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Abstract

In this paper, we study the convergence of a sequence, which is modified from
Mann iterative scheme, with a weakly contractive mapping condition. The convergence
of two sequences which are generalized from the modified Mann iterative scheme are
also considered. Furthermore, we show that these sequences converge to a common

fixed point. Our results generalize and extend various known results in the literature.
Keywords: modified Mann iterative scheme, weakly contractive mapping, common

fixed point

Introduction

The well known iteration which is used in many fields is Picard iteration, that

Xni1 = T (xp)
where x, € X,n = 0 with X is a nonempty closed convex subset of real Banach space
and T:X = X is a mapping. The development of Picard iteration was presented in
many papers and a iteration which was introduced is Mann iteration method, that is, a

sequence {x,} which as follows:
Xne1 = Xy + (1 — @) T (xy)
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when n> 0,0 < a, < 1land x, € X is chosen arbitrarily. It is easy to see that Picard
iteration is a special case of the Mann iteration. So, the concept of Mann iteration is
generalized in many ways, see references therein.

In the other hand, the Banach contraction principle is well known and the
important theorem to study in fixed point theorem. The Banach contraction principle
states that: if (X,d) is a complete metric space and T: X — X is a contraction mapping
such that

A(TX, TY) S (X, V) oo (1)

forall x,y € X where 0 < a <1 is a constant, then T has a unique fixed point, (see
Banach, 1922). This principle has become a power tool for solving the existence
problems in mathematical analysis and applying in many fields. By this reasons, Banach
contraction principle was developed in the long time. In 2006, I. Beg and M. Abbas (Beg
& Abbas, 2006) introduced the weakly contractive mapping with respect to f as
follows:

Definition 1 Let X be a metric space. A mapping T: X — X is called weakly contractive

with respect to f if for each x,y € X satisfy

d(Tx, TY) < d(fx%,fy) — PAUX, [V oo 2)

where ¢:[0,00) — [0, ) is continuous and nondecreasing such that ¢ is positive on
(0,0),$(0) = 0 with lim;_,, ¢(t) =0 and f: X - X.

l. Beg and M. Abbas showed that if the range of f contains the range of T and
f(X) is a complete subspace of X, then f and T have coincidence point in X. In
addition, they introduced the modified Mann iterative scheme as the following
definition.
Definition 2 Let X be a Banach space and let T be a weakly contractive mapping with
respect to f on X. Assume that T(X) € f(X) and f(X) is a convex subset of X. Define
a sequence {y,} in f(X) as

Yo = 1) = (1 = ap)f () + T (XR) oo, (3)

where x, € X,0 < a, <1 for each n = 0. The sequence (3) is called modified Mann
iterative scheme.

They obtained the results that if T and f are weakly compatible and
T(X) S f(X), f(X) is a complete subspace of X, then a modified Mann iterative
scheme satisfying a condition converges to a common fixed point of T and f. Later, in
2009, M. Abbas and M. A. Khan (Abbas & Khan, 2009) generalized the Banach
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contractive mapping as follows: let G = {i:[0, ] = [0, 0]|pis continuous and
nondecreasing mapping with ¥(t) =0 if and only if t =0} and let T:X — Xand
f:X = X be mappings which satisfy

" (d(T(x), T(y))) < (d(f(x), f(y))) BYCICACI N 1C))) I @

forall x,y € X, whichy,¢ € G. M. Abbas and M. A. Khan shown that if the range of f
contains the range of T, f(X) is a complete subspace of X and if T and f are weakly
compatible, then T and f have a unique point of coincidence in X and T and f have a
unique common fixed point. The interesting of the concepts of the modified Mann
iterative scheme (3) and the generalized of Banach contraction (4), many researchers
are analyze and extend the concepts for studying the fixed point theorem, see
references therein.

The aim of this paper, we will show the convergence of both the modified
Mann iterative scheme and generalized modified Mann iterative scheme. Furthermore,

we also show that the iterative schemes converge to the common fixed point.

Preliminaries
Definition 3 (Kreyszig, 1989) A linear operator T is an operator such that
i the domain D(T) of T is a vector space and R(T) lies in a vector space
over the same field,

ii) forall x,y € D(T) and scalar a
Tx+y)=Tx+Ty
T(ax) = aTx

Definition 4 (Beg & Abbas, 2006) A point x in X is a common fixed point of T
and f if
fG)=T) =x
Definition 5 (Abbas& Khan, 2009) Two mappings of T and f are said to be

weakly compatible if they commute at their coincidence points.

Main Results

Throughout this paper, let T: X - X and f: X = X be mappings. Define
G = {:[0,00] > [0, ]|y is continuous, linear and nondecreasing mapping with
Y(t) =0 if and only if t =0}. In (Abbas & Khan, 2009), M. Abbas and M. A. Khan
proved the following theorem:
Theorem 7 Let T and f be two self mappings of a metric space (X,d) satisfying (3). If
the range of f contains the range of T and f(X) is complete subspace of X, then T
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and f have a unique point of coincidence in X. Moreover, if T and f are weakly
compatible, then T and f have a unique common fixed point.
We are interesting the following generalized weakly contractive mapping in the

sense of norm as follows: let T: X — Xand f: X — X be mappings which satisfy
YUTE) —TWMID < pUIfF ) = FODID — dAIFC) = FOID v (5)
forall x,y € X, where ¢, ¢ € G.

Next, we show that the modified Mann iterative scheme converges to a
common fixed point of T and f.
Theorem 8 Let X be a normed space and a mapping T: X — X be a weakly contractive
mapping with respect to f, as f:X - X. If T and f are weakly compatible, T(X) S
f(X) and f(X) is complete subspace of X. Then, the modified Mann iterative scheme
(3) with Y, a, = o0 converges to a common fixed point of T and f.
Proof By Theorem 7, we obtain that T and f have a common fixed point. Assume that
q is a common fixed point of T and f, that is, T(q) = f(q) = q for some q € X.
Since ¥ is a linear mapping and let {y,,} be a sequence which satisfies modified Mann

iterative scheme, we see that

Y(lyn —aqlD
=yP(I(1 — an)f (xn) + @, T(x,) — f(OID
S P> = a)lf ) = F(@I + anlIT ) = f(@ID

=P(A = a)llf () = F(@ID + Y(anlIT(x) = T(@ID

= (1 = a)PIf () = F(@ID + anp(IT(x) = T(@ID

< (1= a)Ylf () = F@ID + an [ lf n) = F@ID) = dUIf (xn) = f(@ID]

=PUIf () = F(@ID = anp(lf (xn) = f(@ID + antp(llf (x) = f(@ID
—an@(lf () = F(@ID)

= P(lf o) = F@ID = and Ul f (xn) = F@ID) e ©

S Y(lf (o) = F(@ID.

Since Yy, — ql) < YlIf ) — F(@I) and ¥ is nondecreasing function, we have

lyn = all < If () = F@Il = llyn-1 —all.

This implies that [|y, — ql| is a nonincreasing sequence.

Let lim, |y, — qll =7 = 0. Assume that r > 0. For all n € N, by (6) we get
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YUlyn = all) < dIf (n) = F@ID) = and(lf () = F(@ID
=PUlyn-1 = F(@ID — andlyn-1 = f(@ID

= YPlyn-1 — qlD) — andUlyn—1 — qlD.

This implies that
@ (lyn-1 = al) < PUlyn-1 = al) = YUy = @D (7)

Since {|ly,, — qlI} is a nonincreasing sequence, we obtain that

dUlyn — qlD < dUlyn-1 —aqlD),

anda, ¢(llyn — 1) < @ (llyn-1 = qlD. So,

Yo N @l —ql) <5y @n @ UVt — @l (8)

By using (2) and (7), we have

i app(r) < i an@lyn — qll)

< z [W(lyn_1 — ql) = ¥llyn — ql]

< YUlyn-1 —alD-

It is a contradiction with a,. Thus, r = 0. This implies that, lim,_. |y, — qll = 0.

Therefore, lim,_, y,, = q.
O

Next, we will present the generalized modified Mann iterative scheme as
follows: the sequences {y,,} and {z,} define by

Zp = f(Xpe1) = (L — @) f(xn) + @, T(v)
Yo =f) =Q=B)f(x) +BuT(xy), n=0,1,2, e, 9)

where 0 < a,,B, <1, and x, € X. The following theorem show that the iterative
scheme (9) converges to a common fixed point of T and f.

Theorem 9 Let X be a normed space and a mapping T: X = X be a weakly contractive
mapping with respect tof, as f:X - X. If T andf are weakly compatible and
T(X) € f(X) and f(X) is complete subspace of X. Suppose that {y,} and {z,} are
define as (9) and Y a,B, = . Then, the iterative scheme {z,} converges to a
common fixed point of T and f.
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Proof Assume that g is a common fixed point of T and f, that is, T(q) = f(q) = q for
some q € X. Sincey is a linear mapping and let {y,} and {z,} be sequences which

satisfy (9), we see that

Y(lzn —ql)

=Y(I(1 = a)f (%) + a, T () — qll)

S Y@ = a)llf () = qll + anlIT (W) — ql)

=P(A = a)llf () = qll + anlIT () = T (@)D

= Y1 —a)llf () — ql) + Y (anllT W) = T(@)I)

=1 = a)Ylf () — qll) + ap (IT(v) = T(@ID

< (A = a)PUlf O) — gl + an [ lf () = fF@ID) = ¢UIf () = f(@ID]

= (1 = a)Ylf () = qlD) + ap (1A = B f (%) + BT (%) — ql)
—and(llf () —qlD

< (@ = a )Y lf () = ql) = andlf () — qlD)
+an (11 = B (f (x) — DIl + BullT (xn) = T(@)ID

< A = a)Ylf () = qlD) = andUlf () — ql) + A = B an (Il f (xn) — qlD)
+Bnan (IT(x) = T(@ID)

< (= a)PUlf () = qlD) = and (I f () = ql) + A = Br)an(llf (x) — qlD)
+Bnan[Y(If (xn) = F(@ID = d(lf (en) = f(@ID]

= (1 = a )Y If () = qlD) = andlf () = ql) + A = B an (Il f (xn) — qlD)
+Bnan[Y(If (xn) = qll) = d(lf (xn) — qlD]

=Y(If ) = qlD) — anp(lf () = qlD) — andUlf () — qlD) + anp(llf (%) — qlD)
—Branp(If (%) = qll) + Buan¥p (If (xn) = ql) = Bran@d(llf (x) — qlD)

=Y(If ) = ql) = andlf n) = qlD) = Bran@dUlf (xn) = gl (10)

< Y(If () —qlD

= Y(llzp-1 — qlD.

Since ¥ is nondecreasing function, we obtain that {||z,,_; — ¢q||} is a nonincreasing
sequence. Let lim,_ ||z, — q|l =r = 0. Assume that r > 0. For all n € N, by (10) we
get

Ylzn — qll) < PUIf Cen) — ql) — an@dUlf (vn) — qll) = Brand(llf () — gl
=YP(lzp-1 — qlD) — andUlyn — ql) — Brand(llzn-1 — qll)
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S Y1zp-1 = qlD) = Butn®(llz-1 — qlD.

Then, Bntnd(l|zn-1 = qll) < Y(Ullzn-1 = qll) = Y(llzn = gl (11)

Since {||z, — qlI} is a nonincreasing sequence, we have
Iz — qll < llzp-1 — qll.

Then, Bnand(llzn — qll) < Bnand(llza-1 — qlD.

This implies that

Yen Pn@nd(lz, — qll) < X5en Bnon @l Zn—1 — qlD e (12)

By using (11) and(12),we have

Z ﬁnand)(r) < z ﬁnand)(llzn - Q||)
n=N n=N

IA

> Battnd iz —al)
n=N

[ee]

> Wiz = ald = $lliz, — alD]

n=N

IA

< Y(lizy-1 — qlD.

It is a contradiction with Y, a, B, = . Thenr > 0.

This implies that lim,_ |z, — qll = 0. Therefore, lim,_,, z, = q.

Conclusion
In this paper, we present the convergence sequences of both modified Mann

iterative scheme and generalized modified Mann iterative scheme on the concept of
the generalized weakly contractive mapping. Moreover, we show that these sequences

converge to a common fixed. The results in this paper extend (Beg & Abbas, 2006).

Reference

Abbas M, Khan MA. Common fixed point theorem of two mappings satisfying a generalized weak
contractive condition, International Journal of Mathematics and Mathematical Sciences. 2009; 9.

Ahmed MA. Common fixed point theorems for weakly compatible mapping. The Rocky Mountain
Journal of Mathematics. 2003; 33(4): 1189-1203.

249



Rajabhat J. Sci. Humanit. Soc. Sci. 19(2): 243-250, 2018

Alber YI. Guerre-Delabriere S. Principle of weakly contractive maps in Hilbert spaces, New Results in
Operator Theory and Its Applications (I. Gohberg and Yu. Lyubich, eds.), Operator Theory Advance
Applications. 1997; 98: 7-22.

Banach S. Sur les operation danslesensemblesabstraitsetleur application aux egeations integrals.
Fundamenta Mathematicae. 1922; 3: 133-181.

Beg I, Abbas M. Coincidence point and invariant approximation for mappings satisfying generalized
weak contractive condition, Fixed Point Theory and Applications. 2006; 1-7.

Chang SS. The Mann and Ishikawa iterative approximation of solutions to variational inclusions with
accretive type mappings, Computers & Mathematics with Applications. 1999; 37(9): 17-24.

Hicks T L, Kubicek JR. On the Mann iteration process in Hilbert space, Journal of Mathematical Analysis and
Applications. 1979; 59: 498-504.

Jungck G. Common fixed point for commuting and compatible maps on compacta, Proceedings of the
American Mathematical Society. 1988; 103(3): 977-983.

Kreyszig E. Introductory Functional Analysis with Applications. JonhWiley& Sons, 1989.

Rhoades BE. Some theorems on weakly contractive maps, Nonlinear Analysis. 2001; 47(4): 2683-2693.

250



