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Abstract 
In this paper we consider the system of difference equations in the title, where the initial condition (x0, 

y0)∈R2. We show that there exists a unique equilibrium solution and exactly two prime period-6 solutions, and 
that except for the unique equilibrium solution, every solution of the system is eventually one of the two 
prime period-6 solutions. 
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1.  Introduction  
 In this paper we consider the system of piecewise linear difference equations 

11 , 0 ,1, 2,
11

x x yn n n n
y x yn n n

= − ++ =
= + −+

⎧
⎨
⎩

K                          (1) 

where the initial condition (x0, y0)∈R
2. We show that every solution of System(1) is either (from the beginning) the 

unique equilibrium point (1, 1) or else is eventually one of the following period-6 cycles 
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In particular, the pre-image of the equilibrium point is itself. 
System(1) was motivated by Devaney's Gingerbread man map [1, 2] 

xn+1 = |xn| - xn-1 + 1 
Its equivalent system of piecewise linear difference equations is [3, 4] 

11 0 ,1, 2,

1

x x yn n n n
y xn n

= − +
+ =

=+

⎧
⎨
⎩

K  

We believe that the methods and techniques used in this paper will be useful in discovering the global 
behavior of similar systems. 
 
2.  The Global Behavior To The Solutions Of System (1) 
Set  

L1 = {(x, y): x ≥ 0  and y = 0}  
L2 = {(x, y): x = 0  and y ≥  0}  
L3 = {(x, y): x ≤ 0  and y = 0}  
L4 = {(x, y): x = 0  and y ≤  0}  
Q1 = {(x, y): x  > 0 and y > 0}  
Q2 = {(x, y): x  < 0 and y > 0}  
Q3 = {(x, y): x  < 0 and y < 0}  
Q4 = {(x, y): x  > 0 and y < 0}. 
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Theorem 1 Let ( ) 2
,0 0x y R∈ be the solution of System (1). Then, there exists an integer N 0≥  such that the 

solution ( ){ },x yn n n N

∞

=
  of System (1) is eventually the prime period-6 solution ( 1 2

6 6P or P ).            
The proof is a direct consequence of the following lemmas.          

Lemma 2 Assume that there is a positive integer N such that 0.Nx yN =− ≤ Then, ( ){ } 1, 61nx y Pn n N

∞
∈

= +
. 

Proof. Suppose that (xN, yN) satisfies the hypothesis, then 
 

1

1

1 1 1

1 1 1.
N N N N N

N N N N N

x x y x x

y x y x x
+

+

= − + = − + + =

= + − = − − = −
 

Hence, ( ) ( ) 1, 1, 1 .1 1 6x y PN N = − ∈+ +                � 
Lemma 3 Assume that there is a positive integer N such that 02N Nxy = ≤−  and xN ≥ 0.  Then, 
( ){ } 1, 61x y Pn n n N

∞
∈

= +
. 

Proof. Suppose that (xN, yN) satisfies the hypothesis, then 
 

1

1

1 2 1 3

1 2 1 1.
N N N N N

N N N N N

x x y x x

y x y x x
+

+

= − + = − + + =

= + − = − + − =
 

Hence, ( ) ( ) 1, 3,1 .1 1 6x y PN N = ∈+ +                � 
 
Lemma 4 Let ( ){ }: 3, .L y y= ∈ R Then every solution ( ){ }, 0x yn n n

∞

=
of System (1) with initial condition in L is 

eventually prime period-6 solution ( )1 2
6 6P or P . 

Proof. Let ( ),0 0x y L∈   and 0.0y ≥ Then,  
1 3 1 41 0 0 0 0

1 3 1 2 0.1 0 0 0 0

x x y y y

y x y y y

= − + = − + = − +

= + − = + − = + >
 

If 4 0,1 0x y= − + ≤ then ( ) ( ) 1, 1, 1 .3 3 6x y P= − ∈  Suppose that 4 01 0x y= − + > .Then  
1 2 32 1 1 0

1 5.2 1 1

x x y y

y x y

= − + = − +

= + − =
 

Cases 1: 3
2 3 0 42 0 0

2
x y y= − + ≤ ≤ <

⎛ ⎞
⎜ ⎟⎝ ⎠

, Then 

1 2 73 2 2 0

1 2 7.3 2 2 0

x x y y

y x y y

= − + = −

= + − = − +
 

If 3
3 7

2 7 03 0 0
2 2

x y y y= − = − ≤ ≤ ≤
⎛ ⎞
⎜ ⎟⎝ ⎠

, Then we apply Lemma 2 and ( ){ },
3

x yn n n

∞

=
is eventually prime 

period-6 solution( )1
6P solution.  
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  Suppose that 3
7

2 7 03 0 0
2

4x y y y< <= − = − >
⎛ ⎞
⎜ ⎟⎝ ⎠

. We will prove that for 7
, 40

2
y ∈

⎛ ⎞
⎜ ⎟⎝ ⎠

the solution is 

eventually prime period-6 solution by mathematical induction. 
 For each 0n ≥ , let P(n) be the following statement : For ( ),0y a bn n∈ , 

( )4 2 4 22 2 0, 26 4 0 6 4 0
n nx y y yn nn nδ δ+ += − − > = −+ +  

such that if ( ],0y a cn n∈  , then 6 4 0ny + ≤ , and so the solution is eventually prime period-6 solution. 
If ( ),0y c bn n∈ , then 06 4y n >+ , and so 

( )
( ) ( )
( )

4 33, 2 2 1 06 5 6 5 0
4 3 4 32 2 3 0, 2 2 3 06 6 0 6 6 0
4 4

2 4 1 , 56 7 0 6 7

nx y y nn n
n nx y y yn nn n
n

x y ynn n

δ

δ δ

δ

+= = − − >+ +
+ += − + + > = − − >+ +
+

= − + + =+ +

 

such that if [ ),0 1y b bnn∈ +  ,then 06 7x n ≤+ and so the solution is eventually prime period-6 solution ( )1
6P . 

 If ( ),0 1y c bn n∈ + , then 06 7x n >+ , and so  
( ) ( )
( ) ( )

4 4 4 42 4 3 0, 2 4 5 06 8 0 6 8 0
4 5 4 52 8 1 , 2 8 16 9 0 6 9 0

n nx y y yn nn n
n nx y y yn nn n

δ δ

δ δ

+ += − + − < = − + + >+ +

+ += − + = − + ++ +

 

such that if ( ],0 1y c an n∈ + , then 06 9 6 9x yn n= − ≤+ + , and so ( ){ },
0

x yn n n

∞

=
 is eventually prime period-6solution 

( )1
6P . 

 If ( ),0 1 1y a bn n∈ + + , then ( )4 52 8 1 06 9 6 9 0
nx y y nn n δ+= − = − + >+ +  where  

4 1 4 4 2 4 2
19 2 3 19 2 1 19 2 1 19 2 1

, , ,4 1 4 4 25 2 5 2 5 2 5

n n n n
a b cn n n nn n n δ

+ + +
× − × + × − × −

= = = =+ +× × ×
 

We shall show that P(0) is true . For ( ) 7
, , 40 0 0

2
y a b∈ =

⎛ ⎞
⎜ ⎟⎝ ⎠

and 2 7 03 3 0x y y= − = − > , 

( )4(0) 24 13, 2 2 04 0 0 06(0) 4

4(0) 24 15, 2 .4 0 0 06(0) 4

x x y y

x y y y

δ

δ

+= = − = − − >+

+= = − = −+

 

 If ( ] 7 15
, ,0 0 0

2 4
y a c∈ =

⎛ ⎤
⎜ ⎥⎝ ⎦

, then  4 15 0.4 0y y= − ≤  Applying Lemma 3. ( ){ },
4

x yn n n

∞

=
 is eventually 

prime period-6 solution ( )1
6P . 

 If ( ) 15
, , 40 0 0

4
y c b∈ =

⎛ ⎞
⎜ ⎟⎝ ⎠

, then 4 15 04 0y y= − > , thus we have  
4(0) 3

3, 2 (2 1) 0,0 06(0) 5 6(0) 5

4(0) 32 (2 3) 8 33 00 0 06(0) 6

4(0) 32 (2 3) 0,0 06(0) 6

4(0) 42 (4 1), 5.0 06(0) 7 6(0) 7

y

x y y

x y y

y

x y y

δ

δ

δ

δ

+
= = − − >+ +

+= − + + = − + >+

+= − − >+

+= − + + =+ +

 



 

 
 

90 

 
วารสารวิทยาศาสตร์  วารสารวิทยาศาสตร์  25542554  

 If ( 61
, , 40 1 0 16

y b b ⎤
⎥⎦∈ =

⎡ ⎞
⎟⎢⎣ ⎠

, then 4(0) 42 (4 1) 16 61 00 0 06(0) 7x y yδ+= − + + = − + ≤+ , so 
16 65 006(0) 8 6(0) 8x y y= − = − <+ + by  Lemma 2 , and so ( ){ },

9
x yn n n

∞

=
 is prime period-6 solution. 

 If ( ) 15 61
, ,0 0 1 4 16

y c b∈ =
⎛ ⎞
⎜ ⎟⎝ ⎠

, then ( )4(0) 42 4 1 16 61 00 0 06(0) 7x y yδ+= − + + = − + >+ , thus we have  

( )

4( 0) 42 (4 3) 16 57 00 0 06(0) 8

4(0) 42 4 5 16 65 0,0 0 06(0) 8

4(0) 5 4(0) 52 (8 1), 2 (8 1).0 0 0 06(0) 9 6(0) 9

x y y

y y y

x y y y

δ

δ

δ δ

+= − + − = − + <+

+= − + + = − + >+

+ += − + = − + ++ +

 

 If ( ] 15 121
, ,0 0 1 4 32

y c a∈ =
⎛ ⎤
⎜ ⎥⎝ ⎦

. Then ( ) ( ) 32 121 006 0 9 6 0 9x y y= − = − ≤+ + , by Lemma 2 and so ( ){ },
10

x yn n n

∞

=
is 

eventually prime period-6 solution( )1
6P .  

 If 121 61
( , ) ,0 1 1

32 16
y a b∈ =

⎛ ⎞
⎜ ⎟⎝ ⎠

, then 32 121 0.06(0) 9 6(0) 9x y y= − = − >+ +  

Hence P(0) is true. 
 Next, we assume that P(N)  is true . We shall show that P(N+1) is true . Since P (N) is 

true, 4 52 (8 1) 06 9 6 9 0
Nx y y NN N δ+= − = − + >+ +  where ( )

4 5 4 4
19 2 3 19 2 1

, ,0 1 1 4 5 4 45 2 5 2

N N
y a bN N N N

+ +
× − × +

∈ =+ + + +× ×

⎛ ⎞
⎜ ⎟
⎝ ⎠

.  Then  

( )4 6 4( 1) 22 16 1 2 26 10 0 0 16( 1) 4

4 6
19 2 114 62 00

5

4 6 4( 1) 2
2 16 3 2 .6 10 0 0 16( 1) 4

N Nx x y yNN NN

N
N y

N N
y y y yNN NN

δ δ

δ δ

+ + += = − − = − −+ ++ +

+
× −+= − >

+ + +
= = − − = −+ ++ +

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

Note that  
4 6 4 6

19 2 1 19 2 16 15
16 31

5 5 5

N N

NNδ δ

+ +
× − × −

= = + = ++  

 If ( ]
4 5 4 619 2 3 19 2 1

, ,0 1 1 4 5 4 65 2 5 2

N N
y a cN N N N

+ +× − × −
∈ =+ + + +× ×

⎛ ⎤
⎜ ⎥
⎝ ⎦

, then  

 
4 6

19 2 14( 1) 2 4 62 2 0.6 10 0 1 0
5

N
N Ny y yN Nδ

+
× −+ + += − = − ≤+ +

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

Applying Lemma 3, ( ){ },
6 10

x yn n n N

∞

= +
 is eventually prime period-6 solution( )1

6P . 

 If ( )
4 6 4 419 2 1 19 2 1

, ,0 1 1 4 6 4 45 2 5 2

N N
y c bN N N N

+ +× − × +
∈ =+ + + +× ×

⎛ ⎞
⎜ ⎟
⎝ ⎠

, then  
4 6

19 2 14( 1) 2 4 62 2 0.6 10 0 1 0
5

N
N Ny y yN Nδ

+
× −+ + += − = − >+ +

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

Thus, we have  
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( )
( )

( )
( )

6

36 116( 1) 5

4( 1) 32 2 1 06 11 0 16( 1) 5

4( 1) 32 2 36 12 0 16( 1) 6

4 7
19 2 134 72 00

5

4( 1) 32 2 3 06 12 0 16( 1) 6

4( 1) 42 4 16 13 0 16( 1) 7

x x NN

Nx x yN NN

Nx x yN NN

N
N y

Ny y yN NN

Ny y yN NN

y

δ

δ

δ

δ

= =++ +

+ += = − − >+ ++ +

+ += = − + ++ ++ +

+
× ++= − + >

+ += = − − >+ ++ +

+ += = − + ++ ++ +

⎛ ⎞
⎜ ⎟
⎝ ⎠

( 1) 7 6 13 5N Ny+ + += =

 

 If [ )
4 8 4 4

19 2 1 19 2 1
, ,0 2 1 4 8 4 45 2 5 2

N N
y b bN N N N

+ +
× + × +

∈ =+ + + +× ×

⎡ ⎞
⎟⎢

⎣ ⎠
 , then  

4 8
19 2 14 ( 1) 4 4 8

2 4 1 2 0,6 13 0 1 0
5

N
N N

x y yN Nδ
+

× ++ + +
= − + + = − + ≤+ +  

and so 

( )

( )

4 819 2 214 8 4 8
2 4 5 2 06 14 0 1 0

5

4 82 4 5 0.6 14 0 1

N
N N

x y yN N

Ny yN N

δ

δ

+× ++ +
= − + = − <+ +

+= − + + >+ +

⎛ ⎞
⎜ ⎟
⎝ ⎠  

Applying Lemma 2, ( ){ },
6 14

x yn n n N

∞

= +
is eventually prime period-6 solution. 

 If ( )
4 6 4 8

19 2 1 19 2 1
, ,0 1 2 4 6 4 85 2 5 2

N N
y c bN N N N

+ +
× − × +

∈ =+ + + +× ×

⎛ ⎞
⎜ ⎟
⎝ ⎠

, then  
4 8

19 2 14( 1) 4 4 82 4 1 2 06 13 0 1 0
5

N
N Nx y yN Nδ

+
× ++ + += − + + = − + >+ +  

Thus, we have  
( )

( )

4( 1) 42 4 36 14 0 16( 1) 8

4 8
19 2 194 82 00

5

4( 1) 42 4 56 14 0 16( 1) 8

4 8
19 2 214 82 00

5

Nx x yN NN

N
N y

Ny y yN NN

N
N y

δ

δ

+ += = − + −+ ++ +

+
× −+= − + <

+ += = − + ++ ++ +

+
× ++= − + >

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

4( 1) 52 (8 1)6 15 0 16( 1) 9

4( 1) 52 (8 1).6 15 0 16( 1) 9

Nx x yN NN

Ny y yN NN

δ

δ

+ += = − ++ ++ +

+ += = − + ++ ++ +

 

 If ( ]
4 6 4 9

19 2 1 19 2 3
, ,0 1 2 4 6 4 95 2 5 2

N N
y c aN N N N

+ +
× − × −

∈ =+ + + +× ×

⎛ ⎤
⎜ ⎥
⎝ ⎦

, then  
4 9

19 2 34( 1) 5 4 92 (8 1) 2 0.6 15 6 15 0 1
5

N
N Nx y yN N Nδ

+
× −+ + += − = − + = − ≤+ + +

⎛ ⎞
⎜ ⎟
⎝ ⎠
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Applying Lemma 2, ( ){ },
6 15

x yn n n N

∞

= +
is eventually prime period-6 solution ( )1

6P . 

If ( )
4 9 4 8

19 2 3 19 2 1
, ,0 2 2 4 5 4 85 2 5 2

N N
y a bN N N N

+ +
× − × +

∈ =+ + + +× ×

⎛ ⎞
⎜ ⎟
⎝ ⎠

, then 
4 9

19 2 34( 1) 5 4 92 (8 1) 2 06 15 6 15 0 1
5

N
N Nx y yN N Nδ

+
× −+ + += − = − + + = − + >+ + +

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

Hence, (N+1) is true. By mathematical induction, P(n) is true for all n ≥ 0. 
 Note that  

.
19

lim lim lim
5

a b cn n nn n n
= = =

→∞ →∞ →∞
 

We also note that if ( ) 19
, 3,0 0

5
x y =

⎛ ⎞
⎜ ⎟
⎝ ⎠

, then ( ) 3 3 2, , .3 3 6
5 5

x y P= − ∈
⎛ ⎞
⎜ ⎟⎝ ⎠

 

Case 2: 3
2 3 02 0 0

2
x y y= − + > <

⎛ ⎞
⎜ ⎟⎝ ⎠

 , then 

1 2 1 03 2 2 0

1 2 7 0,3 2 2 0

1 4 54 3 3 0

1 4 5.4 3 3 0

x x y y

y x y y

x x y y

y x y y

= − + = − − <

= + − = − + >

= − + = −

= + − = − +

 

 If 4 5 04 4 0x y y= − = − ≤ , then we apply Lemma 2 and so ( ){ },
4

x yn n n

∞

=
is eventually prime period-6 

solution ( )1
.6P   

 Suppose that 5 3
4 5 0 .4 4 0 0

4 2
x y y y= − = − > < <

⎛ ⎞
⎜ ⎟⎝ ⎠

 Then, 

8 9 05 0x y= − >  and 8 115 0y y= −  

If 5 11
8 11 05 0 0

4 8
y y y= − ≤ < ≤

⎛ ⎞
⎜ ⎟⎝ ⎠

, then we apply Lemma 3 and so ( ){ },
4

x yn n n

∞

=
is eventually prime period-6 

solution ( )1
.6P   

 Suppose that 11 3
8 11 0 .5 0 0

8 2
y y y= − > < <

⎛ ⎞
⎜ ⎟⎝ ⎠

 We will prove that for 11 3
,0

8 2
y ∈

⎛ ⎞
⎜ ⎟⎝ ⎠

 the solution is 

eventually prime period-6 solution by mathematical induction. 
 For each 0n ≥ , let ( )Q n be the following statement : For ( ), ,0y a bn n∈  

( )4 2 4 22 2 0, 26 5 0 6 5 0
n nx y y yn nn nδ δ+ += − − > = −+ +  

such that if ( ], ,0y a cn n∈ then 0,6 5y n ≤+ and so ( ){ },
0

x yn n n

∞

=
 is eventually prime period-6 solution( )1

6P . 
If ( ),0y c bn n∈ , then 06 5x n >+ . Thus, we have 
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( )
( ) ( )
( )

1

0 3

4 33, 2 2 06 6 6 6 0
4 3 4 32 2 3 2 2 06 7 0 6 7 0
4 4

2 4 1 , 56 8 0 6 8

nx y y nn n
n nx y y yn nn n
n

x y ynn n

δ

δ δ

δ

− −

+ > − −

+

+= = >+ +
+ += − + = >+ +
+

= − + =+ +

 

such that if ( ], ,0 1y b bnn∈ + then 0,6 8y n ≤+ and so ( ){ },
0

x yn n n

∞

=
 is eventually prime period-6 solution( )1

6P . 
 If ( ),0 1y c bn n∈ + , then 06 8x n >+ . Thus, we have 

( ) ( )
( ) ( )

4 4 4 42 4 3 0, 2 4 5 06 9 0 6 9 0
4 5 4 52 8 1 , 2 8 1 .6 10 0 6 10 0

n nx y y yn nn n
n nx y y yn nn n

δ δ

δ δ

+ += − + − < = − + + >+ +

+ += − + = − + ++ +

 

such that if  ( ], ,0 1y c an n∈ + then 0,6 10 6 10x yn n= − ≤+ + and so the solution is eventually prime period-6 solution 
( )1

6P . 
 If ( ), ,0 1 1y a bn n∈ + + then 0,6 10 6 10x yn n= − >+ + where 

4 2 4 1 4 3 4 3
7 2 3 7 2 1 7 2 1 7 2 1

, , , .4 2 4 1 4 35 2 5 2 5 2 5

n n n n
a b cn n n nn n n δ

+ + + +
× − × + × − × −

= = =+ + +× × ×
 

The proof is similar above case and it will be omitted. We can conclude that ( )Q n  is true for all 0.n ≥  
Note that  

    7
lim lim lim .

5
a b cn n nn n n

= = =
→∞ →∞ →∞

 

 We also note that 7 23, .6
5

P∈
⎛ ⎞
⎜ ⎟⎝ ⎠

 

We already prove that for initial condition ( ),0 0x y L∈ and 00y > , every solution ( ){ },
2

x yn n n

∞

=
  is 

eventually prime period-6 solution ( )1 2 .6 6P or P The remain case ( ),0 0x y L∈ and 0.0y < Then, 3,0 0 0.x y= < Thus, 
1 4 01 0 0 0

1 2 0,1 0 0 0

1 32 1 1

1 2 5 0.2 1 1 0

x x y y

y x y y

x x y

y x y y

= − + = − + >

= + − = − + >

= − + =

= + − = − + >

 

We see that  ( ),2 2x y L∈  and 0.2y >  Applying the above case, every solution ( ){ },
2

x yn n n

∞

=
  is eventually 

prime period-6 solution ( )1 2 .6 6P or P       � 

Lemma 5 Every solution ( ){ },
0

x yn n n

∞

=
 of system (1) with initial condition in 2 3 2l l Q∪ ∪ is eventually 

prime period-6 solution ( )1 2 .6 6P or P  
Proof. Let ( ) .,0 0 2 3 2x y l l Q∈ ∪ ∪ Then 00x ≤ and 0.0y ≥ Then  

1 11 0 0 0 0

1 1.1 0 0 0 0

x x y x y

y x y x y

= − + = − − +

= + − = + −
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 If 1 01 0 0x x y= − − + < , then 1 0.1 0 0y x y= + − > We apply Lemma 2, and so ( ) 1,2 2 6x y P∈ . 
Suppose that  1 01 0 0x x y= − − + ≥ , then 1 0.1 0 0y x y= + − ≤ Thus, 

1 2 2 3 02 1 1 0 0

1 2 2 12 1 1 0 0

1 3.3 2 2

x x y x y

y x y x y

x x y

= − + = − − + >

= + − = − − +

= − + =

 

Applying Lemma 4, every solution ( ){ },
3

x yn n n

∞

=
  is eventually prime period-6 solution ( )1 2 .6 6P or P  

          � 
Lemma 6 Every solution ( ){ },

0
x yn n n

∞

=
 of system (1) with initial condition in 1 4 4l l Q∪ ∪  is eventually prime 

period-6 solution ( )1 2 .6 6P or P  
Proof . Let ( ), .0 0 1 4 4x y l l Q∈ ∪ ∪ Then 00x ≥ and 0.0y ≤ We have, 

1 1 01 0 0 0 0

1 1,1 0 0 0 0

1 1 1 1 3.2 0 0 0 0 0 0

x x y x y

y x y x y

x x y x y x y

= − + = − + >

= + − = − −

= − + = − + − + + + =

 

Applying Lemma 4, every solution ( ){ },
3

x yn n n

∞

=
 is eventually prime period-6 solution ( )1 2 .6 6P or P  

          � 
Lemma 7 Every solution ( ){ }, 0x yn n n

∞

= of System (1) with initial condition in Q3 is eventually period-6 
solution ( )1 2

6 6P or P . 
Proof. Let( ),0 0 3x y Q∈ . Then 00x < and 00y < . Thus, 

1 1 01 0 0 0 0

1 1.1 0 0 0 0

x x y x y

y x y x y

= − + = − − + >

= + − = − −
 

If 1 0,1 0 0y x y= − − < then 
1 2 3 02 1 1 0

1 2 12 1 1 0

1 3.3 2 2

x x y x

y x y x

x x y

= − + = − + >

= + − = − +

= − + =

 

Applying Lemma 4, every solution ( ){ }, 3x yn n n
∞

= is eventually prime period-6 solution( )1 2
6 6P or P  

Suppose that ( )1 0 1 ,1 0 0 0y x y y= − − ≥ − > then 
1 2 3 02 1 1 0

1 2 1 02 1 1 0

1 2 2 53 2 2 0 0

1 2 2 1 0.3 2 2 0 0

x x y x

y x y y

x x y x y

y x y x y

= − + = − + >

= + − = − − >

= − + = − + +

= + − = − − + >
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If 2 2 5 0,3 0 0x x y= − + + < then 
1 4 5 04 3 3 0

1 4 5 0.4 3 3 0

x x y x

y x y x

= − + = − <

= + − = − + >
 

Applying Lemma 2, ( ) ( ) 1, 1, 1 .5 5 6x y P∈ − ∈  
Suppose that 2 2 5 0,3 0 0x x y= − + + ≥ then 

1 4 54 3 3 0

1 4 5 04 3 3 0

x x y y

y x y x

= − + = +

= + − = − + >
 

If 5
4 5 0 1 ,4 0 0

4
x y y= + ≥ − ≤ ≤ −

⎛ ⎞
⎜ ⎟⎝ ⎠

then 

1 4 4 1 05 4 4 0 0

1 4 4 9 0.5 4 4 0 0

x x y x y

y x y x y

= − + = + + <

= + − = − + + >
 

 We apply Theorem 5. Then, every solution ( ){ }, 5x yn n n
∞

= is eventually prime period-6 
solution ( )1 2

6 6P or P . 
Suppose 4 5 0,4 0x y= + < then 

1 4 4 95 4 4 0 0

1 4 4 9.5 4 4 0 0

x x y x y

y x y x y

= − + = − −

= + − = − + +
 

If 5 0 ,x ≥ then 5 0,y ≤ and so we apply Lemma 6. Then, every solution ( ){ }, 5x yn n n
∞

= is eventually 
prime period-6 solution( )1 2

6 6P or P . 
If 5 0 ,x ≤ then 5 0,y ≥ and so we apply Lemma 5. Then, every solution ( ){ }, 5x yn n n

∞

= is eventually 

prime period-6 solution( )1 2
6 6P or P .        � 

Lemma 8 Every solution ( ){ }, 0x yn n n
∞

=  of system (1) with initial condition in 1Q is eventually prime period-
6( )1 2

6 6P or P . 
Proof . Let ( ),0 0 1x y Q∈ . Then 00x > and 00y > .Then, 

1 11 0 0 0 0

1 1.1 0 0 0 0

x x y x y

y x y x y

= − + = − +

= + − = + −
 

The signs of 1x and 1y are unknown, but if ( ) 2, \1 1 1,x y R Q∈ we apply the above Lemma to conclude that 
solution is eventually prime period-6 solution. For the case that 1 01 0 0x x y= − + > and 1 0,1 0 0y x y= + − > then 

1 2 32 1 1 0

1 2 1.2 1 1 0

x x y y

y x y x

= − + = − +

= + − = −
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The signs of 2x and 2y are unknown, but if ( ) 2, \2 2 1,x y R Q∈ we apply the above Lemma to conclude that 
solution is eventually prime period-6 solution. For the case that 2 3 02 0x y= − + > and 

1 3
2 1 0 , ,2 0 0 0

2 2
y x x y= − > > <

⎛ ⎞
⎜ ⎟⎝ ⎠

then 

1 2 2 53 2 2 0 0

1 2 2 1.3 2 2 0 0

x x y x y

y x y x y

= − + = − − +

= + − = − +
 

The signs of 3x and 3y are unknown, but if ( ) 2, \3 3 1,x y R Q∈ we apply the above Lemma to conclude that 
solution is eventually prime period-6 solution. For the case that 2 2 5 03 0 0x x y= − − + > and 

2 2 1 0,3 0 0y x y= − + > then 
1 4 54 3 3 0

1 4 5.4 3 3 0

x x y y

y x y x

= − + = − +

= + − = − +
 

The signs of 4x and 4y are unknown, but if ( ) 2
4 4 1,, \x y R Q∈ , we apply the above Lemma to conclude that 

solution is eventually prime period-6 solution. For the case that 4 5 04 0x x= − + > and 

4
1 5 5

4 5 0 , ,0 0 0
2 4 4

y y x y= − + > < < <
⎛ ⎞
⎜ ⎟⎝ ⎠

then 

1 4 4 15 4 4 0 0

1 4 4 9.5 4 4 0 0

x x y x y

y x y x y

= − + = − + +

= + − = − − +
 

The signs of 5x and 5y are unknown, but if ( ) 2, \5 5 1,x y R Q∈ we apply the above Lemma to conclude that 
solution is eventually prime period-6 solution. For the case that 5 4 4 1 00 0x x y= − + + > and 

5 4 4 9 0,0 0y x y= − − + > then 
1 8 75 56 0

1 8 9.5 56 0

x x y y

y x y x

= − + = −

= + − = − +
 

The signs of 6x and 6y are unknown, but if ( ) 2, \6 6 1,x y R Q∈ we apply the above Lemma to conclude that 
solution is eventually prime period-6 solution. For the case that 6 8 7 00x y= − > and 

1 9 7 5
8 9 0 , ,6 0 0 0

2 8 8 4
y x x y= − + > < < < <

⎛ ⎞
⎜ ⎟⎝ ⎠

then 

We will prove that for 1 9
,0

2 8
x ∈

⎛ ⎞
⎜ ⎟⎝ ⎠

and 7 5
,0

8 4
y ∈

⎛ ⎞
⎜ ⎟⎝ ⎠

the solution is eventually prime period-6 solution 

( )1 2
6 6P or P by mathematical induction. 

For each 0,n ≥ let ( )P n  be the following statement: For ( ),0x a bn n∈ and ( ),0y c dn n∈  
4 3 4 3 4 3 4 32 2 , 2 2 18 7 0 0 8 7 0 0

n n n nx x y y x ynn nδ+ + + += + − = + ++ +  
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such that 8 7x n+ and 8 7y n+  are positive. Otherwise, the solution is eventually prime period-6 
solution ( )1 2

6 6P or P . If 8 7x n+  and 8 7y n+ are positive, then 
4 4 4 42 , 28 8 0 8 8 0
n nx x y yn nn nδ δ+ += − = −+ +  

such that 8 8x n+ and 8 8y n+  are positive when ( ),0x e bn n∈ and ( ),0y e dn n∈ . Otherwise, the solution is 
eventually prime period-6 solution( )1 2

6 6P or P . If 8 8x n+ and 8 8y n+ are positive, then 
( )4 4 4 4 4 4 4 42 2 1, 2 2 2 18 9 0 0 8 9 0 0

n n n nx x y y x y nn n δ+ + + += − + = + − ++ +  
such that 8 9x n+ and 8 9y n+  are positive. Otherwise, the solution is eventually prime period-6 
solution ( )1 2

6 6P or P . If 8 9x n+ and 8 9y n+ are positive, then 
( ) ( )4 5 4 52 2 3 , 2 2 18 10 0 8 10 0

n nx x y yn nn nδ δ+ += − + + = − ++ +  
such that 8 10x n+ and 8 10y n+  are positive when ( ),0 1x a bnn∈ + and ( ),0y e fn n∈ . Otherwise, the solution is 
eventually prime period-6 solution( )1 2

6 6P or P . If 8 10x n+ and 8 10y n+ are positive, then 

( )4 5 4 5 4 5 4 52 2 4 5 , 2 2 18 11 0 0 8 11 0 0
n n n nx x y y x ynn nδ+ + + += − − + + = − ++ +  

such that 8 11x n+ and 8 11y n+  are positive. Otherwise, the solution is eventually prime period-6 
solution ( )1 2

6 6P or P . If 8 11x n+ and 8 11y n+ are positive, then 

( ) ( )4 6 4 62 4 5 , 2 4 58 12 0 8 12 0
n nx x y yn nn nδ δ+ += − + + = − + ++ +  

such that 8 12x n+ and 8 12y n+  are positive when ( ),0 1 1x a dn n∈ + + and ( ),0 1y e dn n∈ + . Otherwise, the solution is 
eventually prime period-6 solution( )1 2

6 6P or P . If 8 12x n+ and 8 12y n+ are positive, then 
( )4 6 4 6 4 6 4 62 2 1, 2 2 8 98 13 0 0 8 13 0 0

n n n nx x y y x y nn n δ+ + + += − + + = − − + ++ +  
such that 8 13x n+ and 8 13y n+  are positive. Otherwise, the solution is eventually prime period-6 
solution ( )1 2

6 6P or P . If 8 13x n+ and 8 13y n+ are positive, then 
( ) ( )4 7 4 72 8 7 , 2 8 98 14 0 8 14 0

n nx yn nn ny xδ δ+ += − + = − + ++ +  
such that 8 14x n+ and 8 14y n+  are positive when ( ),0 1 1x a bn n∈ + + and ( ),0 1 1y c dn n∈ + + where 

4 1 4 3 4 3 4 2 4 4
2 1 2 1 2 1 2 1 2 1

, , , , ,4 1 4 3 4 3 4 2 4 42 2 2 2 2

n n n n n
a b c d en n n n nn n n n n

+ + + + +
− + − + −

= = = = =+ + + + +  
4 5

2 1 4 4, 2 1.4 52

n
nf andn nn δ

+
+ += = −+  

We shall show that (0)P  is true. For ( ) 1 9
, ,0 0 0

2 8
x a b∈ =

⎛ ⎞
⎜ ⎟⎝ ⎠

and ( ) 7 5
, ,0 0 0

8 4
y c d∈ =

⎛ ⎞
⎜ ⎟⎝ ⎠

and 

8 7 0, 8 9 0.6 0 6 0x y y x= − > = − + > Then 
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4(0) 3 4(0) 3
1 8 8 15 2 27 6 6 0 0 0 0 08(0) 7

4(0) 3 4(0) 31 8 8 1 2 2 1.7 6 6 0 0 0 08(0) 7

x x x y x y x y

y y x y x y x y

δ
+ +

= = − + = + − = + −+

+ += = + − = − + + = − + ++

 

The signs of 7x and 7y are unknown, but if ( ) 2, \7 7 1,x y R Q∈ we apply the above Lemma to conclude that 
solution that solution is eventually prime period-6 solution. If 7x and 7y are positive, then we have 

4(0) 4
1 16 15 27 78 0 0 08(0) 8

4(0) 41 16 15 2 .7 78 0 0 08(0) 8

x x x y x x

y y x y y y

δ

δ

+
= = − + = − = −+

+= = + − = − = −+

 

The signs of 8x and 8y are unknown, but if ( ) 2, \8 8 1,x y R Q∈ we apply the above Lemma to conclude that 

solution that solution is eventually prime period-6 solution. The case when ( ) 15 9
, ,0 0 0

16 8
x e b∈ =

⎛ ⎞
⎜ ⎟⎝ ⎠

 

and ( ) 15 5
, ,0 0 0

16 4
y e d∈ =

⎛ ⎞
⎜ ⎟⎝ ⎠

, we have  08x >  and 08y > . Then 

( )

4(0) 4 4(0) 4
1 16 16 1 2 2 19 8 8 0 0 0 08(0) 9

4(0) 4 4(0) 41 16 16 31 2 2 2 19 8 8 0 0 0 0 08(0) 9 .

x x x y x y x y

y y x y x y x y δ

+ +
= = − + = − + = − ++

+ += = + − = + − = + − ++

 

The signs of 9x and 9y are unknown, but if ( ) 2, \9 9 1,x y R Q∈ we apply the above Lemma to conclude that 
solution that solution is eventually prime period-6 solution. If 9x and 9y are positive, then we have 

( )
( )

4(0) 5
1 32 33 2 2 310 9 9 0 0 08(0) 10

4(0) 51 32 31 2 2 1 .10 9 9 0 0 08(0) 10

x x x y y y

y y x y x x

δ

δ

+
= = − + = − + = − + ++

+= = + − = − = − ++

 

The signs of 10x and 10y are unknown, but if ( ) 2, \10 10 1,x y R Q∈ we apply the above Lemma to conclude that 

solution that solution is eventually prime period-6 solution. The case when ( ) 31 9
, ,0 1 0

32 8
x a b∈ =

⎛ ⎞
⎜ ⎟⎝ ⎠

and 

( ) 15 33
, ,0 0 0

16 32
y e f∈ =

⎛ ⎞
⎜ ⎟⎝ ⎠

, we have  010x >  and 010y > . Then 

( )4(0) 5 4(0) 5
1 32 32 65 2 2 4 511 10 10 0 0 0 0 08(0) 11

4(0) 5 4(0) 51 32 32 1 2 2 1.11 10 10 0 0 0 08(0) 11

x x x y x y x y

y y x y x y x y

δ
+ +

= = − + = − − + = − − + ++

+ += = + − = − + = − ++

 

The signs of 11x and 11y are unknown, but if ( ) 2, \11 11 1,x y R Q∈ we apply the above Lemma to conclude that 
solution that solution is eventually prime period-6 solution. If 11x and 11y are positive, then we have 

( )
( )

4(0) 6
1 64 65 2 4 512 11 11 0 0 08(0) 12

4(0) 61 64 65 2 4 5 .12 11 11 0 0 08(0) 12

x x x y x x

y y x y y y

δ

δ

+
= = − + = − + = − + ++

+= = + − = − + = − + ++
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The signs of 12x and 12y are unknown, but if ( ) 2, \12 12 1,x y R Q∈ we apply the above Lemma to conclude that 
solution that solution is eventually prime period-6 solution. The case when 

( ) 31 65
, ,0 1 1

32 64
x a d∈ =

⎛ ⎞
⎜ ⎟⎝ ⎠

and ( ) 15 65
, ,0 0 1

16 64
y e d∈ =

⎛ ⎞
⎜ ⎟⎝ ⎠

, we have  012x >  and 012y > . Then 

( )

4(0) 6 4(0) 6
1 64 64 1 2 2 113 12 12 0 0 0 08(0) 13

4(0) 6 4(0) 61 64 64 129 2 2 8 9 .13 12 12 0 0 0 0 08(0) 13

x x x y x y x y

y y x y x y x y δ

+ +
= = − + = − + + = − + ++

+ += = + − = − − + = − − + ++

 

The signs of 13x and 13y are unknown, but if ( ) 2, \13 13 1,x y R Q∈ we apply the above Lemma to conclude that 
solution that solution is eventually prime period-6 solution. If 13x and 13y are positive, then we have 

( )
( )

4(0) 7
1 128 127 2 8 714 13 13 0 0 08(0) 14

4(0) 71 128 129 2 8 9 .14 13 13 0 0 08(0) 14

x x x y y y

y y x y x x

δ

δ

+
= = − + = − = − ++

+= = + − = − + = − + ++

 

The signs of 14x and 14y are unknown, but if ( ) 2, \14 14 1,x y R Q∈ we apply the above Lemma to conclude that 
solution that solution is eventually prime period-6 solution. The case when 

( ) 31 129
, ,0 1 1

32 128
x a b∈ =

⎛ ⎞
⎜ ⎟⎝ ⎠

and ( )1
127 65

, ,0 1
128 64

y c d∈ =
⎛ ⎞
⎜ ⎟⎝ ⎠

, we have  012x >  and 012y > . Hence (0)P  is true. 

 Next, we assume that ( )P N is true for some N∈N. We shall show that P(N+1) is true. Since P(N) is true, for 

( )
4 5 4 7

2 1 2 1
, ,0 1 1 4 5 4 72 2

N N
x a bN N N N

+ +
− +

∈ =+ + + +
⎛ ⎞
⎜ ⎟
⎝ ⎠

 and ( )
4 7 4 6

2 1 2 1
, , ,0 1 1 4 7 4 62 2

N N
y c dN N N N

+ +
− +

∈ =+ + + +
⎛ ⎞
⎜ ⎟
⎝ ⎠

  

( )4 72 8 7 08 14 0
Nx y NN δ+= − + >+  and ( )4 72 8 9 0.8 14 0

Ny x NN δ+= − + + >+ Then,  
( ) ( )

( ) ( ) ( )

( )

( ) ( )

4 7 4 72 2 16 158 15 0 08 1 7

4 1 3 4 1 3
2 20 0 1

4 7 4 72 2 18 15 0 08 1 7

4 1 3 4 1 3
2 2 1.0 0

N Nx x x y NNN

N N
x y N

N Ny y x yNN

N N
x y

δ

δ

+ += = + − +++ +

+ + + +
= + − +

+ += = − + +++ +

+ + + +
= − + +

 

The signs of   8( 1) 7x n+ + and 8( 1) 7y n+ +  are unknown, but if ( ) 2
, \ 1,8( 1) 7 8( 1) 7x y R Qn n ∈+ + + + we apply the above 

Lemma to conclude that solution that solution is eventually prime period-6 solution. If 8( 1) 7x n+ + and 

8( 1) 7y n+ + are positive, then we have 

( )
( )

( )
( )

4 1 44 82 28 16 0 1 0 18 1 8

4 1 44 8
2 2 .8 16 0 1 0 18 1 8

NNx x x xN N NN

NN
y y y yN N NN

δ δ

δ δ

+ ++= = − = −+ + ++ +

+ ++
= = − = −+ + ++ +

 

The signs of ( )8 1 8x N+ + and ( )8 1 8y N + + are unknown, but if ( ) ( )( ) 2, \ 1,8 1 8 8 1 8x y R QN N ∈+ + + + we apply the above 
Lemma to conclude that solution that solution is eventually prime period-6 solution. The case when
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( )
4 8 4 7

2 1 2 1
, ,0 1 1 4 8 4 72 2

N N
x e bN N N N

+ +
− +

∈ =+ + + +
⎛ ⎞
⎜ ⎟
⎝ ⎠

 and ( )
4 8 4 6

2 1 2 1
, ,0 1 1 4 8 4 62 2

N N
y e dN N N N

+ +
− +

∈ =+ + + +
⎛ ⎞
⎜ ⎟
⎝ ⎠

, we have  

08 16x N >+  and 08 16y N >+ . Then, 

( )
( ) ( )

( )
( ) ( ) ( )

4 1 4 4 1 4
2 2 18 17 0 08 1 9

4 1 4 4 1 4
2 2 2 1 .8 17 0 0 18 1 9

N N
x x x yNN

N N
y y x yN NN δ

+ + + +
= = − +++ +

+ + + +
= = + − ++ ++ +

 

The signs of   8( 1) 9x n+ + and 8( 1) 9y n+ +  are unknown, but if ( ) 2
, \ 1,8( 1) 9 8( 1) 9x y R Qn n ∈+ + + + we apply the above 

Lemma to conclude that solution that solution is eventually prime period-6 solution. If 8( 1) 9x n+ + and 

8( 1) 9y n+ + are positive, then we have 

( )
( ) ( )

( )
( ) ( )

4 1 5
2 2 38 18 0 18 1 10

4 1 5
2 2 1 .8 18 0 18 1 10

N
x x yN NN

N
y y xN NN

δ

δ

+ +
= = − + ++ ++ +

+ +
= = − ++ ++ +

 The signs of ( )8 1 10x N+ + and ( )8 1 10y N + + are unknown, but if ( ) ( )( ) 2, \ 1,8 1 10 8 1 10x y R QN N ∈+ + + + we apply the above 

Lemma to conclude that solution that solution is eventually prime period-6 solution. The case when 

( )
4 9 4 7

2 1 2 1
, ,0 2 1 4 9 4 72 2

N N
x a bN N N N

+ +
− +

∈ =+ + + +
⎛ ⎞
⎜ ⎟
⎝ ⎠

 and ( )
4 8 4 9

2 1 2 1
, ,0 1 1 4 8 4 92 2

N N
y e fN N N N

+ +
− +

∈ =+ + + +
⎛ ⎞
⎜ ⎟
⎝ ⎠

, we have  

08 18x N >+  and 08 18y N >+ . Then, 

( )
( ) ( ) ( )

( )
( ) ( )

4 1 5 4 1 5
2 2 4 58 19 0 0 18 1 11

4 1 5 4 1 5
2 2 1.8 19 0 08 1 11

N N
x x x yN NN

N N
y y x yNN

δ
+ + + +

= = − − + ++ ++ +

+ + + +
= = − +++ +

 

The signs of   8( 1) 11x N+ + and 8( 1) 11y N+ +  are unknown, but if ( ) 2
, \ 1,8( 1) 11 8( 1) 11x y R QN N ∈+ + + + we apply the 

above Lemma to conclude that solution that solution is eventually prime period-6 solution. If 8( 1) 11x n+ + and 

8( 1) 11y n+ + are positive, then we have 

( )
( ) ( )

( )
( ) ( )

4 1 6
2 4 58 20 0 18 1 12

4 1 6
2 4 5 .8 20 0 18 1 12

N
x x xN NN

N
y y yN NN

δ

δ

+ +
= = − + ++ ++ +

+ +
= = − + ++ ++ +

 The signs of ( )8 1 12x N+ + and ( )8 1 12y N + + are unknown, but if ( ) ( )( ) 2, \ 1,8 1 12 8 1 12x y R QN N ∈+ + + + we apply the above 

Lemma to conclude that solution that solution is eventually prime period-6 solution. The case when 

( )
4 9 4 10

2 1 2 1
, ,0 2 2 4 9 4 102 2

N N
x a dN N N N

+ +
− +

∈ =+ + + +
⎛ ⎞
⎜ ⎟
⎝ ⎠

 and ( )
4 8 4 10

2 1 2 1
, ,0 1 2 4 8 4 102 2

N N
y e dN N N N

+ +
− +

∈ =+ + + +
⎛ ⎞
⎜ ⎟
⎝ ⎠

, we have  

08 20x N >+  and 08 20y N >+ . Then, 
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( )
( ) ( )

( )
( ) ( ) ( )

4 1 6 4 1 6
2 2 18 21 0 08 1 13

4 1 6 4 1 6
2 2 8 9 .8 21 0 0 18 1 13

N N
x x x yNN

N N
y y x yN NN δ

+ + + +
= = − + +++ +

+ + + +
= = − − + ++ ++ +

 

The signs of   8( 1) 13x n+ + and 8( 1) 13y n+ +  are unknown, but if ( ) 2
, \ 1,8( 1) 13 8( 1) 13x y R Qn n ∈+ + + + we apply the above 

Lemma to conclude that solution that solution is eventually prime period-6 solution. If 8( 1) 13x n+ + and 

8( 1) 13y n+ + are positive, then we have 

( )
( ) ( )

( )
( ) ( )

4 1 7
2 8 78 22 0 18 1 14

4 1 7
2 8 9 .8 22 0 18 1 14

N
x x yN NN

N
y y xN NN

δ

δ

+ +
= = − ++ ++ +

+ +
= = − + ++ ++ +

 The signs of ( )8 1 14x N+ + and ( )8 1 14y N + + are unknown, but if ( ) ( )( ) 2, \ 1,8 1 14 8 1 14x y R QN N ∈+ + + + we apply the above 
Lemma to conclude that solution that solution is eventually prime period-6 solution. The case when 

( )
4 9 4 11

2 1 2 1
, ,0 2 2 4 9 4 112 2

N N
x a bN N N N

+ +
− +

∈ =+ + + +
⎛ ⎞
⎜ ⎟
⎝ ⎠

 and ( )
4 11 4 10

2 1 2 1
, ,0 2 2 4 11 4 102 2

N N
y c dN N N N

+ +
− +

∈ =+ + + +
⎛ ⎞
⎜ ⎟
⎝ ⎠

, we have  

08 22x N >+  and 08 22y N >+ . Hence  ( 1)P N +  is true. By mathematical induction  ( )P n  is true for all 0.n ≥ Note 
that 

lim lim lim lim lim lim 1.a b c d e fn n n n n nx x x x x x
= = = = = =

→∞ →∞ →∞ →∞ →∞ →∞
 

The proof is complete.              � 
 
3.  Conclusion 

We have presented the complete results concerning the global character of the solutions to System(1). 
We utilized mathematical induction, and direct computations to show that every solution of System(1) is 
eventually either the prime period-6 solution P1

6,  or the prime period-6 solution P2
6 . The proofs involve 

careful consideration of the various 
cases. 
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