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Prime Period-6 Solutions On

xn+1 = |xn| -yn + 1 andyn+1 =xn + Iynl - 1
Wirot Tikjha
Faculty of Science and Technology, Pibulsongkram Rajabhat University,

156 Moo 5, Tambon Phlaichumphon, Muang District, Phitsanuloke 65000, Thailand

Abstract
In this paper we consider the system of difference equations in the title, where the initial conditiong,
y)ER’. We show that there exists a unique equilibrium solution and exactly two prime period-6 solutions, and
that except for the unique equilibrium solution, every solution of the system is eventually one of the two

prime period-6 solutions.
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1. Introduction

In this paper we consider the system of piecewise linear difference equations

X = |x|— +1
n+l nl = Yn n=0,12...

' (O]
Ynel = Xn*’lynl_1

where the initial condition «, y)er . We show that every solution of Systemq) is either (from the beginning) the

unique equilibrium point (, 1) or else is eventually one of the following period-6 cycles
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In particular, the pre-image of the equilibrium point is itself.

x0=3 ,y0=3
x1:1 ,y1=5

Xg =— 3, Yo =5

X3 =—1, y3=1
%Xy =1 ,y4:71

%=3 Y51

13 17
X =—

x2 =

11 1
x5=__ , y5=_
5 5

System(1) was motivated by Devaney's Gingerbread man map [ 1, 2]

xnﬂ = |xn| - xn-l +1

Its equivalent system of piecewise linear difference equations is [3, 4]

X = |x
n+1 n

Ynir T X

—yn+1

n=0.12..
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We believe that the methods and techniques used in this paper will be useful in discovering the global

behavior of similar systems.

2. The Global Behavior To The Solutions Of System (1)

Set

L =1{xy):x >0andy=0}

L,=1{(x,y):x=0 andy = 0}

L,={kx,y):x <o andy =0}

L,=1{xy):x=0 andySO}

Q,=1{(,y):x>0andy> 0}

Q,=1{(x,y):x<0andy> 0}

Q,={(x,y):x<0andy<0}

Q,= {(x,y):x>0andy<0}.
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Theorem 1 Let (xo, yo) <R’ be the solution of System (1). Then, there exists an integer ~>0 such that the
solution {(xn Y )} ::N of System (1) is eventually the prime period-6 solution (Pslor PGZ ).
The proof is a direct consequence of the following lemmas.

0
Lemma 2 Assume that there is a positive integer v such that xy =— yy <0.Then, {(xn Yn )}an+1 e P61.

Proof. Suppose that (,, y,) satisfies the hypothesis, then
Xno =X | = Yn +1== %y + % +1=1
Yna =Xy + |YN |_1: Xy =Xy —1=-1.
Hence,(xN+1,yN+1) :(1, —l)ePé'. []

Lemma 3 Assume that there is a positive integer ~ such that y, =xy —2<0 and x,>0. Then,

*® 1

{(Xn Yn )}n:N+1 ehR.
Proof. Suppose that (,, y,) satisfies the hypothesis, then
Xnon =X | = Y +1=Xy — Xy +2+1=3

Yaor =Xy +[Yn |15 % =% +2-1=1.

Hence, (XN+1’ yN+l) = (3, 1) €P61 D

Lemmad4 Let L= {(3 y) |y e R} . Then every solution {(xn, Yn )}O::O of System (1) with initial condition in . is
. . . 1 2
eventually prime period-6 solution (PG or Ry ) .

Proof. Let (xo, yo) el and yy > 0.Then,

X1 =|x0|—yo+1=3—y0+l=—y0+4
Y1 :x0+|y0|71:3+y071:y0+2>0.
If x; =—yg +4 <0, then (x3, y3) :(1 —1) € P61. Suppose that x; =-yy +4 >0 .Then

Xo :lxll—yl+l: —2yp +3

y2 :Xl +|yl|—1: 5.

3
Cases 1: x, =-2y; +3<0(—< Yo <4), Then
2

X3 :lle— Yo +1=2yq9 -7

y3 = X2 +|y2|—1: —ZyO +7.

3 7 . .
If xg =-y3 =2yg-7< o(— <yp< —j, Then we apply Lemma 2 and{(xn, Y )}o;:3 is eventually prime
2 2 =

period-6 solution( PBl ) solution.
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7 . 7 ..
Suppose that xg3 =-y; =2y -7> 0(— <Yg < 4) . We will prove that for y; e (— , 4) the solution is
2 2

eventually prime period-6 solution by mathematical induction.

For each n> o, let P(n) be the following statement : For y; e (an, bn) ,

4n+2 4n+2
Xensa =2 Y0~ (oh ~2)> 0¥ensa =2 Yo~
such that if yy e (an, cn] ,then y, , <0, and so the solution is eventually prime period-6 solution.

If yg e(cn,bn),then Yonra >0, and so

An+3
Xgn5 = 3 Yenis =2 ¥p —(26n-1) >0

4n+3 4n+3
Xgnig = 2 y0+(25n+3)> 0, Yenie =2 Yo —(25n —3)>0
4n+4 ( )
Xen47 =2 Yo +\44h +1).  Yeni7 =5
such that if yy e [kh e bn) ,then xg,,7 < 0and so the solution is eventually prime period-6 solution (P61 ) .

If yg e(cn 'bn+1) , then xg,,7 >0, and so

An+4 an+4
Xgn4g = 2 Yo +(46n —3)<0, Yonig =2 y0+(45n+5)>0

X6n+9 = 2t Yo ‘(8‘5n +1) ' Y6n+9 - 2% Yo +(8‘5n +1)

o0
such that if yy e (Cn ap +1], then xg,.9 =-Ygnsg <0, and so {(xn, Y )} o is eventually prime period-6solution

(r5).

4n+5 .
If Yo E(an+1,bn+1), then X6n+9 = ~Y6n+9 =2 Yo *(8én +1) >0 where

4n+1 4n+2 An+2

4an
19%x 2 3 19x2  +1 19x2 1 19x2 1
n = ZaT— bn = Cn = a7 % =

a
5x2 52 5x2 5

7
We shall show that P(0) is true . For y, e(ao, bo): (—,4) and x3 =-y3 =2y5 -7>0,
2

4(0)+2
X6(0)+4=X4 =4y0 —13, =2 () yo—(50—2)>0

4(0)+2 .
X6(0)+4 = Y4 =4Yo—15 =2 Oy -0,

7 15
If yp € (ao, CO] = (E:} , then y, =4yy-15<0. Applying Lemma 3. {(xn, Y )}0:74 is eventually

prime period-6 solution (Pé ) .

15
If yg e(co, bo) =(;,4j, then y, =4y, -15> 0, thus we have

4(0)+3
X6(0)+5 =3 Ye(0)+5=2 Yo —(25p-1)>0,
X6(0)+6 = —24(0)+3 yo+ (265 +3) =-8yg+33>0
4(0)+3
y6(0)+6=2 Yo — (269 -3)>0,

_ _,H0)+4 _
XG(O)+7 =2 Yo +(45g +1), y6(0)+7 =5
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61 4(0)+4
Ifyo E(bl,bo:l = |:B,4j, then X6(0)+7 =2 O+ Yo +(450 +1) = —16y0 +61<0, SO

o0

X6(0)+8 = ~Y6(0)+8 =160 —65 < oby Lemma 2, and so {(xn, Y )} 9 is prime period-6 solution.

15 61
Ifyo € (CO' bl) = (7 , 1—6j . then X6(0)+7 = —24(O)+4 Yo +(450 +1) =-16 Yo +61>0, thus we have

X6(0)18 =2 0y + (4p ~3) =-16yg +57 <0

4(0)+4
¥6(0)+8 = -2 © Yo +(450 + 5) = -16yg + 65> 0,

24(0)+5

%6(0)49 Yo ~@% +D. Yg(gyi0 = 2" yo + @5 +1)

o0

15 121 .
Ify, e (co, al] = (__—| ) ”['henxﬁ(o)Jrg = ~Yo(0p9 = 32yy—-121<0, by Lemma 2 and so {(xn, Yn )}n=10 1s

4 32

eventually prime period-6 solution(P61) .

121 61

If Yo € (al,bl) = (E , Ej , then X6(O)+9 = —y6(0)+9 =32 Yo -121 > 0.

Hence P(0) is true.

Next, we assume that P(v) is true . We shall show that P(a»1) is true . Since P (N) is

19x2N % L3 1950 g
4N 45 x - x
true,x6N+9 ==Y6N+9 =2 Yo *(85N +1)>0 where Yo E(aN+l, bN+1): - 24N+5 , - 24N+4 . Then
X X
4N +6 4(N+1)+2
X6(N+1)+4 = XN +10 = 2 Yo ~166\ —1=2 yO’(5N+l’2)
4N +6
AN+6 19 %2 -1
=2 yo-| ———— [>0
5
4N +6 4(N+1)+2 .
Y6(N+D)+4 = Y6N+10 =2 Yo —166\ —3=2 Y0 ~ON+1-
Note that
4N 16 AN +6
5 1927 21 19x27 7 _16 oo 43
N+l = = +—=160N +
5 5 5
19x2*N*S 3 19, 04N*6
Iy E(aN+1'CN+l]: NG s |- then
5x 2 5x2
10w AN
4(N+D)+2 4N+6 x -
Y6N +10 =2 Yo — ON41 = 2 Yo - — <0.
. @® . . . . 1
Applying Lemma 3, {(xn, Y )} 6N 10 1S eventually prime period-6 solutlon( P ) .
it ( . 19x 24NT0 1 19, 4N 4 0
Yo €\CN+1:ONs1) = ’ » then
+1ON+ o 2 ANE o AN
19 24N+6 n
4(N +1)+2 4N+6 x -
YN +10 =2 Y0 ~ ON+1 = 2 Yo - — > 0.

Thus, we have
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X6(N+1)+5 = XgN+11 =3
4(N+1)+3

N3y~ (26841-1) > 0
yO + (2§N +1 +3)

4N+7
AN +7 19x2 +13
=-2 yg +| —————— |>0
5

X6(N+1)+5 = X6N+11 = 2

_ B 24(N +1)+3
X6(N+1)+6 = X6N+12 = ~

24(N +1)+3 y

0 (20N41 -3) >0

Yo +(45N+1 +1)

Y6 (N+1)+6 = Y6N+12

4(N +1)+4
Y6(N+1)+7 = Y6N+13 = =2

Yon+n+7 = Yoni3 =2

IN+8 4N+4
19x2 +1 19x 2 +1
If yp e [bN+2' bN+1) = NS TN | - then
5x2 5x 2
4N+8
4(N +1) +4 4N +8 19 x2 +1
X6N+13 = 2 Yo * 40Ny +1=-2 Yor———(———=0
and so
4N+8
4N+8 4N+8 19x2 +21
X6N+14 = 2 yo—(45N+1+5) =2 Yo - - <0
4N+8
YoN +14 = 2 v +(48y,1 +5)> 0.
. 0 . . . .
Applying Lemma 2, {(xn, Yn )} N 14 S eventually prime period-6 solution.
4N +6 4N+8
It 19x2 01 19x 2 041 N
Yo € (CN+1' bN+2): s AN T AN | then
10w N8
4(N+D)+4 4N+8 X +
X6N+13 =-2 y0+45N+1+1:—2 y0+ s >0
Thus, we have
4(N+1)+4
XG(N+1)+8 = X6N+14 =~ Yo + (45N+1 —3)
AN +8
4N +8 19x 2 -19
=2 yo +| ———— |<0
5
4(N+1)+4
Y6 (N+)+8 = Y6N+14 =~ Yo + (45N+1 +5)
AN +8
4N +8 19x 2 +21
=2 yg+| ———— | >0
5
4(N+1)+5
X6(N+1)+9 = X6N+15 = 2 Yo —(80N41+1)
4(N+D)+5
Y6(N+1)+9 = Y6N+15 = 2 yo + (85N41 + D
4N+6 AN+9
19x2 ~1 19x27 7 _3
Ify E(CN+1vaN+2] = INTG aNeg— |- then
5x 2 5x 2
10w AN g
4(N+1)+5 4N +9 x -
XgN+15 = ~Y6N+15 = 2 Yo~y +D)=2"" " - . <0.

91



q’ﬁmfi‘%wmmm% 2554

a o o

[ee]

n=6N +15
4N +9 4N+8
19 %2 -3 19x2 +1

Ify0 < (ans2.bn:2) = NS s |» then
5x 2 5x2

Applying Lemma 2, {(xn, Yi )} is eventually prime period-6 solution (Pﬁl) .

4N+9

4(N+1)+5 AN+9 19x 2 3

>0

XgN+15 = ~Y6N+15 = 2 Yo + (8N4 +D) =-2

5
Hence, (v#1) is true. By mathematical induction, P(») is true for all » > 0.
Note that

. . . 19
lim a, = lim b, = lim ¢, = —.
N—o0 N—»00 N—>00 5

, 19 3 3
We also note that 1f(x0, yo) = (3, —j , then (x3, y3) = (—,——j e PGZ.
5 5 5

3
Case 2: X, =-2yy +3> O(y0 < _j , then
2

X3 =|x2|— Yo +1=-2y5-1<0
Y3 = Xo +|y2|—1: —2yg +7>0,
Xq :|X3|— ¥3 +1= 4y0—5

Y4 =X3 +|y3|—1:—4y0 +5.
If x4 =-y4 =4yy -5<0, thenwe apply Lemma 2 and so {(xn, Y )}:_4 is eventually prime period-6

. 1
solution (Pe )
5 3
Suppose that x4 =-y, =4yy -5 >0(— <YYo <—j. Then,
4 2
x5 =8y -9 >0 and yg =8yy-11

5 11 . . .
If y5 =8yg-11<0 (— <yp < —) , then we apply Lemma 3 and so {(xn, Y )}O: 418 eventually prime period-6
4 8 =

solution (Pé)
11 3 . 1 3 L
Suppose that y5 =8yg-11>0 (— <yp < —j. We will prove that for yg (— , —j the solution is
8 2 8 2

eventually prime period-6 solution by mathematical induction.

For each n> 0, let Q(n)be the following statement : For y; < (an ,bn),

an+2 an+2
X6ni5 =2 Yo —(5n —2) >0,Ygn45 =2 Yo —%n

0

such that if yy (an, Cn] ,then yg,,5 <0,and so {(xn, Y )} 0 is eventually prime period-6 solution(Pé) .

n=

If yg e(cn ,bn) , then xg,,5 >0 . Thus, we have
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an+3
Xgn46 = 3 Yones =2 Yo (207 -1) >0
4n+3 An+3
X6n+7 =-2 yO +(2§n +3)>0 y6n+7 =2 yO —(2§n —3)>0
An+4 ( )
X6TH8 =-2 yO+ 45n +1 y y6n+8 =5

such that if y; (bn Y ] ,then yg,.5<0,and so {(xn, Y )}OO 0 is eventually prime period-6 solution(Pé ) .

N=

If yy e(cn ,bn+1) , then xg,,g > 0. Thus, we have
an+4 an+4
X6n+9 =2 yo +(4§n 73) <0, y6n+9 =-2 yo +(4§n +5)>0
an+5 an+5
Xgn+10 = 2 Yo —(85n +1) : Y6n+10 = 2 Yo +(85n +1)-

such that if yj e (cn ap +1], then Xgp_ 10 =—VYen+10 < 0. and so the solution is eventually prime period-6 solution

1
(rd).
If yo < (ans1:bnsa) then xgni10 =~Yens10 > 0 Where

4n+2 An+1 4An+3 an+3
-3 + -1 -

Tx 2 7x2 1 7x2 7x2

= b, = Ch = o,
n '“n n 1 On
5 24n+2 5><24n+l 5X24n+3 5

1

The proof is similar above case and it will be omitted. We can conclude that Q(n) is true for all n> 0.

Note that

7
lim a, = lim by = lim ¢y =—.
N—oo N—o0 N—oo 5

7
We also note that (3, —j e P62.
5

0

We already prove that for initial condition (xo, yo) elLand y, >0, every solution {(xn, Y )} o is

eventually prime period-6 solution (Pé or P62) . The remain case (xo, yo) elLand yy < 0.Then, x4 =3y, < 0.Thus,
X1 :lxol— Yo t1=-yg+4>0
Y1=% +|y0|—1: “Yp+2>0,
X9 =|x1|— yp+1=3
yz :Xl +|y1|—1:—2y0 +5>0.

0

We see that (x2 , yz) el and y, > 0. Applying the above case, every solution {(xn, Y )} o is eventually
prime period-6 solution (Pé or Psz). ]

Lemma 5 Every solution {( X+ Yn )}o:: o of system (1) with initial condition in 1, U 13 UQ, is eventually
prime period-6 solution (Pé or Psz).

Proof. Let (xo, yo) elyul3uQ,. Then x; <oand yy > 0.Then

X :l"ol‘ Yo t1=-Xg-yp +1

Y1=% +|y0 —1|: Xg+Yg -1
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If g =—xg -yg+1<0, then y; = x5 +yg—-1>0. We apply Lemma 2, and so (xz,yz) c Pé.
Suppose that x; =-xg-yg+12 0, then y; = x5 +yg —1<0. Thus,
X2 :|X1|—yl+1:—2X0—2y0 +3>0

Yo =X +|y1|—l:—2)(0—2y0 +1

X3 =|x2|— yo +1=3.
o0

3 is eventually prime period-6 solution (Pé or PGZ).

[]

Applying Lemma 4, every solution {(xn, Yn )}

o0
Lemma 6 Every solution {( Xn: Yn )} o of system (1) with initial condition in } Ul, UQ, is eventually prime
. . 1 2

period-6 solution (Pﬁ or Ry )
Proof. Let (xo, yo) e h ulguQy. Then xg >0and y; < 0.We have,

X1 =|x0|— Yo t1=xp—Yp +1>0

Y1=% +|yo|*1: X0 ~Yo 1L

Xo =|xo|—y0 +l=Xg-Yg+1l-%+Yyp+1+1l=3.
o0

is eventually prime period-6 solution (Pé or PGZ).

[]

Applying Lemma 4, every solution {(xn, Yn )}

n=3

Lemma 7 Every solution {( X Yn )}o::() of System (1) with initial condition in Q, is eventually period-6
solution (P61 or P62 ) .
Proof. Let(xo, VO) e Q3. Then xg <0and yy < 0. Thus,
X1 =|x0|—y0 +1=-Xxg-yg+1>0
Y1 = X0 +|y0| -1=X%g9-Yp -1
If y; = xg -yg -1< 0, then
Xo :lxll— Yy +1=-2x5 +3>0
Yo =X +|y1|—1: —2x%g +1
X3 =|x2|— yp +1=3.

o0
3 is eventually prime period-6 solution(P,s1 or P62)

Applying Lemma 4, every solution {(x,.y, )}
Suppose that y; = xy - yo ~12 0(-yg > 1) , then
Xy =|x| - yy +1=-2x, +3>0
yo =% +j|-1= 2y -1>0
xg =[xo| - vp +1=-2xq + 2y +5

y3 = X2 +|y2|—1:—2X0 - 2y0 +1>0.
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If x3 =-2xy +2yg + 5< 0, then
X4 :|x3|—y3 +1=4x5-5<0
Yg4=X3 +|y3| -1= 4%y +5>0.
Applying Lemma 2, (x5, y5) = (1 —1) € Pel-
Suppose that xg =-2xq + 2y + 5> 0, then

X4 :|X3|—y3 +1:4y0 +5

ya =% +|y3|_1: —4x0 +5>0
5
If x4 = 4yg +5>0 _:1 <yp < -1| then

X5 :|X4|—y4 +1:4X0+4y0 +1<0
Y5 = X4 +|y4|—1:—4x0+4y0+9 > 0.

We apply Theorem 5. Then, every solution {(xn, Yn )}0: is eventually prime period-6

-5
solution (P61 or P62 ) .
Suppose x4 = 4y +5<0, then
X5 :|x4|—y4 +1=4x5-4yg -9

Y5 = Xgq +|y4|—1= —4xg +4yg + 9.

0

If xg >0,then y; <0,and so we apply Lemma 6. Then, every solution {(xn, Yn )} s

is eventually

prime period-6 solution(Pé or B )

If x; <0, then y; >0,and so we apply Lemma 5. Then, every solution {(xn, Yn )}O: is eventually

=5
prime period-6 solution(PG1 or P62 ) ]
Lemma 8 Every solution {(xn, Yn )}O:zo of system (1) with initial condition in Q is eventually prime period-
6(Pé or P62 ) .
Proof. Let (xo, yo) e Q. Then xy >0and y, > 0.Then,

X1 =|x0|—y0 +l=xg-Yyg+1

Y1=Xo +|y0|—1: X0+ Yo -1
The signs of x; and y; are unknown, but if (xl, yl) cR?\ Q we apply the above Lemma to conclude that

solution is eventually prime period-6 solution. For the case that x; = xg-yg+1>0and y; =% +yg-1>0, then
Xo :lxll— V1 +1= —2y0 +3

Yo =% +|y1|71: 2% - 1.

95



q’ﬁmfi‘%wmmm% 2554

a o o

The signs of x,and vy, are unknown, but if (x2 , yz) cR?\ Q, we apply the above Lemma to conclude that

solution is eventually prime period-6 solution. For the case that x, =-2yy+3>0and

1 3
yo = 2% -1> 0| xg >—,yg <— |, then
2 2
X3 :|X2|— y2 +1= —2X0 - 2y0 +5
Y3 = X9 +|y2| -1= 2X0 - Zyo +1.
The signs of xzand yzare unknown, but if (x3, y3) cR%\ Q, we apply the above Lemma to conclude that
solution is eventually prime period-6 solution. For the case that x3 = -2xq -2y +5 > 0and
y3 =2xg—2yg+1>0 then
Xq =|x3| -y3+1l=-4yg+5
y4 = X3 +|y3|—1: —4X0 +5.
The signs of x,and y, are unknown, but if ( Xy y4) eR? \QL , we apply the above Lemma to conclude that

solution is eventually prime period-6 solution. For the case that x, =-4x;+5>0and

1 5 5
y, =-4yg+5>0| =< Xy <—=,yg<— | then
2 4 4
X5 :|X4|—Y4 +1:—4X0 + 4y0 +1
Y5 = X4 +|y4| -1=-4%5-4yg+9.
The signs of xgand ygare unknown, but if (x5, y5) cR? \Q, we apply the above Lemma to conclude that
solution is eventually prime period-6 solution. For the case that x; = 4x) +4yy +1 >0and
Y5 =-4xg—4yg+9> 0, then

X6 :|x5|—y5 +1=8yg -7

Yo = X5 +|y5|—1: —8xg +9.
The signs of xgand ygare unknown, but if (XG’ ye) e R? \Q; we apply the above Lemma to conclude that

solution is eventually prime period-6 solution. For the case that x; =8yq -7 >0and

1 9 7 5
Y6 = 8% +9>0| —<xg<=—,—<yg <~ | then
2 8 8 4

. 19 75 .. . . .
We will prove that for xj e (— , —j and y; (— , —j the solution is eventually prime period-6 solution
2 8 8 4

(P61 or P62 )by mathematical induction.

For each n>0,let P (n) be the following statement: For x e (an ,bn) and yg e (Cn ,dn)

4An+3 an+3 an+3 4n+3
XO +

Xgn+7 = 2 27 Yo~%n: Va7 =2 X *t2 Yo+l
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such that xg,, 7and yg,,7 are positive. Otherwise, the solution is eventually prime period-6

solution (Pé or P62 ) If xgn.7 and yg, 7are positive, then

an+4 An+4
Xgnsg = 2 X0=%n, Ygni8 =2 Yo~ 4

such that xg,,gand yg,,g are positive when xq e (en, bn) and yjy e (en .dp ) Otherwise, the solution is

eventually prime period-6 solution(Pé or P62 ) If xg,,gand yg, g are positive, then

an+4 4n+4 4n+4 4n+4 .
Xgne9 =2 X—2 Yo+l VYgno=2 X +2 Yo —(Zén +1)

such that xg,, gand yg,.q are positive. Otherwise, the solution is eventually prime period-6

solution (P61 or P62 ) If xg,,9and yg, g are positive, then

4n+5 4n+5
Xgnt10 = 2 X0 +(25n +3) . Yans10=2 Yo —(25n + 1)

such that xg,,j0and yg,,1o are positive when x e (an 0 bn) and y; e (en, fn) . Otherwise, the solution is

eventually prime period-6 solution(Pé or P62 ) If xgn,10and ygy 10 are positive, then

4n+5 4n+5
Xo -

4n+5 an+5
2" yo (40 +5). vanu1=2" %0~

Xgni11 = —2 2 yg +1

such that xg, 11 and yg, .41 are positive. Otherwise, the solution is eventually prime period-6

solution (Pé or P62 ) If xgn,11 and yg, qqare positive, then

an+6

X8n+12 = —24n+6X0+(45n + 5), y8n+12 =-2 yo +(45n +5)

such that xg, 1o and yg, .4, are positive when xg e (an +.dn +1) and yg (en Jdp +1) . Otherwise, the solution is

eventually prime period-6 solution(PéL or P62 ) . If xgn1pand yg, 1o are positive, then

an+6 an+6 4n+6 4An+6
Xgni13 = 2 Xg+2 Yo+l VYgnsy13=-2 Xg =2 Yo+ (85n +9)

such that xg,,13and yg,,13 are positive. Otherwise, the solution is eventually prime period-6

solution (P61 or P62 ) . If xgnyzand yg,,13are positive, then

an+7

an+7
Xgni14 =2 Yo —(85n + 7)  Y8ni14 = 2

Xg + (85n + 9)

such that xg, 14and yg, 14 are positive when x e (an +1 b +1) andy, e (Cn +dp +1) where

an+1 4An+3 an+3 4n+2 an+4
2 -1 B, 2 +1 2 -1 q 2 +1 2 -1
an = = Ch = = e. =
n 1l 1l n il n il n il
24n+:L 24n +3 24 n+3 5 an+2 24 n+4
an+5
2 + antd

fn :W,and §n =2
. 19 75

We shall show that P(0) is true. For xg e(ao ,bo) = (—,—) and yg e(co, do) = (—,—jand
28 8 4

Xg :8y0—7>0, y6:—8xo+9>0.Then
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40)+3 4(0)+3
x8(0)+7:x7:|x6|—y6+1:8x0+8y0—15 -2 X +2 Yo - %

_ A0, A3

y8(0)+7=y7=x6+|y6|—1=—8x0+8y0+1 Xg+2 o +1

The signs of x7and y; are unknown, but if (x7 , y7) eR2\ Q, we apply the above Lemma to conclude that

solution that solution is eventually prime period-6 solution. If X;and Y, are positive, then we have

4(0)+4
X8(0)+8 = X8 :|X7| - y7 +1216XO -15 =2

4(0)+4
_ A0

-

y8(0)+8=y8=x7 +|y7|—1:16y0—15 -9p-

The signs of xgand ygare unknown, but if (xs, yg) eR%\ Q, we apply the above Lemma to conclude that

. . . . . 15 9
solution that solution is eventually prime period-6 solution. The case when x; e (eo by ) = (— ,—j
16 8

15 5
and y, e(eo,d0)=[g,zj,wehave xg >0 and yg >0. Then

4(0)+4 o - ,40)+4

X8(0)+9 = %9 =|X8|— yg +1=16xg —16yg +1 =2 o +1

4(0)+4 4(0)+4
y8(0)+9 =Yy :x8+|y8|—1: 16xy +16yp —31 =2 O+ Xg+2 O+ yo—(250 +1).
The signs of xgand ygare unknown, but if (x9, yg) cR? \@Q, we apply the above Lemma to conclude that

solution that solution is eventually prime period-6 solution. If X, and Y, are positive, then we have

4(0)+5
*8(0)+10 = *10 =|"9| — Y9 +1=-32yg +33 =-2

_ 405

Yo+ (250 + 3)

Yooy 10 = Y10 = %o+ o] -1 =322 - 31 % - (260 +1).

The signs of x;gand y;qare unknown, but if (Xlo , ylo) e R \Q we apply the above Lemma to conclude that

. . . . . 31 9
solution that solution is eventually prime period-6 solution. The case when x; < (al, bo) —(— ,—jand
32 8

15 33
Yo E(EO, fo) —(E,Ej, we have X10 >0 and Y10 >0. Then

4(0)+5 4(0)+5
=2 O Xg — 2 O yo+(450 +5)

_QHONE, AN, Ly

Xg(0)+11 = A1 :|>&o| — Y10 +1= 32x9 —32yg + 65
y8(0)+11 = yll = X10+|y10| -1= 32)(0 —32yO +1
The signs of x;; and yj;are unknown, but if (xll, yll) eR%\ Q, we apply the above Lemma to conclude that

solution that solution is eventually prime period-6 solution. If X;; and Y,, are positive, then we have

4(0)+6
X8(0)+12 = X12 =|X11|— Y11 +1= —64)(0 +65 =-2 XO +(450 +5)
4(0)+6

Yg(0)+12 = Y12 = X1+t |Y11| -1=-64yg+65 =-2 % +(450 +5)_
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The signs of x5and y;, are unknown, but if (X12 , le) c R? \Q, we apply the above Lemma to conclude that

solution that solution is eventually prime period-6 solution. The case when

31 65 15 65
Xp G(al,dl)—(g,ajandyo E(E‘O,dl)—(g,a), we have X12 >0 and Y12 >0. Then

40)+6 _4(0)+6
M0N0, O

Xg(0)+13 = 13 =|X12| —Y1p +1=-64xg +64yg +1 = yo +1

4(0)+6 4(0)+6
Y3(0)+13 = Y13 = A2 +|V12| —-1=-64xg—64yg+129 =-2 Xy —2 Yo + (850 +9)_

The signs of x;3and yjzare unknown, but if (x13, y13) < R? \Q, we apply the above Lemma to conclude that

solution that solution is eventually prime period-6 solution. If x;3and y;zare positive, then we have

¥ (8% +7)
_ 0T

Xg(0)+14 = X14 :|X13| - y13 +1=128yq —127

¥8(0)+14 = Y14 = X3+ |y13| —1=-128xy +129 Xg + (850 - 9).

The signs of X, and Y,, are unknown, but if (x14 , y14) e R \Q, we apply the above Lemma to conclude that

solution that solution is eventually prime period-6 solution. The case when

31 129 127 65 .
Xg e(al,bl): —,— |and y, e(cl,dl) =| —,— |, wehave x, >0 andy;, >0. Hence P(0) is true.
32 128 128 64

Next, we assume that P(N) is true for some nven. We shall show that P(x+1) is true. Since P(w) is true, for

4N+5 4N +7 AN+7 4N+6
2 -1 2 +1 d 2 -1 2 +1
g € (aN+1' bN+1) T AN T AN and y < (CN+1' dN+1) T\ TANET T AN

AN+7 AN+7
XgN 414 =2 vo (85N +7) >0 and ygy,14 =2 xo +(8sy +9) > 0.Then,

AN+7 AN +7
X8(N+1)+7 = X8N+15 =2 X0+2 yo—(16(5N +l5)
4(N+1)43 4N+1)+3
=2 Xg +2 ¥o~(on41)
B _ U ANSTANST
Y8(N+1)+7 = Y8N+15 = ~ o Yot
4N +)+3 4(N+1)+3
=-2 (N+)+ x0+2 (N+)+ yo+1.

. . 2
The signs of  xg(n,1)+7and yg(p,1),7 are unknown, but if (X8(n +0)+7Y8(n+1) +7) eR7\Q we apply the above
Lemma to conclude that solution that solution is eventually prime period-6 solution. If xg,.4y,7and

Yg(n+1)+7 are positive, then we have

4N+8 4(N+1)+4
Xg(N+1)+8 = "8N+16 2 Xo "IN =2 X0 ~ON41

AN+8 4(N+1)+4
Y8(N+1)18 = Y8N+16 =2 Yo “ONj1 =2 Yo —ON41-

The signs of Xg(N+1)+8 and Ya(N +1)+8 AT unknown, but if (XB(N+1)+8 , y8(N+1)+8) cR%\ Q, we apply the above

Lemma to conclude that solution that solution is eventually prime period-6 solution. The case when
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AN+8 AN +7 AN +8 4N +6
2 -1 2 +1 d 2 -1 2 +1 h
XOE(eN+1’ bN+1): AN AN and yo e(eN+l'dN+l): ANTB ARG » We have
X8N +16 > 0 and YaN+16 > 0. Then,
~ AN AN
*g(N+1)+9 ~XeN417 T X0~ Yor
4N +1)+4 4(N+1y+4
Yg(N+1)r9 = YaN+17 =2 Xp +2 Yo —(25N +1 +1)-

. . 2
The signs of  xg(n,1)19and yg(p,1),9 are unknown, but if (X8(n+1)+9 , Y8(n+1)+9] eR™\Q we apply the above
Lemma to conclude that solution that solution is eventually prime period-6 solution. If xg, 4y, 9and

Yg(n+1)+9 are positive, then we have

4(N+1)45

Xg(N+1)+10 = "8N+18 = 2 o +(2y,1 +3)

4(N+1j5
Yg(N+1)110 = YBN+18 =2 X —(25N+1 +1)-

. . 2
The signs of Xg(N+1)+10 and YB(N +1y+10 2T unknown, but if (X8(N+1)+10 , y8(N+1)+10) eR™\Q we apply the above

Lemma to conclude that solution that solution is eventually prime period-6 solution. The case when

4N 4N+7
NS AN 2
XOG(aN+2vbN+1): SINTg T ANET and yg €(9N+1'fN+1):

4N+8 4N +9
-1 2 +1

ANTB T ANTY , we have

X8N +18 >0 and y8 N-+18 >0. Then,

_ A(N+1)+5 X _24(N +1)+5

Xg(N+1)+11~ 8N+19  ~ 2

o +(46y11 +5)
4N +1)+5 4(N+1)45
Yg(N+1)111 = YBN+19 =2 Xo ~ 2 yo+1

. . 2
The signs of  xg(n,1)411380d Yg(N41)411 are unknown, but if ( Xg(N-+1)+11: y8(N+1)+11) e R\ Q we apply the
above Lemma to conclude that solution that solution is eventually prime period-6 solution. If xg(,1),11 and

Yg(n+1)+11ar¢ positive, then we have

3 3 24(N+1)+6 4
Xg(N+1)+12 = 8N+20 =~ %9+ (401 +5)
4(N+1)+6

Yg(N+1)+12 = Y8N+20 = 2 Vo +(40n.1 +5).

. . 2
The signs of Xg(N+1)+12 and Ya(N +1y+12 2T€ unknown, but if (XS(N 112 YB(NAD) +12) e R“\ Q we apply the above

Lemma to conclude that solution that solution is eventually prime period-6 solution. The case when

4N+9 4N+10 AN+8
2N 1 MY i 2 + N
"05(‘7‘N+2'dN+2)= AN AND and yp e(eN+1de+2): AN AND » WE have

4N +10
2

XgN +20 > 0 and Y8N+20 > 0. Then,
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4(N +1)+6 4(N +1)+6

Xg(N+1)+13 = XgN+21  ~ 2 X *2 Yo+l

4N+1)+6 4(N+1)+6
Yg(N+1)+13 = Y8N+21 =2 X -2 Yo +(%N 1+ 9)-

. . 2
The signs of  xg(p,1)13and yg(n,1)413 are unknown, but if (x8(n 11413 Y8(n+1) +13) e R \Q we apply the above
Lemma to conclude that solution that solution is eventually prime period-6 solution. If xg1),13and

Yg(n+1)+1331¢€ positive, then we have

4(N+1)+7

=2 vo ~ (840 +7)

4N+ 7

*8(N+1)+14 ~ "8N+22

=2 X0+(85N+1+9).

Y8(N+1)p+14 = Y8N+22
. . 2
The signs of Xg(N+1)+14 and Ya(N +1y+14 2T€ unknown, but if (XS(N+1)+14 , y8(N+1)+14) e R“\ Q we apply the above

Lemma to conclude that solution that solution is eventually prime period-6 solution. The case when

4N+9 4N+11 4N +11 4N +10
2 -1 2 +1 2 -1 2 +1

XOE(aN+2'bN+2)= SANFY T ANIT andyoe(cN+2'dN+2): NI~ AN0 » we have

XgN 422 >0 and ygn 0o >0 . Hence P(N +1) is true. By mathematical induction P(n) is true for all n > 0. Note
that

lim a, = lim by = limcy= limd,= lime,= lim f, =1

x>0 1 xom 1oxoe Toxow 1 xoe T x—ow 1

The proof is complete. [

3. Conclusion
We have presented the complete results concerning the global character of the solutions to System(1).
We utilized mathematical induction, and direct computations to show that every solution of System(1) is

eventually either the prime period-6 solution P or the prime period-6 solution PZ6 . The proofs involve

62
careful consideration of the various

cases.
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