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Abstract 
Bike-sharing systems (BSS) constitute a fundamental component of sustainable transportation development, 

significantly reducing the dependence on private vehicles, mitigating traffic congestion, and addressing 
environmental challenges in densely populated urban areas. This study develops a maximum capture problem 
designed to optimize bike lane network design, with the dual objective of maximizing user adoption and spatial 
equity by addressing disparities in service accessibility across diverse BSS station locations. The proposed 
problem employs the Multinomial Logit (MNL) travel choice behavior. The independence of irrelevant 
alternatives (IIA) property of used to provides a mixed-integer linear programming (MILP) formulation. Through 
numerical examples of the Chaing Mai transportation network, the proposed MILP can determine the bike lane 
network and BSS station location to optimize the number of users. Multimodal transport is a key factor in 
promoting BSS usage, where both the BSS and public transit gain win-win situations. Spatial equity and 
transportation network characteristics play significant roles in determining the optimum BSS station location. A 
unit change in the MNL dispersion parameter has a high impact on the bike modal shift, the spatial equity, and 
bike usage distance travelled. 

Keywords: Bike-Sharing Systems, Multinomial Logit, Maximum Capture Problem, Mixed Integer Linear Programming 

1. Introduction 
1.1 Overview 

Transportation pollution is a global issue that 
accounts for approximately 16.2% of total greenhouse 
gas emissions worldwide [1]. Most governments have 
ambitious goals to reach emission levels of net zero by 
switching to renewable power sources using non-
fossil-fuel-based power. Transportation emissions 
negatively impact public health, where extremely high 
PM 2.5 levels further reduce bike-sharing uptake. 
These implications warrant air quality improvement 
policies in the context of shared-mobility planning [2]. 
Furthermore, switching to sustainable transportation 
methods is essential to reduce emissions, improve air 
quality, and guarantee sustainable cities [3]. 

Bike-Sharing Systems (BSS) have gained global 
popularity for reducing pollution, promoting public 
health, and reducing traffic congestion [4]. Integration 
of BSS with public transit, including buses, is a 
sustainable, responsive mobility mode that is 
supported by GPS tracking, smart locks, and 
convenient apps to ensure better convenience and 
operational efficiency [5]. Integration increases 
operators’ revenues and reduces the social costs of 
urban mobility [6]. BSS efficiency depends on the 
optimal placement of facilities within networks [7–9], 
with strategic planning being the key to meeting 
diverse urban mobility demands. Well-planned 

inclusive BSS solve urban mobility issues and provide 
equitable systems [10]. BSS should be strategically 
combined with comprehensive urban transportation 
planning to sustain health benefits for cycling 
[11],[12]. Governments and local authorities have 
critical responsibilities to address planning for 
cycling-friendly facilities and coverage of service 
[13],[14]. The integration of BSS with public 
transportation makes trips more convenient, reduces 
private modes of transportation, and increases mode 
alternatives [15]. Dedicated bike lanes and secure 
facilities provide user safety and encourage BSS 
acceptance [16],[17]. Station locations are 
incorporated into BSS provision and route planning 
based on geography and population density [18]. 
Strategically placed station locations enhance 
multimodal linkages and equity, while maintaining 
free flow in public rights-of-way to promote an 
efficient and inclusive urban transportation system 
[19]. 

This paper presents a mathematical model to 
develop a maximum capture problem that optimizes 
bike-sharing networks in multimodal urban 
transportation systems. Bike user numbers and spatial 
equity are maximized to address disparities in the 
accessibility of services across different BSS station 
locations. This model applies the Independence of 
Irrelevant Alternatives (IIA) property, which is 
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embedded in the Multinomial Logit (MNL) model to 
simulate travel choice behavior. Thus, the proposed 
model can be presented as Mixed Integer Linear 
Programming (MILP). Through numerical examples, 
the integration of the BSS infrastructure with the 
public transport system in the Chiang Mai 
transportation network improved both systems,  
specifically for first/last-mile travel. The fare structure 
plays a significant role in the number of users and 
connection between the BSS and public transportation 
systems. 
1.2 Literature review 

The development of Bike-Sharing Systems (BSS) 
has demonstrated the potential for urban transportation 
sustainability. Early BSS models in Amsterdam and 
Copenhagen initially grappled with theft-related 
problems, overuse, and operational inefficiencies 
owing to anonymity in accessing systems and the 
limited incorporation of technology [20],[21]. 
Advances in mobile applications, GPS tracking, and 
integration with public transportation systems have 
significantly mitigated these problems to an 
appreciable extent to render increasingly global BSS 
[22]. Systems such as Velib’ in Paris,  BIXI in 
Montreal,  and Hangzhou’s BSS highlight that equity-
focused planning enhances social and environmental 
benefits. Hangzhou investments in specialized 
infrastructure have improved accessibility while 
providing greater equity in society [23]. Hangzhou’s 
targeted investments show improvements in both 
network effectiveness and equity in accessibility [13]. 
Key BSS research focuses on optimizing facility 
placement to achieve optimum placement to match 
user demand and accessibility [24],[25]. Budget 
constraints might limit the full consideration of space 
and environmental aspects, whereas pre-established 
road infrastructure and capacity constraints will 
always exist, contributing to bottlenecks that occur 
frequently and underuse [26]. Mathematical and 
metaheuristic algorithms have been used to solve 
problems in optimizing network connections, user cost 
savings, and continuity problems; however, most 
disregard equity by not considering demographically 
heterogeneous urban wards [4]. To improve 
accessibility and system efficiency, bike-sharing 
systems require multimodal integration, with spatial 
equity. Although equity-focused models enhance 
service distribution and station location [27], their 
efficacy in first- and last-mile integration is limited, 

because they frequently do not account for multimodal 
connectivity. In contrast, location-based optimization, 
conceptually similar to the Maximum Covering 
Location Problem (MCLP), is frequently applied to 
support the best location of bike stations for 
optimizing the coverage of a bicycle network to 
financial limits. Nevertheless, the other transport 
modes provide a moderate challenge for the promotion 
of cycling in cities, which in turn leads to ineffective 
integration of bike networks with public transportation 
systems [28]. These limitations highlight the need for 
planning approaches that integrate spatial equity with 
multimodal accessibility to create more efficient and 
inclusive urban mobility systems. Quantitative tools, 
including travel pattern evaluation using smart cards, 
have the potential to optimize routes but face 
challenges in integrating interplay with transit systems 
and existing infrastructure constraints [29]. 
Multimodal transportation in relation to rail and bus 
systems to realize first-and-last mile travel modes 
raises travel rates while enabling eco-friendly travel 
behaviors [15], [30]. Despite these benefits,  practical 
challenges such as station capacity and provision of 
bikes remain an issue, while spatial equity remains 
underexplored in depth,  with accessibility differences 
in relation to factors such as income being studied by 
researchers [18],[31]. Although highlighting the 
importance of equity in planning,  research lacks 
budget-friendly options for equitable BSS 
deployment.  

Some models integrate multimodal accessibility 
and spatial equity to enhance network efficiency [32], 
relying on deterministic frameworks that optimize 
station distribution based on predefined criteria 
without capturing stochastic variations in travel 
behavior. It is necessary to realize user behavior [33] 
because deterministic models assume rational choices 
while ignoring user preferences and limitations. 
Stochastic models that take uncertainty and 
heterogeneous user behavior into consideration 
calculate travel choice probabilities based on factors 
such as distance,  convenience, and provision of bikes. 
This study applied stochastic modeling to optimize 
station placement,  bike allocation, and equitable 
service access,  ensuring system agility and 
responsiveness to real-world conditions. Several 
studies have addressed the challenge of the BSS 
network design problem, as presented in Table 1 

 
Table 1 Some cycling network design problems in the literature 

Authors (Years) 
BSS 

station 
location 

Cycling 
network 

Multimodal 
transport 

Spatial 
access 
equity 

Travel choice behavior 

Deterministic Stochastic 

Mauttone et al. (2017) [4]       
Lin and Yang (2011) [8]       

Li et al. (2013) [11]       
Conrow et al. (2018) [13]       
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Table 1 Some cycling network design problems in the literature (cont.) 

Authors (Years) 
BSS 

station 
location 

Cycling 
network 

Multimodal 
transport 

Spatial 
access 
equity 

Travel choice behavior 

Deterministic Stochastic 

Tavassoli and Tamannaei (2020) [15]       
Padeiro et al (2023) [18]       
Fazio et al. (2021) [25]       
Mix et al. (2022) [26]       

Caggiani et al. (2020b) [27]       
Ospina et al. (2022) [28]       

Akbarzadeh et al. (2018) [29]       
Wei and Zhu (2023) [31]       

Caggiani et al. (2020a) [32]       
This Study       

 
Existing BSS research recognizes key gaps in spatial 

equity, multimodal transport integration, and intricate user 
behavior. This study addresses these gaps by proposing an 
integrated framework that incorporates spatial equity 
evaluation, multimodal transport optimization, and 
stochastic modeling to account for diverse user behaviors.  

The main goal of this study is to develop an efficient 
framework for BSS network design that prioritizes 
multimodal integration and spatial equity. To address this 
issue, we develop a Maximum Capture Problem (MCP) 
model to optimally place bike stations and design a 
network. Strategies aimed at mitigating accessibility 
disparities support inclusive transportation planning, 
while ensuring spatial equity.  

This paper is divided into five sections. Next section 
describes the MNL model. Section 3  presents the 
framework and describes the proposed mathematical 
model. Numerical examples are presented in section 4 . 

Section 5  concludes the study with key insights and 
highlights potential directions for future research. 
1.3 Multinomial Logit (MNL) model 

The Multinomial Logit (MNL) model is a widely 
adopted discrete choice model. A key advantage of 
this model lies in its closed-form probability 
expression. It can be presented as Eq. (1). 

 

𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 =  

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 �

∑ ∑ ∑ ∑ 𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖 �

𝑘𝑘∈𝑅𝑅(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖𝑤𝑤≠𝑠𝑠

𝑤𝑤∈𝑇𝑇
𝑠𝑠∈𝑇𝑇𝑛𝑛∈𝑀𝑀𝑖𝑖𝑖𝑖

  (1) 

where: 
𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖  Probability of choosing route r of 
mode m passing through bike-
sharing parking facilities t between 
OD pair ij 

𝑔𝑔𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖  Generalized travel cost on route r of 

mode m passing through bike-
sharing parking facilities t between 
OD pair ij 

𝜃𝜃 Dispersion parameter related to 
travelers’ perception variance 

 
The MNL model exhibits the Independence of 

Irrelevant Alternatives (IIA) property. The probability 
ratio between options r and k remains unchanged even 
when new options are added or removed [34], as 
shown in Eq. (2). 

 
𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖

𝑃𝑃�𝑘𝑘(𝑠𝑠,w)
𝑖𝑖𝑖𝑖𝑖𝑖 =

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖) �

  (2) 

 
2. Mathematical model 

In this section, a mathematical model based on the 
Maximum Capture Problem addresses the BSS 
allocation and network design challenges, with a focus 
on spatial equity. It starts with key assumptions and 
advances to the formulation of a Mixed Integer Linear 
Programming (MILP) model. The following notation 
is used throughout this study, as shown in Table 2 
 

Table 2 The following notation is used throughout this study 
Indices Definition 

Sets 
M  Set of all modes 
A Set of potential links to install bike lane 
IJ Set of origin-destination (OD) pairs 
T Set of potential bike-sharing parking facility locations 

𝑀𝑀𝑖𝑖𝑖𝑖 Set of modes between OD pair 𝑖𝑖𝑖𝑖 ∈ 𝐼𝐼𝐼𝐼 
𝑀𝑀𝑖𝑖𝑖𝑖[𝑏𝑏] Set of modes using shared bike between OD pair 𝑖𝑖𝑖𝑖 ∈ 𝐼𝐼𝐼𝐼 

𝑅𝑅(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖  Set of routes in mode 𝑚𝑚 ∈ 𝑀𝑀𝑖𝑖𝑖𝑖  passing through bike-sharing parking facility 𝑡𝑡 ≠ 𝑣𝑣 ∈ 𝑇𝑇 

between OD pair 𝑖𝑖𝑖𝑖 ∈ 𝐼𝐼𝐼𝐼 
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Table 2 The following notation is used throughout this study (cont.) 
Indices Definition 

Sets 
𝐴𝐴𝑟𝑟  Set of potential links to install bike lane on route 𝑟𝑟 ∈ 𝑅𝑅(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖  
Parameters 

𝑞𝑞𝑖𝑖𝑖𝑖  Travel demand between OD pair 𝑖𝑖𝑖𝑖 ∈ 𝐼𝐼𝐼𝐼 

𝑔𝑔𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖  Generalized travel cost on route 𝑟𝑟 ∈ 𝑅𝑅(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖  of mode 𝑚𝑚 ∈ 𝑀𝑀𝑖𝑖𝑖𝑖 passing through         bike-
sharing parking facilities 𝑡𝑡 ≠ 𝑣𝑣 ∈ 𝑇𝑇 between OD pair 𝑖𝑖𝑖𝑖 ∈ 𝐼𝐼𝐼𝐼 

𝜃𝜃 Dispersion parameter 
𝑐̆𝑐𝑡𝑡 Cost of installing bike-sharing parking facility at site 𝑡𝑡 ∈ 𝑇𝑇 
𝑐̃𝑐𝑎𝑎 Cost of installing bike lane on link 𝑎𝑎 ∈ 𝐴𝐴 
𝐶𝐶𝑡𝑡 Capacity of bike-sharing parking facility at site 𝑡𝑡 ∈ 𝑇𝑇 
B Available budget 
𝜓𝜓 Allowable volume capacity ratio 
Λ A large number 

Variables 
𝑥𝑥𝑡𝑡 1 if shared bike parking facility site 𝑡𝑡 ∈ 𝑇𝑇 is installed, or 0 otherwise 
ℎ𝑎𝑎 1 if bike lane is installed on link a∈ 𝐴𝐴,  or 0 otherwise 

𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖  Probability of choosing route 𝑟𝑟 ∈ 𝑅𝑅(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖 of mode 𝑚𝑚 ∈ 𝑀𝑀𝑖𝑖𝑖𝑖passing through bike-sharing 
parking facilities 𝑡𝑡 ≠ 𝑣𝑣 ∈ 𝑇𝑇 between OD pair 𝑖𝑖𝑖𝑖 ∈ 𝐼𝐼𝐼𝐼 

𝑓𝑓𝑡𝑡
[𝑏𝑏] Bike-sharing travel demand at parking facilities 𝑡𝑡 ∈ 𝑇𝑇 

𝛼𝛼 Tolerance between bike-sharing parking facility locations regarding the volume-capacity 
ratio 

 
2.1 Assumptions 

Assumption 1: Shared bike riders travel solely in 
bike lanes. The implementation of bicycle lanes has a 
negligible effect on the generalized travel cost of the 
other transportation modes. 

Assumption 2: Users start or continue to ride the 
shared bike only at the BSS parking facility. Travelers 
are both accessible and egress eligible at the transit 
station. 

Assumption 3: Equity is measured based on the 
difference in the ratio between the number of BSS 
users at the facility and the capacity of the facility. 

Assumption 4: All potential bike lanes satisfy the 
safety standard, which is a fundamental requirement in 
transportation. 

These assumptions are utilized with the aim of 
streamlining the travel patterns of multimodal 
transportation. It is assumed that all travelers use 
shared bicycle ride vehicles within the installed bike 
lanes. The operators of the BSS position bicycle 
exclusively at the selected bike-sharing parking 
facilities. The objective is to optimize the use of the 
right of way among various modes of transportation 
within a given locality. It is assumed that the installed 
bike lane has a negligible effect on the overall travel 
expenses of other modes of transportation. This 
assumption may hold significant weight when 
considering that the implementation of a bike lane 

would result in a reduction in road width. This 
assumption is made to simplify a generalized travel 
cost function that would otherwise be complex. For 
equity,  the ratio between the number of BSS users at 
the parking facility and the facility capacity is adopted. 
The greater the equity,  the less the difference between 
the ratios at each location. 

Without loss of generality, this study considers 
four modes of transport in a hypernetwork, where 
multimodal transport can be considered through the 
travel route, as presented in Figure 1 Modes of 
transportation and general patterns. The four modes of 
transport include 1) auto (A), 2) transit (T), 3) shared-
bike (B), and 4) shared-bike-transit (BT). The present 
study categorizes the BSS under investigation as 
belonging to the dockless BSS and hybrid BSS 
classes. Specifically,  the BSS requires a parking 
facility for docking stations or dockless systems at the 
onset of BSS utilization. Both the A and T modes do 
not utilize BSS. In mode B,  travelers walk to the BSS 
parking facility before using the shared bike. BT mode 
refers to a form of transportation that utilizes multiple 
modes of transportation. BSS have been integrated 
into public transit systems. In the BT mode, 
commuters utilize public transportation either by 
walking or using a shared-bike. Similarly, when 
exiting the transit system, they also walked or used a 
shared-bike. 
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Figure 1 Modes of transportation and general patterns 

 
2.2 Mathematical programming 

Based on the assumptions mentioned above, the spatial 
equity-based maximum capture problem for bike-sharing 
parking facility allocation and path network design can be 
formulated as the following MILP: 
 

max 𝑊𝑊1 ∑ 𝑞𝑞𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∈𝐼𝐼𝐼𝐼 �∑ ∑ ∑ 𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖

𝑟𝑟∈𝑅𝑅(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡,𝑣𝑣∈𝑇𝑇𝑚𝑚∈𝑀𝑀𝑖𝑖𝑖𝑖[𝑏𝑏] �  

 −𝑊𝑊2𝛼𝛼 
(3) 

s.t. 

∑ ℎ𝑎𝑎𝑐̃𝑐𝑎𝑎𝑎𝑎∈𝐴𝐴 + ∑ 𝑥𝑥𝑡𝑡𝑐̆𝑐𝑡𝑡𝑡𝑡∈𝑇𝑇 ≤ 𝐵𝐵,  (4) 

∑ ∑ ∑ 𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖

𝑟𝑟∈𝑅𝑅(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡,𝑣𝑣∈𝑇𝑇𝑚𝑚∈𝑀𝑀𝑖𝑖𝑖𝑖 = 1,  (5) 

𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 ≤ ℎ𝑎𝑎  , ∀𝑎𝑎 ∈ 𝐴𝐴𝑟𝑟 , 𝑟𝑟 ∈ 𝑅𝑅(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖 , 𝑡𝑡, 𝑣𝑣
∈ 𝑇𝑇, 𝑚𝑚 ∈ 𝑀𝑀𝑖𝑖𝑖𝑖[𝑏𝑏], 𝑖𝑖𝑖𝑖 ∈ 𝐼𝐼𝐼𝐼, 

(6) 

𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 ≤ 𝑥𝑥𝑡𝑡  , ∀𝑟𝑟 ∈ 𝑅𝑅(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖 , 𝑡𝑡, 𝑣𝑣 ∈ 𝑇𝑇, 𝑚𝑚
∈ 𝑀𝑀𝑖𝑖𝑖𝑖[𝑏𝑏], 𝑖𝑖𝑖𝑖 ∈ 𝐼𝐼𝐼𝐼, 

(7) 

𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 ≤ 𝑥𝑥𝑣𝑣 , ∀𝑟𝑟 ∈ 𝑅𝑅(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖 , 𝑡𝑡, 𝑣𝑣 ∈ 𝑇𝑇, 𝑚𝑚
∈ 𝑀𝑀𝑖𝑖𝑖𝑖[𝑏𝑏], 𝑖𝑖𝑖𝑖 ∈ 𝐼𝐼𝐼𝐼, 

(8) 

𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖 + (2 − 𝑥𝑥𝑠𝑠 −

𝑥𝑥𝑤𝑤) + ∑ (1 − ℎ𝑎𝑎)𝑎𝑎∈𝐴𝐴𝑘𝑘 ,  
∀𝑟𝑟 ∈ 𝑅𝑅(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖 , 𝑘𝑘 ∈ 𝑅𝑅(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖 , 𝑡𝑡, 𝑣𝑣, 𝑠𝑠, 𝑤𝑤 ∈ 𝑇𝑇,
𝑚𝑚, 𝑛𝑛 ∈ 𝑀𝑀𝑖𝑖𝑖𝑖 , 𝑖𝑖𝑖𝑖 ∈ 𝐼𝐼𝐼𝐼, 

(9) 
 

�

�
∑ 𝑞𝑞𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∈𝐼𝐼𝐼𝐼 �∑ ∑ ∑ 𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖
𝑟𝑟∈𝑅𝑅(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡∈𝑇𝑇𝑚𝑚∈𝑀𝑀𝑖𝑖𝑖𝑖[𝑏𝑏] �

𝐶𝐶𝑣𝑣
−

∑ 𝑞𝑞𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∈𝐼𝐼𝐼𝐼 �∑ ∑ ∑ 𝑃𝑃�𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖

𝑘𝑘∈𝑅𝑅(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖𝑤𝑤∈𝑇𝑇𝑚𝑚∈𝑀𝑀𝑖𝑖𝑖𝑖[𝑏𝑏] �

𝐶𝐶𝑠𝑠

�

�
  

≤ 𝛼𝛼 + Λ(2 − 𝑥𝑥𝑣𝑣 − 𝑥𝑥𝑠𝑠),  
∀𝑣𝑣, 𝑤𝑤 ∈ 𝑇𝑇,  

(10) 

∑ 𝑞𝑞𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∈𝐼𝐼𝐼𝐼 �∑ ∑ ∑ 𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖

𝑟𝑟∈𝑅𝑅(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡∈𝑇𝑇𝑚𝑚∈𝑀𝑀𝑖𝑖𝑖𝑖[𝑏𝑏] � ≤

𝜓𝜓𝐶𝐶𝑣𝑣 , ∀𝑣𝑣 ∈ 𝑇𝑇,  
(11) 

𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 ∈ [0, 1],  

∀𝑟𝑟 ∈ 𝑅𝑅(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 , 𝑡𝑡, 𝑣𝑣 ∈ 𝑇𝑇, 𝑚𝑚 ∈ 𝑀𝑀𝑖𝑖𝑖𝑖 , 𝑖𝑖𝑖𝑖 ∈ 𝐼𝐼𝐼𝐼,  

(12) 

ℎ𝑎𝑎 ∈ {0, 1} , ∀𝑎𝑎 ∈ 𝐴𝐴,  (13) 

𝑥𝑥𝑡𝑡 ∈ {0, 1} , ∀𝑡𝑡 ∈ 𝑇𝑇,  (14) 

𝛼𝛼 ≥ 0 .  (15) 
 

Eq. (3) defines the objective function to maximize the 
usage of BSS and spatial equity. The weight parameters 
𝑊𝑊1  and 𝑊𝑊2  balance the trade-off between users and 
equity levels. In addition to the budget constraints in Eq. 
(4), which guarantees that the costs of constructing bike 
lanes and stations remain within the budget limits (B). Eq. 
(5) provides the flow conservation to 𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖  as 
representing the probability of selecting other modes of 
travel. The logical constraints in Eqs. (7)–(8) are 
incorporated based on Assumptions 1 and 2 such that for 

P�r(t, v)
ijm  ranges from 0 to 1, depending on the presence of 

relevant bike lanes and stations. Combined with the flow-
conservation constraint in Eq. (5) and Eq. (9) helps to 
define the choice probabilities in the MNL model used in 
the objective function. The second and third terms on the 
right-hand side of Eq. (9) represents logical statements 
related to P�k(s, w)

ijm . The MNL model maintains the 
Independence of Irrelevant Alternatives (IIA) for the 
probability ratio between P�r(t, v)

ijm
 and P�k(s, w)

ijm . Eq. (10) 
expresses equity, where α represents the absolute 
difference in the ratio of BSS users to station capacity, as 
defined in Assumption 3. This Eq. is linearized for 
computational efficiency in Eqs. (16)–(17). 
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⎝

⎜
⎜
⎛

∑ 𝑞𝑞𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∈𝐼𝐼𝐼𝐼 �∑ ∑ ∑ 𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖

𝑟𝑟∈𝑅𝑅(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡∈𝑇𝑇𝑚𝑚∈𝑀𝑀𝑖𝑖𝑖𝑖[𝑏𝑏] �

𝐶𝐶𝑣𝑣−

∑ 𝑞𝑞𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∈𝐼𝐼𝐼𝐼 �∑ ∑ ∑ 𝑃𝑃�𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖

𝑘𝑘∈𝑅𝑅(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖𝑤𝑤∈𝑇𝑇𝑚𝑚∈𝑀𝑀𝑖𝑖𝑖𝑖[𝑏𝑏] �

𝐶𝐶𝑠𝑠 ⎠

⎟
⎟
⎞

  

≤ 𝛼𝛼 + 𝛬𝛬(2 − 𝑥𝑥𝑣𝑣 − 𝑥𝑥𝑠𝑠), ∀𝑣𝑣, 𝑤𝑤 ∈ 𝑇𝑇, 

 (16) 

⎝

⎜
⎜
⎛

∑ 𝑞𝑞𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∈𝐼𝐼𝐼𝐼 �∑ ∑ ∑ 𝑃𝑃�𝑟𝑟(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖

𝑟𝑟∈𝑅𝑅(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖𝑤𝑤∈𝑇𝑇𝑚𝑚∈𝑀𝑀𝑖𝑖𝑖𝑖[𝑏𝑏] �

𝐶𝐶𝑣𝑣−

∑ 𝑞𝑞𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖∈𝐼𝐼𝐼𝐼 �∑ ∑ ∑ 𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖

𝑟𝑟∈𝑅𝑅(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖𝑡𝑡∈𝑇𝑇𝑚𝑚∈𝑀𝑀𝑖𝑖𝑖𝑖[𝑏𝑏] �

𝐶𝐶𝑣𝑣 ⎠

⎟
⎟
⎞

  

≤ 𝛼𝛼 + Λ(2 − 𝑥𝑥𝑣𝑣 − 𝑥𝑥𝑠𝑠), ∀𝑣𝑣, 𝑤𝑤 ∈ 𝑇𝑇, 

(17) 

 
Eq. (11) sets the allowable ratio between the number 

of BSS users at the parking facility and the capacity at 
each installed facility. Eqs. (1 2)–(1 5) describe the 
decision variables. 
2.3 Proposition 

The MILP in Eqs. (3)–(9) and (11)–(17) generate the 
maximum number of BSS users and equity under MNL 
travel choice behavior. 

Proof. assume that there are at least two routes 
connecting each OD pair. In addition,  the A and/or T 
modes are available for all OD pairs. The proof focuses 
on Eq. (9). We separate the proof into two cases. 

Case 1: When (2-xs-xw)+ ∑ (1-ha)a∈Ak ≥1,  xs 
and/or xw  and/or ℎ𝑎𝑎  correspond to P�k(s, w)

ijm  equals 0. 
According to Eqs. (6)–(8), P�k(s, w)

ijm =0. From Eq. (5) 
and Eq. (12) P�r(t, v)

ijm ∈[0, 1].  
Case 2: When (2-xs-xw)+ ∑ (1-ha)a∈Ak =0, all xs,  

xw,  and ha corresponding to P�k(s, w)
ijm  equal 1. Then,  we 

have  
 

𝑃𝑃�𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖 ,  

  ∀𝑟𝑟 ∈ 𝑅𝑅(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 , 𝑘𝑘 ∈ 𝑅𝑅(𝑠𝑠,𝑤𝑤)

𝑖𝑖𝑖𝑖𝑖𝑖 , 𝑡𝑡, 𝑣𝑣, 𝑠𝑠, 𝑤𝑤 
∈ 𝑇𝑇, 𝑚𝑚, 𝑛𝑛 ∈ 𝑀𝑀𝑖𝑖𝑖𝑖 , 𝑖𝑖𝑖𝑖 ∈ 𝐼𝐼𝐼𝐼.  

 
From the objective function and Eq. (5), 
 

 
𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖   

     + 
𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔

𝑟𝑟′�𝑡𝑡′,𝑣𝑣′�
𝑖𝑖𝑖𝑖𝑚𝑚′

�

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖   

            + ⋯ + 
𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔

𝑟𝑟′′�𝑡𝑡′′,𝑣𝑣′′�
𝑖𝑖𝑖𝑖𝑚𝑚′′

�

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖   = 1  

 
Rearranging, 
 

𝑃𝑃�𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖 =

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘(𝑠𝑠,𝑤𝑤)
𝑖𝑖𝑖𝑖𝑖𝑖 �

∑ ∑ ∑ ∑ 𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖 �

𝑟𝑟∈𝑅𝑅(𝑡𝑡,𝑣𝑣)
𝑖𝑖𝑖𝑖𝑖𝑖𝑣𝑣≠𝑡𝑡

𝑣𝑣∈𝑇𝑇
𝑡𝑡∈𝑇𝑇𝑛𝑛∈𝑀𝑀𝑖𝑖𝑖𝑖

,   

which corresponds to Eq. (1).  
The first term in the objective function 

∑ qijij∈IJ �∑ ∑ ∑ P� r(t, v)
ijm

r∈R(t, v)
ijmt, v∈Tm∈Mij[b] � provides the 

MNL choice behavior. This completes this proof.  
Proof. We assume that there are at least two routes 

connecting an origin-destination (OD) pair across different 
travel modes. This proof focuses on Eq. (9), emphasizing 
the Independence of Irrelevant Alternatives (IIA), where 
the probability of selecting route r with mode m is defined 
in Eq. (1) and derived from the IIA property in Eq. (6). We 
consider two cases:  

Case 1: When there is an installation of bike 
stations and lanes, (2-xs-xw)+ ∑ (1-ha)a∈Ak =0,  thus 
both origin and destination stations exist (xs = xw = 1) 
and all routes include bike lanes (ha = 1 for all a ∈ Ak),  
resulting in zero additional terms in Eq. (9).  

Case 2: If no stations or lanes exist, (2-xs-
xw)+ ∑ (1-ha)a∈Ak ≥1,  thus at least one infrastructure 
is missing (xs and/or xw = 0) or some routes lack bike 
lanes (ha = 0),  yielding a positive value that affects 
the route choice probability. The relationship between 
the different travel modes is expressed as follows: 

 
Auto /Transit: 
 

𝑃𝑃�𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖  ≤  

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖(𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎)�

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑖𝑖𝑖𝑖   

𝑃𝑃�𝑟𝑟_𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖   

 
Thus,  
 

𝑃𝑃�𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖 =  

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖(𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎)�

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑖𝑖𝑖𝑖   

𝑃𝑃�𝑟𝑟_𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑖𝑖𝑖𝑖 =

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖   

 
Auto /Bike:  
 

𝑃𝑃�𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖  ≤  

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖   

+(2 − 𝑥𝑥𝑡𝑡 − 𝑥𝑥𝑣𝑣) 
+ ∑ (1 − ℎ𝑎𝑎)𝑎𝑎∈𝐴𝐴𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

  
 

Installed: 
 

𝑃𝑃�𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖   

𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖   

 
Thus,  
 

𝑃𝑃�𝑟𝑟_𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖  =

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖   
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𝑃𝑃�𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 =

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖   

 
Absent: 
 

𝑃𝑃�𝑟𝑟_𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖  + Positive Value 

 
Transit /Bike: 
 

𝑃𝑃�𝑟𝑟transit
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟transit
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖   

+(2 − 𝑥𝑥𝑡𝑡 − 𝑥𝑥𝑣𝑣)  
+ ∑ (1 − ℎ𝑎𝑎)𝑎𝑎∈𝐴𝐴𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏   

 
Installed: 
 

𝑃𝑃�𝑟𝑟_transit 
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_transit 
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖   

𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_transit 
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_transit 
𝑖𝑖𝑖𝑖   

 
Thus,  
 

𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 =

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_transit 
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_transit 
𝑖𝑖𝑖𝑖   

𝑃𝑃�𝑟𝑟_transit 
𝑖𝑖𝑖𝑖 =

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_transit 
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖   

 
Absent: 
 

𝑃𝑃�𝑟𝑟_transit 
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_transit 
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 + Positive Value 

 
Bike/ Bike: 
Between bike routes r and k: 
 

𝑃𝑃�𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑘𝑘𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖   

+(2 − 𝑥𝑥𝑡𝑡 − 𝑥𝑥𝑣𝑣)  
+ ∑ (1 − ℎ𝑎𝑎)𝑎𝑎∈𝐴𝐴𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏   

 
Installed: 

 

𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖   

𝑃𝑃�𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖   

 

Thus,  
 

𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 =

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖   

𝑃𝑃�𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 =

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖   

 
Absent: 

 

𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖  + Positive Value 

𝑃𝑃�𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 
𝑖𝑖𝑖𝑖 ≤

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑘𝑘_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

𝑒𝑒𝑒𝑒𝑒𝑒�−𝜃𝜃𝑔𝑔𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖 �

 𝑃𝑃�𝑟𝑟_𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝑖𝑖𝑖𝑖  + Positive Value 

 
The relationship between the two travel modes 

shows that when bike stations and lanes are installed, 
(2-xs-xw)+ ∑ (1-ha)a∈Ak =0, resulting in the probability 
of choosing route 𝑃𝑃�𝑟𝑟𝑡𝑡,𝑣𝑣

𝑖𝑖𝑖𝑖𝑖𝑖 depending solely on the relative 
generalized costs, consistent with the IIA property. In 
contrast, when bike stations and lanes are not installed, Eq. 
(6)–(8) yield (2-xs-xw)+ ∑ (1-ha)a∈Ak ≥1 , making the 
probability 𝑃𝑃�𝑟𝑟_(𝑡𝑡,𝑣𝑣) 

𝑖𝑖𝑖𝑖𝑖𝑖 dependent on more than just the relative 
generalized costs, because of violating the IIA property. 
This completes this proof.  
 
3. Numerical example 

An analysis of the characteristics of the MILP model 
was demonstrated through a simulation of the 
transportation network in Chiang Mai (Figure 2). 
Located in northern Thailand, the city is endowed with a 
rich cultural heritage, beautiful natural scenes, and lively 
urban life, all of which are key tourist attractions for both 
locals and foreigners. The growth in the city is greatly 
dependent on the tourism sector, and many activities are 
organized around its historical sites, outdoor activities, 
festivals celebrating colors, and markets. As part of the 
overall public transport master plan for the city, Chiang 
Mai is also developing a Light Rail Transit (LRT) system 
of three lines (blue, red, and green), aimed at linking 
some of the most important places and promoting 
sustainable mobility. Additionally, the government 
initiated a Non-Motorized Mobility program by 
integrating the BSS as a crucial component to 
complement the LRT, thereby providing an eco-friendly 
way of getting around in Chiang Mai. Computational 
experiments were conducted on a workstation with an 
Intel 11th Gen Core i5-11400H processing unit (2.70 
GHz, 6 cores, 12 threads) and 16GB of RAM. The MILP 
was run in Python 3.10.11 using PuLP 2.7.0, run via the 
CBC solver from PyCharm 2024.3.1.1. 
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Figure 2 Potential bike lane and parking facility site in city of Chiang Mai 

 
We set W1 = 0.7 and W2= 30 to balance the 

difference in scale between bike demand (hundreds ) 
and equity (i.e., α typically 0.1–0.3). In scenario 1 

without LRT integration (Figure 3), the model 
activates nodes of bike stations (xt = 1) and installs 
bike lanes (ha = 1) according to Eqs. (6)–(8) into a 
connected network that users can navigate through 
many possible routes in an urban area. The network 
still features widely distributed bike parking locations; 
however, in certain corridors not reached by these bike 
lanes, private cars may still be necessary. 

The acceptable tolerance in bike usage to capacity 
ratio (𝛼𝛼 = 0.15) remains the highest at 0.27 and the 
lowest at 0.12, defining the maximum tolerance (α) 
value across all other stations, defining BSS equity 
aligning with Eq. (10). The bike usage to capacity ratio 

�𝑓𝑓𝑡𝑡
[𝑏𝑏]

𝐶𝐶𝑡𝑡
� analysis, considering both pickup and drop-off 

stations, reveals that the maximum difference in bike 
usages to capacity defines α. A smaller α indicates 
higher equity across stations, whereas a larger α 
signifies lower equity (Figure 4) .  The similar pickup 

and drop-off ratios across stations indicate a balanced 
utilization of bicycles throughout the network. 

 

 
Figure 3 Bike Station and  Lane  

Locations (Scenario 1) 
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Figure 4 Station Usage Ratios 𝑓𝑓𝑡𝑡
[𝑏𝑏]/𝐶𝐶𝑡𝑡 

at Pickup and Drop-off Station 
 

In the BSS with LRT scenario (Figure 5), stations 
adjacent or on LRT stops would be in the modality to 
enhance accessibility for bike-transit choice even from 
short-distance cycling and long-distance BT. The system 
indicates that total travel distance (TTD) is 324.44 km to 
be dedicated to the bike routes: specifically, 95.12 km is 
set apart for the first and last mile trips, demonstrating 
increased bicycle use, specifically for short connections. 
LRT also changes BSS usage patterns dramatically, 
enhances first- and last-mile connections, and adds to the 
total travel distance to bicycle segments. However, equity 
concerns become more pronounced as demand 
accumulates at LRT stations. 

The equity variable (α) is 0.28, indicating an increase 
in the overall usage of BT. This has mainly been attributed 
to higher bike replenishment at stations adjacent to LRT 
stops, which causes demand fluctuations throughout the 
network. The system maintains a reasonable level of equity 
among the increasing number of bike users, which implies 
the development of the bike-transit system. 

Additionally, the TTD accounts for 100.4 km of 
walking, reflecting foot-based segments from one’s origin 
to a bike or LRT station or from the station to the 
destination. Despite the availability of bike-transit (BT) 
travel, walking remains essential for short links, 
reinforcing the model’s multimodal integration. 

 

 
Figure 5 Example of Bike Station and Lane 

Locations (Scenario 2) 

Comparison of the station usage ratios between the 
without-LRT mode (Scenario 1) and the LRT mode 
(Scenario 2) (Figure 6). In Scenario 2, most bike 
stations are installed near or at the LRT station (e.g., 
node 28) to accommodate bike-transit transportation, 
resulting in higher bike-user demand, reflecting the 
increased propensity for BT travel. LRT stations show 
significantly increased usage once a station is 
introduced there (e.g., node 75), whereas some 
stations  (e.g., nodes 11 and 19) are no longer installed 
because demand has shifted toward BT alternatives, 
leading to station relocations closer to BT corridors. 
Bike utilization at each station stays within its 
capacity, guaranteeing that no station exceeds its 
allotted amount. To prevent overcrowding, the usage 
ratios remained within ψ (e.g., 0.8). (Eq.(1 1)). 
Optimizing ψ levels helps manage station usage by 
preventing overcrowding and ensuring a spatial equity 
distribution. 
 

 
Figure 6 Comparison of Station Usage Ratios 

in Scenario 1 and Scenario 2 
 

When varying the weights in the objective 
function, it was observed that increasing W2 
significantly reduces α (Figure 7), as the model places 
more emphasis on minimizing disparity across 
stations. Conversely, increasing W1 leads to higher 
total bike demand (Figure 8), as the model prioritizes 
maximizing user adoption. This trade-off confirms the 
model's ability to respond to policy preferences 
between maximizing usage and promoting spatial 
equity. 

 

 
Figure 7 Effect of W2 on α 
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Figure 8 Effect of W1  on Bike Demand 
 

In a Multinomial Logit (MNL) model, the 
dispersion parameter (θ) governs the degree of 
stochasticity in choice behavior by scaling the 
generalized cost. In this study, we adopt the negative 
of the dispersion parameter, denoted as –θ, to 
represent the reversed scaling effect. This allows us to 
examine the relationship between the degree of 
stochasticity in choice behavior and the relative 
influence of generalized costs on decision-making. 
When θ is higher, stochasticity decreases, leading to 
more deterministic choices where the influence of 
lower  𝑔𝑔𝑟𝑟(𝑡𝑡,𝑣𝑣)

𝑖𝑖𝑖𝑖𝑖𝑖  options dominate.  
As θ decreases, travelers exhibit more stochastic 

behavior, making choices more dispersed to other 
modes rather than strictly favoring the lowest-cost 
cycling option (Figure 9). On the other hand, as θ 
increases, travelers become more sensitive to cost, 
increasing their preference for bicycles because of 
lower generalized costs. This shift is reflected in the 
total bike travel distance (TTD). In addition, walking 
still appears where station placement (t, v) does not 
align perfectly with origins (i) and destinations (j), 
thus supporting a foot-based link for shorter 
connections. 

 

 
Figure 9 Effect of θ on TTD 

 
While α increases alongside total bike demand 

(Figure 10), this change reflects a redistribution of 
demand rather than fundamental inequity (Figure 11). 
The model amplifies the cost differences, naturally 
guiding users toward more cost-effective stations and 

routes. However, this also ensures that bike 
availability remains sufficient across the network. 
Given a significant increase in users, the observed 
increase in α remains within a reasonable range 

meaning that this difference is still manageable and 
reflects cost-sensitivity in user preferences and station 
attractiveness. It does not cause severe imbalances or 
service failures but rather represents a practical trade-
off between promoting bike adoption and maintaining 
spatial equity. indicating that the model contributes to 

the trade-off between adoption and equity. 
 

 
Figure 10 Effect of θ on Bike Demand 

 

 
Figure 11 Effect of θ on Equity Distribution (α) 

 
This effect is expected when travelers respond to 

financial incentives, even though increasing θ shifts 
demand toward more cost-effective corridors. These 
findings demonstrate the model's ability to change 
travel behavior while maintaining equity. Future 
adjustments to station locations and pricing strategies 
could further support the system's main goal of 
promoting bike utilization and spatial equity by further 
optimizing demand distribution. 

 
4. Conclusions and remarks 

This paper presented a framework for developing 
a bike-sharing system to address complicated urban 
travel demand through the Multinomial Logit (MNL) 
model and Maximum Capture Problem (MCP) to 
enhance spatial equity in bicycle access. Numerical 
analysis, applied to a simulated transportation network 
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in Chiang Mai, explored the characteristics of a 
Mixed-Integer Linear Programming (MILP) model 
under different scenarios, particularly examining the 
impact of the dispersion parameter (θ), which 
governed stochasticity in travelers’ decision-making. 
Findings revealed that as 𝜃𝜃 increased, travelers 
exhibited higher cost sensitivity, leading to an 
increased reliance on bicycles due to their lower 
generalized cost. This aligned with the goal of 
promoting sustainable mobility, as demonstrated by a 
rise in total bike travel distance (TTD) as well as 
increasing overall bike demand.  

However, the natural consequence of heightened 
cost sensitivity is a more concentrated demand pattern, 
reflected in an increase in the equity index α. This 
illustrates how economic incentives influence user 
behavior in a cost-driven system, rather than a basic 
equity problem. The observed redistribution of 
demand followed a predictable trend: travelers 
preferred minimizing costs that led to density within 
corridors, while higher usage at certain stations 
corresponded to reduced growth at others. This 
indicates an inherent trade-off in maximizing 
efficiency with a perfectly evenly distributed demand. 
Notably, although clustered demand might have 
occurred, bicycle access remained sufficient across the 
system, ensuring that no areas faced critical shortages. 
The increased value of α is simply a natural outcome 
of cost optimization under efficiency among users in  
the system.  

These findings reinforce the model's ability to 
maintain network accessibility in addition to 
stimulating total bicycle adoption. Further refinements 
could explore additional strategies to enhance the 
demand balance, while the present model could 
benefit from the incorporation of these adaptive 
pricing strategies, allowing for the maintenance of 
spatial equity with greater flexibility despite its 
existing customs of optimizing cost efficiency. 

Examining the utility of bicycle users in relation to 
interactions with other modes of transportation and the 
non-exclusive use of bike lanes presents an intriguing 
avenue for future research. Incorporating factors such 
as inconvenience and discomfort associated with 
bicycle usage could provide a more accurate reflection 
of real-world scenarios. 
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