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Abstract:

Functional gradation of materials in a component, whether metal-metal, metal-
ceramic, or ceramic-ceramic, offers benefits such as high toughness and strength
at elevated temperatures, which are desirable traits in rotating disks. With the
advent of FGMs, isotropic material components began to be replaced. In the
present study, Thermo-mechanical stress analysis on rotating disks was
performed for isotropic materials (both metal and ceramic), and their results
were compared with those of a linearly varying functionally graded (FG) disk.
The approach utilized is the Variational principle, deriving the solution through
Galerkin's error minimization method. Comparison plots of displacement, radial
and tangential strains, as well as radial, tangential, and von Mises stresses, were

Dehradun 248007, India presented to illustrate the advantages of advanced materials such as FGMs

(functionally graded materials) over isotropic materials. The study reveals the
benefits of functional grading of disks over those made of isotropic materials.
Moreover, the analysis was performed for uniform as well as tapered disk

profiles.
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1. Introduction

Mostly, metal-ceramic combinations are used, and due to the integration of two different materials, metals and
ceramics, the graded material attains the properties of both. As a result, the final component possesses characteristics
like a high strength-to-weight ratio and wear resistance, which have applications in various sectors such as aerospace,
nuclear energy, electronics, power plants, biomaterials, commodities, in cutting tools, and data storage devices [1],
[2], [3], [4]. Stresses in rotating structures like a disk can be altered by changing either the profile or by changing the
material with different gradations [5]. A study of different disk profiles, such as concave, convex, and linear variation,
demonstrates that a concave-thickness disk is the lightest in weight [6]. Also, there are several methods to formulate
and solve the problem, such as the Fredholm integral equation [7], a semi-analytical method [8], the complementary
functions method [9], Galerkin’s, and Runge-Kutta methods [10].

A tangential stress in a disk can be kept constant by maintaining an arbitrary variation of shear modulus [11]. A
nonlinear constrained optimization problem has been suggested to mitigate the stresses linked with functionally
graded structures [12]. Modeling of FGMs can be formulated by two approaches: In the first case, the variation in the
material property is considered directly, which could be a power law [13], [14], trigonometric law [15], exponential
law [16], etc. In the second case, a variation in material composition, i.e., volume fraction, is varied. Due to the
different thermo-mechanical properties of the two mixed materials, which vary along a particular direction, there is
a possibility of delamination. However, with recent advancements in fabrication techniques, it has become possible
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to achieve gradation according to power law, sigmoid law, exponential law, or other models. Despite these options,
linear gradation is generally preferred [17]. The material properties of graded material can be formulated with several
approaches, such as the rule of mixture (ROM)[18], the Mori-Tanaka [19], and others, modified rule of mixture
(MROM) [20], etc. In one of the studies, various modeling methods, such as ROM, Mori-Tanaka, Halpin—Tsai, and
others, were tested for different combinations of materials covering a wide range of material types. The results
illustrate that the Halpin—Tsai model matches well with the experimental data published in the literature [21],[22]. In
[23], presented an exact analytical solution for FG thick-walled cylinders under combined thermal and mechanical
loads, validated by FEM. The benefits of the dynamic response of FG structures, such as shells, beams, plates, and
sandwich structures, have been studied [24], [25], [26], [27]. The material gradation in these structures can be
unidirectional [28], [29], [30], [31], bidirectional [32], or multidirectional [33], [34]. During the fabrication of FGM,
porosity develops. To analyze the behavior of the structure for various porosity distributions, extensive research has
been conducted [24], [35], [36], [37]. To avoid the development of porosities, the process parameters, such as
sintering temperature, holding time and temperature, compaction load, scan rate, and melting temperature, need to be
optimized [38], [39]. Apart from the discussed material modeling methods of composites and FGMs, there are several
other approaches that can also be utilized [40], [41], [42].

With increasing interest in the fabrication of FGMs, new methods are being investigated. The well-known methods
are centrifugal casting [43], [44], powder metallurgy [45], [46] and additive manufacturing [47], [48], [49], [50], [51].
The selection of the right method depends on various factors like the geometry and grading requirements. For
example, the gradation can be continuous in continuous casting, when the operating parameters like mold rotational
speed, mold pouring temperature, melting temperature, etc [43], [44], [52]. On the other hand, the powder metallurgy
method allows layer-wise development of structure where each layer is assigned with different composition. The
fabrication of a disk graded with was performed using the powder metallurgy method. A three-layered disk made of
a combination of Al and Al,O3 material was developed, and characterization was performed. The optical images
depict and confirm the successful fabrication of the FG disk [53]. Furthermore, the analysis was extended to develop
a five-layered disk made of Al as the matrix and SiC as reinforcement. Stress analysis was also performed using finite
element studies confirms stress jump reduction with an increase in the number of layers [54]. The greater the number
of layers, the stronger the interfacial bonding and the lower the chance of disk delamination [48], [55]. In one of the
studies, a wire arc additive manufacturing method was used to develop low alloy and austenite steel-based FGM, and
a 46 % increase in tensile strength [56]. Moreover, a functionally graded A17075T6 suspension plate reinforced with
graphene and B4C using stir casting was fabricated. Mechanical testing and microscopy confirmed improved hardness
and fatigue strength, with only 5.1% deviation between experimental and computational material gradation estimates
[57]. A Cu/SiC axially graded FGM beam was fabricated using powder metallurgy. Microstructural and hardness
analysis confirmed uniform SiC distribution, reduced porosity, and increased hardness with higher SiC content,
supporting applications in rotor blades, gears, and implants [58]. Four-layered W-Cu and diamond/W-Cu FGMs were
fabricated via microwave sintering. The addition of tungsten-coated diamond enhances thermal conductivity and
shock resistance. Microstructural analysis confirmed improved properties, with optimal results at 1200 °C for 10-30
minutes [59]. To enhance the performance of rotating structures, future research can focus on tailoring material
properties to minimize induced stresses, as well as employing optimization approaches like differential evolution,
particle swarm optimization, and genetic algorithms [60], [61], [62], [63].

As discussed, there are many modelling techniques available, but to effectively estimate the properties of functionally
graded materials, the Halpin-Tsai model is employed. The disk profile changes from uniform to tapered, ensuring the
mass of the disk remains constant. To date, considerable research has been conducted on the analysis of FG structures;
however, their comparative study with homogeneous materials has not been performed previously. For the first time,
stress and strain plots of metal, ceramic, and graded material have been performed for a uniform and tapered disk. A
comparison of stresses in pure metal, pure ceramic, and graded material is studied to realize the benefits of
functionally graded materials in rotating disks. The material under consideration, Al-Al,O3, holds promise for high-
temperature structural applications. An energy method was employed to study the rotating disk problem. The
presented results offer valuable insights for industries seeking to establish application-specific material gradation
guidelines.

1.1 Research objectives

(a) To apply the variational principle and Galerkin’s error minimization method for evaluating stress and strain
in rotating disks.
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(b) To conduct a comparative analysis of isotropic metal, ceramic, and linearly graded materials under identical
thermal and mechanical loading conditions.

(c) To assess the impact of disk geometry, particularly uniform and tapered profiles, while maintaining constant
disk mass across configurations.

(d) To quantify and visualize displacement fields, radial and tangential strain, and stress distributions (radial,
tangential, and von Mises) for different material compositions.

(e) To provide insights that aid the selection of material gradation strategies for rotating components in structural
and thermal environments.

2. Material grading and mathematical formulation
2.1. Volume fraction

The gradation variation because of change in composition of metal and ceramic (V,,) and (V) is given by Eq. (1) for
grading index (n) =1, and plotted in Figure 1(a).

v, =[r_“J PV, =17, M
b—a
2.2 Mass density of FGM

For mass density, rule of mixture is used, given by Eq. (2), and plotted in Figure 1(b); the density values of Al and
ALO; are taken as 2700 kg/m? and 3960 kg/m’.

P,=P,. VPV . (2)
2.3 Effective Young’s modulus of FGM

The Halpin-Tsai method was utilized to effectively estimate the Young’s modulus of the material. The term & is
considered as 2, as the particle shape can be a square/ circular, which has an aspect ratio of unity. The Young’s
modulus and thermal expansion coefficient of Al and Al,Os are taken as 67 GPa, 25x10°%/K and 393 GPa, 8x10°%/K,
respectively. Figure 1(a-c) illustrates the variation of the material properties along the disk radius. Eq. 3 is a Halpin-
Tsai model used to calculate Young’s modulus and thermal expansion for FGM.

L+ &V, PP -1
ﬁ:ﬂ;where nzf—”’ and 5:2ﬁ (3)
Pm l_an Pf /Pm+§ b

Figure 2 shows a disk of depth &y with radius values at the inner and outer as a and b. The disk rotates at an angular
speed, @. Considering the disk to be thin, a plane stress state is employed. The energy method is utilized, involving
the computation of strain energy and work potential. Identification of variables is achieved through stress-strain and
strain-displacement relationships. The displacement obtained from the displacement formulation is used to get the
strains, and from the strains, stresses are identified. With the variation principle, the calculation becomes simpler. A
detailed derivation of the same, along with the solution algorithm, can be seen in [64].
By employing energy method and normalizing (&) =(r-a)/(b-a), and 7 = (b-a), thus obtained:
2 _ 2
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Fig. 1. (a) Volume fraction of ceramic (b) Mass density of FGM (c¢) Young’s modulus of elasticity

SECTION A-A

Fig. 2. Linearly graded rotating disk

The polynomial form of displacement is assumed as:

w@=>cip;, i=1,23......... g &
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Here, ¢; are the trial functions considered using the Gram—Schmidt scheme. A free-free boundary condition, (o).
=(o:)p=0, is utilized in the study. It has application in rotating components where some radial movement at the root
is allowed, like gyroscopes, turbine rotors, or flywheels during unconstrained spinning.

2 2 2,2
¢o(r)=—w r(3+ﬂ)[@{(b2+a2)(1-ﬂ)-1_'u r2+%(l+ﬂ)}]

8 E(S) 3+u r
(6)

r 2 2b
a l=p)r” +(1+pa
+28) | T(Erdr+ 174 . (2 ) [T(@rdr
f a b”-a a
Substituting, the equation thus becomes;
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The variational operator (§) is substituted as i, j=123, 4,,_,;1/‘_ By applying Galerkin's error minimization
dc,

principle. This process yields the following algebraic equation.
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Equation (8) can be represented as {c¢} = [K]'{R} and solved numerically for unknown coefficients.
3. Results and discussion
Stress analysis of pure Al, pure AlLO;, and graded Al-Al,Os was carried out for angular velocity (@) =300 rad/s.
Figure 3(a) shows the uniform thickness disk obtained by substituting 0=0 in Eq. 9, while the value of a=0.98 and
B=1 for a tapered disk profile. The present methodology is validated with Reference [65] and reported in [66]. In [66],

The comparison is done for the power law variation of Young’s modulus and density, and is omitted here to maintain
the brevity of the manuscript.

W)= h {1—(1(4)/3 } ©)

The following are the normalized variables used:

Fzg,ﬁzp(r),E:E(r),
b Po Ey
— _O-y(r) - O
G, = , 0= —
O'yo O'yo
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(a) (b)
Fig. 3. (a-b) (a) Uniform thickness (b) Tapered disk
3.1 Stresses induced in a uniform thickness disk at constant angular speed

The results of stress analysis of a disk of constant thickness can be seen from Figure 4; the stresses were minimum
for metal (Al) and maximum for ceramic (Al,O3). The stresses are intermediate in the FG disk between both metal
and ceramic disks, which shows the advantages of utilizing a graded disk that optimizes disk performance.

Figure 4(a) illustrates radial stress in a disk. The magnitude of stress is zero at the root and tip of the disk because of
the imposed boundary conditions; its magnitude is maximum at r=0.3 (approx). Figure 4(b) shows the variation of
tangential stress, which is maximum at the root. Similarly, the variation of equivalent stress (von Mises stress) is
plotted, which follows the same trend as that of tangential stress, please see figure 4(c). Furthermore, the variation of
displacement, radial strain, and tangential strain is plotted in Figure 4(d-f).

3.2 Stresses induced in a tapered disk at constant angular speed

Figure 5(a) shows the variation of radial stress, which follows the same trend as that of a uniform thickness disk. For
the case of tangential stress and von Mises stresses, there is a shift in the stresses beyond the value of r>0.7, the
magnitude of the graded disk becomes maximum, followed by alumina and aluminum, please see Figure 5(b-c). In
the strain plot, please see Fig. 5(d-f), a switching of the strain with the graded material and aluminum was seen, but
the difference in their magnitude is negligible compared to the disk made up of alumina.
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3.3 Thermo-mechanical stress analysis of a uniform thickness disk at constant angular speed

It is assumed that the Conductivity (k) of the FG disk varies along the radial direction as per the rule of mixture.
Further, for a one-dimensional steady-state heat conduction equation, the Temperature variation in a radial direction
is computed for the first seven polynomial series terms. Constant temperature boundary conditions are imposed at
r=a, T=Ty, =25 °C and at r=b, T=T=500 °C.

Fig. 6(a-b) illustrates the induced radial and tangential stresses. Fig. 6(c) shows the variation of von Mises stress
along the disk radius. From the Figure, it can be seen that thermo-mechanical stress induced at the root is maximum
for alumina, followed by the FGM disk and aluminum. Beyond a certain value of radius there is reversal of stresses
is seen, but it has no role in the performance of the disk because yielding always occurs at the root.
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3.4 Thermo-mechanical stress analysis of a tapered disk at constant angular speed

Compared to centrifugal load only, the stresses induced are higher for thermo-mechanical loadings. Fig. 7 shows the
magnitude of stresses induced in a tapered disk, which is lower than that of uniform thickness because the thickness
of the root of the disk is larger where the maximum centrifugal load occurs. For the present thermal boundary
conditions, the overall sum of stresses is higher, whereas if the boundary conditions reverse, there may be a possibility
that it acts as stress relieving, but such boundary conditions are not practically applicable. Also, a constant state of
stress was obtained for the case of the FG disk, which indicates a disk of uniform strength can be developed.
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4. Conclusion

Following a thorough analysis of the available literature, several material models were explored to determine the best
one for correctly capturing experimental data so that the obtained solution, i.e., the stresses and strains, can be
considered as accurate ones. As a result, the Halpin-Tsai model was used to accurately estimate mechanical
parameters. The Halpin-Tsai model for FGMs is simple to apply; it has just one variable that is determined by the
form of the particle. For analysis, the particle's form is considered to be spherical. Depending on the application in
rotating axisymmetric constructions, two alternative materials can be used to provide optimal performance. In the
case of rotating disks, metals are employed at the root and ceramics at the tip, with graded materials in between.
Because metal will provide the necessary hardness, and ceramics. The current analysis is carried out taking the
grading index (n) as unity. Varying the grading index by higher than or lower than unity either increases or decreases
the performance of the component further, depending on whether the graded mixture is rich in metal or ceramic.
Therefore, the present study is important for design engineers in estimating the performance of functionally graded
rotating structures under such conditions. This analysis provides valuable insights into the distribution of stresses
across different disk profiles under constant speed conditions and thermal loadings, highlighting the variations in
stress patterns and their implications for structural integrity and performance.
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