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ABSTRACT
In the history of mathematics, many mathematical researchers have investigated the Diophantine
1 1 u
equation in the form Z + ; + = where x,y,z,u and v are positive integers. Without loss of generality,

we may assume that x < y < z. This Diophantine equation, also known as the Egyptian fraction equation of
length 3, is to write the fraction as a sum of three fractions with the numerator being one and the
denominators being different positive integers. Examples of research such as, in 2021, Sandor and Atanassov

. . . .1 1 u .. .
studied and found that the Diophantine equation > + ; + P has forty-four positive integer solutions.

In this paper, we will study and find the complete positive integer solutions of the Diophantine equation

1 1 1

u
< ; Pl by using elementary methods of number theory and computer calculations. In the process,

we can see that 1 < x < 9. Then, we will consider separately the value of a positive integer x in nine cases.
The first case is impossible. For the second and third cases, we will separate to consider the value of y. For
the remaining cases, we will separate to consider the value of u. The research results showed that all positive

z

Moreover, from the steps to find the above positive integer solutions, we expect that it can be used to find

e . . . .1 1 1 u . ..
the complete positive integer solutions of the Diophantine equation o + ; +-= Iy where k is a positive
zZ

. . . . .1 1 u . .. .
integer solutions of the Diophantine equation o + ; +-= o, are eighty-seven positive integer solutions.

integer with k > 3.
Keywords: Diophantine equation, Positive integer solution, Egyptian fraction equation

INTRODUCTION to the equation, where u and v are relatively prime.
Recently, Sandor and Atanassov [7] proved that if
v = u + 1, then the equation has forty-four solutions.

In this article, we will show that if v =u + 2,
then the equation has eighty-seven solutions.

A Diophantine equation is an equation, for
which only integer solutions are of interest. One of the
Diophantine equations that has caught the attention

. . 1 1 u
of many researchers is the equation S + ; + ~ = o
where x,y,z,u and v are positive integers with x < MATERIALS AND METHODS
y < z. For example, in 2013 Rabago and Tagle [1] Let x, v, z and u be positive integers with x <

found that if u = 1 and v = 2, then the equation has  y < z such that
only ten positive integer solutions. Tadee and Poopra
[2] proved that if u = 1 and v = 3, then the equation -—+-+-=—. (1)
has exactly twenty-one positive integer solutions. x oy ozoout2

y y p g
Meanwhile, Delang [3] showed some conditions of  Sincex <y <z, we get
the non-existence of the solutions for the equation, 1
where u = 4 and v > 1. Later, Kishan, Rani and Agarwal ; < 5
[4] investigated all positive integer solutions of the
equation, where u =3 and v = 1(mod 2). In 2021, From (1) and (2), it implies that —— < 3 _Then
Zhao, Lu and Wang [5] studied the equation for some u+z x
prime number v. In the same year, Banderier et al. [6]
gave the bounds to the number of integer solutions

<1 2)

R

u(x —3) < 6. (3)
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Since u = 1, we have x < 9. We consider the following
cases:

1 1 1
Case 1.x=1.Then;+;+;>1.From(1),we

.u . .
obtain —— > 1. This is impossible.
u+2

Case 2. x = 2. From (1), we have
11 -2
S-== (4)
y z 2u+4
.. . u-2 2
Thus u = 3. From (2), it implies that —— < —.
2u+4 y
Therefore,
u(y —4) <2y+8. (5)

Subcase 2.1. y = 1. Then x > y, a contradiction.
1,1 1 1

Subcase 2.2. y=2. Then—-+-+-=1+->1.
x y z z

From (1), we have ﬁ > 1, which is impossible.

u—10
6u+12’
z=6+ %. Since z is a positive integer, it implies that
u—10=1,2,3,4,6,8,9,12,18,24,36 or 72. Therefore,
u=11,12,13,14,16,18,19,22,28,34,46 or 82.
Ifu=11,thenz =78 andso (x,y,zu) = (2,3,78,11).
Ifu=12,thenz =42 andso (x,y,z,u) = (2,3,42,12).
Ifu = 13,then z = 30 and so (x,y,z,u) = (2,3,30,13).
Ifu = 14,then z = 24 and so (x,y, z,u) = (2,3, 24, 14).
Ifu =16,thenz =18 andso (x,y,zu) = (2,3,18,16).
Ifu =18,thenz =15 andso (x,y,zu) = (2,3,15,18).
Ifu =19,thenz = 14 and so (x,y,z,u) = (2,3,14,19).
Ifu=22,thenz=12andso (x,y,zu) = (2,3,12,22).
Ifu =28,thenz = 10 and so (x,y,z,u) = (2,3, 10,28).
Ifu =34,then z=9and so (x,y,z,u) = (2,3,9,34).
If u=46,thenz=8andso (x,y,z,u) = (2,3,8,46).
Ifu=82,thenz=7andso (x,y,zu) = (2,3,7,82).
u—~6
4u+8’
Then z =4+ %. Since z is a positive integer, it implies
that u — 6 =1,2,4,8,16 or 32. Therefore, u = 7,8, 10,
14,22 or 38.

Ifu=7,thenz=36andso (x,y,zu) = (2,4,36,7).
If u =8, then z = 20 and so (x,y, z,u) = (2,4, 20, 8).
Ifu=10,thenz =12 andso (x,v,z,u) = (2,4,12,10).
Ifu =14, then z = 8 and so (x,y,z,u) = (2,4, 8, 14).
Ifu=22,thenz=6andso (x,y,z,u) = (2,4,6,22).
Ifu=38,thenz=5andso (x,y,z,u) = (2,4,5,38).

1
Subcase 2.3. y = 3. From (4), we get; = Then

1
Subcase 2.4. y = 4. From (4), we have P

Subcase 2.5. y = 5. From (5), we obtain u < 18. From

(4), it follows that z = 130uuj1240. Since z is a positive

integer, we get u =5,6,8,13 or 18.
Ifu =5, thenz=70andso (x,y,zu) = (2,5,70,5).
Ifu =6, then z = 20 and so (x,y,z,u) = (2,5, 20, 6).

Subcase 2.13.y = 13. Then

\ AND TEGHNOLGY

Ifu =8,thenz=10andso (x,y,zu) = (2,5,10,8).
Ifu=13,thenz =6andso (x,y,z,u) = (2,5,6,13).
Ifu=18,then z=5and so (x,y,z,u) = (2,5,5,18).

Subcase 2.6. y = 6. From (5), we obtain u < 10. From

(4), it follows that z = 3;“_-"46. Since z is a positive

integer, we get u = 5,6,7 or 10.

Ifu=5,thenz =21andso (x,y,z,u) = (2,6,21,5).
Ifu=6,thenz=12andso (x,y,z,u) = (2,6,12,6).
Ifu=7thenz=9andso (x,y,z,u) = (2,6,9,7).
Ifu = 10, then z = 6 and so (x,y,z,u) = (2,6,6,10).

Subcase 2.7.y = 7. From (5), we have u < 7. From

) _ 14u+28
(4), it follows that z = ——=-.

integer, we get u = 4 or 5.
Ifu=4,thenz=42andso (x,y,z,u) = (2,7,42,4).
Ifu=5,thenz=14andso (x,y,z,u) = (2,7,14,5).

Since z is a positive

Subcase 2.8. y = 8. From (5), we have u < 6. From

. __ 8u+16
(4), it follows that z = ———.

integer, we get u = 4 or 6.
Ifu =4, then z = 24 and so (x,y,z,u) = (2,8,24,4).
Ifu =6,thenz=8andso (x,y,z,u) = (2,8,8,6).

Since z is a positive

Subcase 2.9. y =9. From (5), we have u < 5. From

. _ 18u+36
(4), it follows that z = ——--.

integer, we get u = 4. Thenz =18 and (x,y,z,u) =
(2,9,18,4).

Since z is a positive

Subcase 2.10. y = 10. From (5), we have u < 4. From

i _ 5u+10
(4), it follows that z = =—.

integer, we getu = 4. Thenz =15and (x,y,z,u) =
(2,10,15,4).

Since z is a positive

Subcase 2.11.y = 11. From (5), we have u < 4. From

) _ 22u+44
(4), it follows that z = Z——-.

integer, we getu = 3. Thenz =110 and (x,y,z,u) =
(2,11,110,3).

Since z is a positive

Subcase 2.12.y = 12. From (5), we have u < 4. From

. _ 12u+24
(4), it follows that z = ———.

integer, we get u = 3 or 4.
If u = 3, then z = 60 and so (x,y,z,u) = (2,12,60, 3).
Ifu=4,thenz=12andso (x,y,z,u) = (2,12,12,4).

Since z is a positive

2y+8

< 4. From (5) and

11 1
(4), we have u=3and—+ - = —. Thenz =10
y z 10 y—10

. 2 1 . .
From (2), it follows that ; > To°rY < 20.Since z is a

positive integer, we get y = 14, 15 or 20.
If y = 14,then z = 35 and so (x,y, z,u) = (2, 14,35, 3).
Ify = 15,then z = 30 and so (x,y, z,u) = (2, 15, 30, 3).
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If y = 20,then z = 20 and so (x,y, z,u) = (2,20, 20, 3).

Case 3. x = 3. From (1), we have
1,1 2u-2

y z  3u+6’

(6)

2u-2 _ 2
From (2), it implies that - < —. Therefore,
3u+6 y
uly—3)<y+e. (7)
Since x <y, we have 3 < y.
1 -4
Subcase 3.1. y = 3. From (6), we have - = iy
z 3u+6

Then z=3 +%. Since z is a positive integer, we
get u—4=1,23,69 or 18 . Therefore, u=
5,6,7,10,13 or 22.

Ifu=5,thenz=21andso (x,y,zu) = (3,3,21,5).
Ifu=6,thenz=12andso (x,y,zu) = (3,3,12,6).
Ifu=7thenz=9andso (x,y,z,u) = (3,3,9,7).

Ifu =10,then z=6and so (x,y,zu) = (3,3,6,10).
Ifu=13,thenz=5andso (x,y,z,u) = (3,3,5,13).
Ifu=22,thenz=4andso (x,y,zu) = (3,3,4,22).

Subcase 3.2. y = 4. From (7) and (6), we have u < 10

and g — 12ut24
~ Su-14"

integer, we have u = 3,4, 6 or 10.

Ifu =3, then z = 60 and so (x,y,z,u) = (3,4, 60, 3).
Ifu=4,thenz=12and so (x,y,z,u) = (3,4,12,4).
Ifu=6,thenz=6andso (x,y,z,u) = (3,4,6,6).
Ifu =10, then z = 4 and so (x,y,z,u) = (3,4,4,10).

consequently. Since z is a positive

Subcase 3.3.y = 5. From (7) and (6), we have u < 5

_ 15u+30
and z = =16

integer, we have u = 3. Then z = 15 and so (x, v, z, u)
= (3,5,15,3).

consequently. Since z is a positive

Subcase 3.4.y = 6. From (7) and (6), we have u < 4

and z = M,
u—2

integer, we have u = 3 or 4.

Ifu =3, thenz =10 and so (x,y,zu) = (3,6,10, 3).

Ifu=4,thenz=6andso (x,y,z,u) = (3,6,6,4).

consequently. Since z is a positive

Subcase 3.5.y = 7. From (7) and (6), we have u < 3

and z = %, consequently. Since z is a positive

integer, we have u = 2. Then z = 42 and so (x, y, z, u)
= (3,7,42,2).

+6
Subcase 3.6.y = 8. Then i}: < 3. From (7) and (6),
1.1 1
we have u=2and—+-=-. Thenz=6—y. From
y z 6 y—6

2 1
(2), it follows that; > S ory < 12. Since z is a

positive integer, we get y = 8,9,10 or 12.
If y =8,then z =24 and so (x,y,z,u) = (3,8,24,2).

Ify =9,thenz =18 and so (x,y,zu) = (3,9, 18, 2).
If y = 10,then z = 15 and so (x,y, z,u) = (3,10, 15, 2).
Ify =12,thenz =12 andso (x,y,zu) = (3,12,12, 2).

Case 4. x = 4. From (3) and (1), we have u < 6 and
1,1 _ 3u-2 (8)

Subcase 4.1. u = 1. From (2) and (8), it follows that

y 'z 4u+8’
2 1,1 1
y z 12
Then y <24 and z = % . Since z is a positive
integer, we have y = 13,14, 15,16,18,20,21 or 24.
Ify = 13,then z = 156and so(x, y, z,u) = (4,13,156, 1).
Ify = 14,then z = 84 and so (x,y, z,u) = (4,14, 84,1).
Ify = 15,then z = 60 and so (x,y, z,u) = (4, 15,60, 1).
Ify = 16,then z = 48 and so (x,y, z,u) = (4, 16,48, 1).
Ify = 18,then z = 36 and so (x,y, z,u) = (4,18,36,1).
Ify = 20,then z = 30 and so (x,y,z,u) = (4,20,30,1).
Ify = 21,then z = 28 and so (x,y, z,u) = (4,21, 28,1).
If y = 24,then z = 24 and so (x,y, z,u) = (4,24,24,1).

<

Subcase 4.2. u = 2. From (2) and (8), it follows that

2 1,1 1
-—>—-+-=-
y oy z 4
Then y <8and z = ;%4. Since z is a positive integer,

we have y = 5,6 or 8.

Ify = 5, then z = 20 and so (x,y, z,u) = (4,5, 20,2).
Ify =6,thenz =12 and so (x,y,z,u) = (4,6,12,2).
If y = 8,then z=8and so (x,y,z,u) = (4,8,8,2).

Subcase 4.3. u = 3. From (2) and (8), it follows that

2 1 1 7
“z-t-=—
y oy z 20

20y . . .
Then y<5and z = 20" Since z is a positive

integer, we get y =4. Thenz=10and (x,y,zu) =
(4,4,10,3).

Subcase 4.4. u = 4. From (2) and (8), it follows that
2 1 1 5

-—z2—-+-=—
y oy z 12
12y . . .
Then y<4 and z= 5y-12° Since z is a positive

integer, we get y=4. Thenz=6and (x,y,z,u) =
(4,4,6,4).
Subcase 4.5. u = 5. From (2) and (8), it follows that
2 1 .1 13
—>—F-=—
y oy z 28
28y c . . .
T3y-28 This is impossible since
z is a positive integer.

Subcase 4.6. u = 6. From (2) and (8), it follows that

Then y<4andz =

©2024 Institute of Research and Development, RMUTT, Thailand
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2 1.1 1
-=>2—+-=-
y oy z 2
Then y<4andz = szyz Since z is a positive integer,

we have y=4. Then z=4 and so (x,y,z,u) =
(4,4,4,6).
Case 5. x = 5. From (3) and (1), we have u < 3 and
1 1 4u-2
o= 9)
y z 5u+10
Subcase 5.1. u = 1. From (2) and (9), it follows that

2 1 1 2
Sx-4-=—
y oy z 15

— _15
Then y <15 and z= 3y-15"

integer, we have y = 8,9,10,12 or 15.

If y = 8, then z = 120 and so(x, y, z,u) = (5, 8,120, 1).
Ify =9, then z = 45 and so (x,y,z,u) = (5,9,45,1).
Ify = 10,then z = 30 and so (x,y, z,u) = (5, 10,30, 1).
Ify =12,thenz = 20 and so (x,y, z,u) = (5,12,20,1).
Ify = 15,then z = 15 and so (x,y, z,u) = (5, 15,15, 1).
Subcase 5.2. u = 2. From (2) and (9), it follows that

2 1 1 3

_>_ —_— T —

y~y z 10

Since z is a positive

_ 10y
Then y<é6and z= 3y—10°

integer, we get y = 5. Thus z=10and (x,y,zu) =
(5,5,10,2).

Subcase 5.3. u = 3. From (2) and (9), it follows that

Since z is a positive

_ 5y
Then y<5 and z= 3y_5"
integer, we get y =5. Thus z=5and (x,y,z,u) =
(5,5,5,3).

Case 6. x = 6. From (3) and (1), we have u < 2 and

Since z is a positive

1 1 5u-2

y z  6ut12’
Subcase 6.1. u = 1. From (2) and (10), it follows that

(10)

1 1
+-==
z 6

2 1
— 2 —
y y
Then y <12 and z=y67y6.
integer, we have y = 7,8,9,10 or 12.

Ify =7,thenz=42andso (x,y,z,u) = (6,7,42,1).

If y =8, then z =24 and so (x,y,z,u) = (6,8,24,1).
Ify =9, then z=18and so (x,y,zu) = (6,9,18,1).
Ify = 10,then z = 15 and so (x,y, z,u) = (6,10,15,1).
Ify =12,thenz =12 and so (x,y,z,u) = (6,12,12,1).

Subcase 6.2. u = 2. From (2) and (10), it follows that

Since z is a positive

\ AND TEGHNOLGY

+

=

N |~

1
3

<N
<L

Theny <6andz = ;%3 Since z is a positive integer,

we have y=6. Then z=6 and so (x,y,z,u) =
(6,6,6,2).

Case 7.x = 7. From (3), we have u = 1. From (1) and
(2), it implies that

2 1 1 4
-—z2—-+-=—
y oy z 21
Then z = 4;31 and y < 10, consequently. Since z is

a positive integer, we have y = 7. Therefore, z = 21
and so (x,y,z,u) = (7,7,21,1).

Case 8. x = 8. From (3), we have u = 1. From (1) and
(2), it implies that

+

=

N | =
I

24"

<IN
< Ir

_ 24y
Thenz = 5y—24

a positive integer, we have y = 8. Therefore, z = 12
and so (x,y,z,u) = (8,8,12,1).

and y <9, consequently. Since z is

Case 9. x = 9. From (3), we have u = 1. From (1) and
(2), it implies that

=

+

N | =

2
.

<IN
<L IR

Then z = % and y < 9, consequently. Since z is a

positive integer, we have y =9. Therefore, z =9
and so (x,y,z,u) = (9,9,9,1).

RESULTS AND DISCUSSION

In the previous section, we show all positive
integer solutions of the Diophantine equation.

1 1 1 u
~tot-=—
x y z u+2

where x,y,z and u are positive integers with x <
y<z , are exactly eighty-seven solutions
including: (x,y,z,u) =

(2,3,78,11), (2,3,42,12), (2,3,30,13), (2,3,24,14),
(2,3,18,16), (2,3,15,18), (2,3,14,19), (2,3,12,22),
(2,3,10,28), (2,3,9,34), (2,3,8,46), (2,3,7,82),
(2,4,36,7), (2,4,20,8), (2,4,12,10), (2,4,8,14),
(2,4,6,22), (2,4,5,38), (2,5,70,5), (2,5,20,6),
(2,5,10,8), (2,5,6,13), (2,5,5,18), (2,6,21,5),
(2,6,12,6), (2,6,9,7), (2,6,6,10), (2,7,42,4),
(2,7,14,5), (2,8,24,4), (2,8,8,6), (2,9,18,4),
(2,10,15,4), (2,11,110,3), (2,12,60,3), (2,12,12,4),
(2,14,35,3), (2,15,30,3), (2,20,20,3), (3,3,21,5),
(3,3,12,6), (3,3,9,7), (3,3,6,10), (3,3,5,13),
(3,3,4,22), (3,4,60,3), (3,4,12,4), (3,4,6,6),
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(3,4,4,10), (3,5,15,3), (3,6,10,3), (3,6,6,4),
(3,7,42,2), (3,8,24,2), (3,9,18,2), (3,10,15,2),
(3,12,12,2), (4,13,156,1), (4,14,84,1), (4,15, 60, 1),
(4,16,48,1), (4,18,36,1), (4,20,30,1), (4,21,28,1),
(4,24,24,1), (4,5,20,2), (4,6,12,2), (4,8,8,2),
(4,4,10,3), (4,4,6,4), (4,4,4,6), (5,8,120,1),
(5,9,45,1), (5,10,30,1), (5,12,20,1), (5,15,15,1),
(5,5,10,2), (5,5,5,3), (6,7,42,1), (6,8,24,1),
(6,9,18,1), (6,10,15,1), (6,12,12,1), (6,6,6,2),
(7,7,21,1), (8,8,12,1), (9,9,9,1).

CONCLUSIONS

In the process of finding the positive integer
. . . .1 .1 1
solutions of the Diophantine equation o + ; + _=

u . . . .
By only basic mathematical knowledge is required.
u

It is expected that the above procedure can be applied

to find all positive integer solutions of the Diophantine
.1 .1 1 u
equation — + —+ - = ——, where x,y,z,u and k
x y z u+k
are positive integers with x <y < z and k = 3. Thus,

it is interesting to study and research further.

ACKNOWLEDGEMENT

The author would like to thank the reviewers
for their careful reading of this manuscript and their
valuable suggestions. This work was supported by
the Research and Development Institute, Faculty of
Science and Technology, Thepsatri Rajabhat University,
Thailand.

REFERENCES

. Rabago JFT, Tagle RP. On the area and volume of a

certain regular solid and the Diophantine equation

1 1

11
— = -+ -+ —. Notes Number Theory Discrete
2 X y Z

Math. 2013;19(3):28-32.

. Tadee S, Poopra S. On the Diophantine equation

101 1 1

-+ -+ - = —. Int ] Math Comput Sci. 2023;18
X y Z n

(2):173-7.

4 1,1, 1
. Delang L. On the equation ST + ; + ;.J Number

Theory. 1981;13:485-94.

. Kishan H, Rani M, Agarwal S. The Diophantine

equations of second and higher degree of the form
3xy =n(x+y) and 3xyz=n(xy +yz+1zx) etc.
Asian ] Algebra. 2011; 4(1):31-37.

. Zhao W, Lu J, Wang L. On the integral solutions of

1.1 1
the Egyptian fraction equation% =3 + ; + " AIMS
Math. 2021;6(5):4930-7.

. Banderier C, Ruiz CAG, Luca F, Pappalardi F,

Trevino E. On Egyptian fractions of length 3. Revista
de La Union Mathematica Argentina. 2021;62(1):
257-74.

. Sandor ], Atanassov K. On a Diophantine equation

arising in the history of mathematics. Notes Number
Theory Discrete Math. 2021;27(1):70-5.

©2024 Institute of Research and Development, RMUTT, Thailand

\ J Appl Res Sci Tech 2024;23(2):255049

DOI: 10.60101/jarst.2023.255049



https://ird.rmutt.ac.th/
https://doi.org/10.60101/jarst.2023.255049

