
é(c+¢),and a, = 0 + ¢. O

*

2.3 Stability analysis
According to the system (1), the Jacobian
matrix (/) is found:

[—aOI —Uu —apS1 0 0 1
] _ aol a0(51 + Sz) —aq 0 aol (6)
a 0 $(o+¢) —u 0
0 A1-O@+¢P)—agS; 0 —agl—u

wherea,=(1—¢)panda; = o+ ¢ + u+ ps.
At the smoking-free equilibrium point, the
local stability is determined by the eigenvalues (1)
from:
det(Jg, —AI) =0 (7)

where Jp, is the Jacobian matrix at the smoking-free
equilibrium point and [ is the identity matrix. If all
the eigenvalues of the characteristic equation have
negative real parts, E, is stable.

At the smoking-present equilibrium point,
the local stability is determined by the eigenvalues
from:

det(Jg, —AI) =0 (8)

where Jg, is the Jacobian matrix at the smoking-
present equilibrium point. If all the eigenvalues of
the characteristic equation have negative real parts,
E, is stable.

Theorem 2.2 If R, < 1, the smoking-free equilibrium
point E, is local asymptotically stable while E, is
unstable if R, > 1

Proof At the smoking-free equilibrium point,
substituting S; = A/ u, I = 0,and S, = 0 into equation
(6), it obtains:

A
—u ~ao, 0 0
A
]EO = 0 ao ; - al 0 0 X
0 &0+¢) —u O

0 A-O@+¢) 0 -—u

\ AND TEGHNOLGY

wherea, = (1—-¢)panda, = o+ ¢ + u + us.

The eigenvalues are found by solving the
characteristic equation (7).

Therefore, the eigenvalues of J;, are given as
follows:

M= =21 =—-pand 4, = a; (R, — 1).

It is obvious that 1, < 0 if R, < 1. Thus, all
eigenvalues of equation (7) are negative real parts.
Therefore, the smoking-free equilibrium point E, is
local asymptotically stable.

If R,>1, equation (7) has a positive
eigenvalue. Therefore, E, is unstable. O
Theorem 23 If R,>1, the smoking-present
equilibrium point E, is local asymptotically stable.
Proof At the smoking-present equilibrium point,

. . A A(Rp—-1
substituting S; = ——, I = ®-1 and Sy =
aogl™+u azRo
1- I“ . . . .
% into equation (6), it obtain:
aogl*+u
pa;(Ry—1) a,a,R,
a, # a,(Ry—1) +a, 0 0
pa;(Ry — 1) pa;(Ry — 1)
| === 0 0 —0 -
Je, = a a;
0 az —u 0
0 (a, — az)a, _ﬂ‘h(Ro -1) _
a,(Ry—1) +a, a, K

wherea, = o+ ¢ +u+uga, =&8(0+ Q) +u+ s,
a; =¢(0c+ ¢),and a, = o + ¢.
The eigenvalues are found by solving the characteristic
equation:

det(J;, —AI) =0

From the computation, the eigenvalues were
A, = —u and the other three eigenvalues are the
roots of the following equation:

AB+A12+BA+C =0,
where
A= 2ufa; (Ry — 1) + ay]

a, ’
_ ua;(Ry — 1(az — a, + a;Ry)
a;(Ry— 1) +a,

+ p2la;(Ry — 1) + a,]?,

and
C= u*ai;(Ry — 1)(az — as + a;Ry)
a
When R, > 1,then 4 > 0,
B = pa;(Ry — 1)(az — as + a1 Ry)
a;(Ry—1) +a,
pa (Ry — D(az — ag + a;R)
a,(Ry—1) + a,
_ pay;(Ry — Dfas — a, + (a, + p+ ps)Ro]
h a;(Ry—1) +a,
_ pa;(Ry — Dlas + as(Ry — 1) + (1 + ps)Ro] >0
h ai(Ry—1) +a,
u*ai;(Ry — 1)(az — as + a;Ry) S

+ 12la;(Ry — 1) + a,]?

)

C= 0,
a,
and
2u?a;(Ry — 1)(az — a, + a,R 2u?
AB = p?a;(Ro )‘(13 4 1 0)+aL[a1(RO—1)+a2]3
2 2
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> #?a; (R — D(az — ay + a;Ry) —C
a

By the Routh-Hurwitz criterion [17], all eigenvalues
of equation (9) are negative real parts. Therefore, the
smoking-present equilibrium point E; is local
asymptotically stable. O

2.4 Sensitivity analysis

A sensitivity analysis of the basic reproduction
number was conducted to assess to determine the
robustness of the model's stability conclusions and
to identify which parameters are the most effective
targets for intervention.

The normalized forward sensitivity index
(Yf") is employed by using the formula

YR — % P
P dp Ry
where p is any parameter of the model. Then
R, _ORy A
AT AN R,
__ Q-  (ot+d+utpiur
(c+¢+u+udu (1-¢)BA
R _ ORo 1
H ou Ry
_ A-¢)pA |1 N 1
(c+o+p+pdplpy o+d+p+u

o+ +u+pu

(1-¢)BA
o+ ¢+ 2u+ g
o+¢+pu+us
Roz%.&
#s dpus Ry
__ Q-¢pr @+t utpdups
(0+¢M+u+us)2u (1-¢)BA
B
o+ ¢+ u+pg
Roz%.i
¢ 3¢ R

_ (ot +utuiuph+ (1 —P)BAN

(0+¢+u+up)?u?
(ot +ptpug

(1—-9¢)BA

Table 2 Parameters used in the investigation.

\ AND TEGHNOLGY

_ (o+pt+pu+ D¢
T A-P)o+P+utu)

YR0=%.£
F- 0B R,
B (1-¢)A '(0+¢+#+#s)uﬁ_1
(c+¢+u+pdu (1 —-¢)pA
Ry _ORo @
o _ER_O
__ a-¢pr  (o+d+putpus
(0+¢0_+”+.us)2” (1 -¢)pA
o+ +pu+us
Ry _ ORo ¢ (ot P +ptpdus

= 0.

¢ 798 R, (1— ¢p)BA

The sign of the normalized forward sensitivity
index indicates the direction of influence (positive
means R, increases when p increases), while the
magnitude indicates the strength of the influence.

RESULTS AND DISCUSSION

To facilitate a more general and scalable
analysis of the numerical results, we now introduce
a dimensionless formulation of the system (1) by the
new variables: S, =S,/N, I =1/N, Q =Q/N, and
S, =S,/ (see Appendix for more details), then the
system (1) becomes

ds,
ot

dl _ _ _
P (A= P)B(S1 + SN — (0 + ) — (1 + ps)l

=pu— (1= Q)BSIN — uS;

aQ PG
d—t_—f(0+¢) —uQ
ds, _ - _
P A=+ P — A —P)BSUN — uS,

To illustrate the insights gained from the
above mathematical model of smoking, we employed
numerical simulations. These simulations allow for
the exploration of model behavior under various
conditions, through adjustment of the parameters
stated in Table 2.

Symbol Description Value Source
A Recruitment rate of potential smokers 20 Estimate
u Natural death rate 0.0091/365 [18]
Us Disease (smoking) death rate 0.0072/365 [19, 20]
¢ Campaign rate 0-0.04 Estimate
B Rate of potential smokers becoming smokers 0.05/w™ [15, 21]
o Quitting smoking rate 0.011 [20]
& Proportion of permanent quitting smoking 0.023 [22]
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0.9

= = = Non-Smoker

08 Ly Active Smoker B

\ Permanent Quitter

07 | o Temporary Quitter

06 Ly i
05 | ‘S
04 | ERY ]

03 | ¢ \ |

Proportion of individuals

02 L \ -]

01

Time (in days)

Figure 2 Variation of individuals in each class over 400
days when the campaign rate (¢) was 0,
with the initial conditions of (5;,7,0,S,) =
(0.85,0.15,0, 0).

Figure 2 shows the simulated changes in
population sizes for non-smokers who are at risk of
becoming smokers (S; ), active smokers (I), ex-
smokers who permanently quit smoking (Q), and
ex-smokers who temporarily quit smoking (S, ) over
a year period. The simulation uses hypothetical
parameter values to illustrate the dynamics of smoking
behavior. Initially, the population consists of 85% non-
smokers and 15% active smokers. As time progresses,
the active smoker population increases, while the
non-smoker population declines. The model also
shows the proportions of temporary and permanent
quitters changing over time. The temporary quitters
initially increase as some smokers attempt to quit,
but this number decreases as some of those temporary
quitters relapse back to smoking, while others successfully
transition to permanent quitters. The permanent
quitter population consistently increases, showing the
accumulation of individuals who have successfully
quit smoking over the long term. The time required
for the smoking system to settle into its smoking-
present equilibrium point is characterized by different
rates of convergence among its classes. While the
non-smokers and temporary quitters reach their long-
term proportions within approximately 200 days,
creating a state of practical stability, the system's
absolute convergence takes much longer. This extended
time is necessary because the active smoker proportion
does not reach the smoking-present equilibrium point
within the 400-day, but continues a very slow decline

\ AND TEGHNOLGY

as individuals exit the class through quitting. This slow,
continuous flow out of active smokers simultaneously
drives the accumulation of permanent quitters, making
permanent quitters the slowest-moving class. Since
both active smokers is still subtly changing and
permanent quitters is still visibly increasing at 400
days, the total time required for the entire system to
achieve its strict mathematical steady-state is
characterized by an extremely gradual approach,
with the final pace governed by the natural death
rate and the slow permanent quitter accumulation.

0.8

Proportion of individuals

0.1 L L L L L I I
0 50 100 150 200 250 300 350 400

Time (in days)

Figure 3 Variation of active smokers (I) over 400 days
with various campaign rates (¢ ) and the initial
conditions of (S;,1,Q,S,) = (0.85,0.15,0, 0).

Figure 3 presents the effect of the anti-smoking
campaign rate (¢ ) on the proportion of active smokers
in the smoking model. The simulation shows that as
the campaign rate increases from ¢ = 0.000 to ¢ =
0.015, the proportion of individuals who are smokers
stabilizes at a lower level over time. This indicates
that a higher campaign rate improves the effectiveness
of smoking cessation efforts, resulting in a smaller
proportion of the population remaining smokers. In
addition, since the value of basic reproduction number
R, is influenced by various factors including the anti-
smoking campaign rate, the comparison of R, with
various campaign rates is shown in Table 3.

To quantify the relative impact of each parameter,
we performed the normalized forward sensitivity
analysis on R,. The sensitivity indices, presented in
Table 4, reveal the exact magnitude and direction of
influence for each parameter.

Table 3 Comparison of basic reproduction number with various campaign rates.

Campaign rate (¢) 0.000 0.010 0.020 0.030 0.040
Basic reproduction number (R,) 4.527 2.352 1.578 1.182 0.940
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Table 4 Sensitivity Indices of the basic reproduction number.

Parameter Sensitivity Index Value Qualitative Impact
A +1 +1 Highly sensitive
o+ ¢+ 2u+pg . -
u e -1.002 Highly sensitive
Us i
Us - m -0.002 Insensitive
s B (c+u+us+1)¢ Oat¢p =0and Insensitive at ¢ = 0. Becomes highly
A-P)o+dp+pu+u) -0794at ¢ =0.04 effective immediately above 0.
+1 +1 Highly sensitive
o
o ot otata -0.996 Highly sensitive
& 0 0 Insensitive

The key insight from the baseline scenario
(at ¢ = 0) is that the parameters A, u, f,and o all
have an absolute index value very close to 1, confirming
that the model's stability is critically dependent on
these fundamental rates in the absence of a public
health campaign. In addition, ¢ is insensitive at the
boundary of ¢ =0 but quickly becomes highly
sensitive when any intervention is implemented.

The findings from this nonlinear mathematical
model of smoking dynamics in Thailand carry
significant policy implications for public health
strategies. By demonstrating that the basic reproductive
number R, < 1 ensures local asymptotic stability of
the smoking-free equilibrium, and that amplifying
anti-smoking campaign rates substantially diminishes
active smoker populations in simulations, policymakers
can prioritize sustained, high-intensity interventions.
These include nationwide media drives, school-based
education, and community outreach, to drive R, < 1.
This approach not only curbs preventable mortality
from lung cancer, cardiovascular diseases, and COPD
but also yields economic dividends through reduced
healthcare expenditures and enhanced workforce
productivity.

CONCLUSIONS

In this study, we developed and analyzed a
compartmental model to understand the dynamics of
smoking behavior within a population. The population
of individuals was divided into four classes (non-
smokers, active smokers, permanent quitters, and
temporary quitters) without accounting for demographic
factors such as age groups, gender, or socioeconomic
status. The theoretical analysis focused on the local
stability of the model's equilibrium points. We
demonstrated the conditions under which smoking
prevalence can either persist or decline.

Furthermore, numerical simulations were
conducted to illustrate the dynamics of smoking
behavior in each class. We also determined the effect
of the campaign rate while excluding other tobacco

control policies, such as taxation, smoking bans in
public places, or access restrictions. This showed that
a higher campaign rate resulted in a more significant
decline in smoking prevalence. These finding aligns
with Thailand's smoking trends, where prevalence
among individuals aged 15 and older declined to
16.5% in 2024 from 17.4% in 2021 [21]. The decline
highlights the effectiveness of tobacco control measures,
even as e-cigarette use continues to rise.

In conclusion, the stability analysis and
numerical experimentation offer an understanding
of the modeled smoking dynamics. This framework
can be used as a useful tool to design and evaluate
strategies for reducing smoking prevalence.

Appendix

To derive a dimensionless formulation of the
system (1) by substituting §; =S,/N, I =1/N,Q =
Q/™, and S, =S,/N into each equation of the

as
system (1), then the equation d_t1 becomes

ds, _ d(5)

=A— (1= PBSNIN — pS; N

dt  dt _
N—r=A= (1= QBSNIN - pS; N
e LN YR
d—L—ﬁ—( = PI)BSLIN — uS;
d _ _
= u= (1= IPSIN — 5,
dl
Next, the equation o becomes
dl () o _
=g = A= PBEN + SNV — (0 + HIN
o =ty
dl _ _ _
N == $BEN + NIV = (0 + $)IN
RSN
dl _ _
Fri (1= @)B(S1+ SDIN — (0 + )]
—(u+pdl

d
Then, the equation d—f becomes
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dr

dQ _ d(@N) o
Fri dtd—_ E(o+ PN —uQN
WL = £+ )TN —uN

dQ 0
T $(o+ ) —uQ

. adS;
And the equation Tt becomes

d(S,N) _
2= (1= )0+ IV
~ (L= QBSNIN —uS; N

das, _
N—Z=(1-8(0+ IV
= (L= PIBSNIN = uS; N
ds, - -
== O@+ - (- PPSINV
- uS,
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