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1. Introduction

The buckling delamination of plates with cracks or defects is a critical area of study in structural mechanics [1].
Research has explored various aspects, including sandwich plates [2], viscoelastic sandwich plates with interface
cracks [3], thick sandwich plates with through-width delamination [4], composite plates with pre-existing circular
delamination [5], and debonded sandwich panels with soft cores [6]. These studies employ different analytical
approaches, such as three-dimensional geometrically nonlinear field equations, shear deformation plate theories,
finite element methods, and variational principles. Factors influencing buckling behavior include material properties,
crack location and geometry, loading conditions, and boundary conditions. The research highlights the importance of
considering multiple failure modes, as the dominant mode may change during delamination progression.
Additionally, higher-order theories have been found to provide more accurate results compared to first-order models
in predicting mechanical fields and critical loads.

Local buckling delamination in piezoelectric-metal layered composites may occur due to the presence of debonded
regions between the layers when subjected to compression. The occurrence of local buckling delamination is more
prevalent in the piezoelectric layers adhered to the surface of a host structure composed of elastic materials, such as
metals.
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The agglutination procedure occurs when piezoelectric plates are affixed to structures and utilized like receivers or
detectors during different forms of non-destructive testing for defects [7]. Delaminated piezoelectric elastoplastic
laminated beams subjected to hygrothermal conditions were studied for postbuckling and delamination growth in [8].
These assembly processes result in the rupture of the bonds formed at the surface between the elastic and piezoelectric
substrates, causing local buckling and delamination of the substrates under compression. To reduce buckling
delamination, electromechanical relationships in piezoelectric and elastic layered systems should be examined.
Recent studies have focused on the buckling, or loss of stability, of structures composed of piezoelectric materials
[9-13].

The research initiated in paper [14] is furthered in paper [15], which investigates a PZT+Metal+PZT sandwich
circular plate-disc with penny-shaped interface fractures exhibiting axisymmetric buckling delamination. As a result,
the studies in papers [13,14] address the relevant 2D problems, while research on the three dimensional buckling
delamination issues pertaining to elastict+piezoelectric layered systems remains entirely lacking. In view of the
situation and the importance of investigating the relevant three dimensional problems, buckling delamination of a
sandwich PZT+Metal+PZT plate with interface band cracks in [15], with interface edge cracks in [16], with two
parallel interface-band cracks in [17] were investigated. In these three-dimensional analyses, a uniform uniaxial
vertical force solely subjects the plate to compression from its two lateral surfaces.

Recent studies have also examined the post-buckling behavior of sandwich composite beams made of functionally
graded material (FGM) faces and functionally graded porous (FGP) cores under high-temperature loads, providing
insights into the thermal effects on stability [18]. Analyses on thermal vibration and stability of sandwich skew plates
with functionally graded porous cores have further expanded the understanding of dynamic responses in such
structures [19]. Additionally, the nonlinear transient response of sandwich beams with functionally graded porous
cores under moving loads has been investigated, highlighting the importance of considering dynamic loading
conditions [20]. Transient responses of sandwich plates with a functionally graded porous core have been studied
using the Jacobi-Ritz method, offering alternative analytical approaches [21]. Dynamic analysis of functionally
graded sandwich plates under multiple moving loads by the Ritz method with Gram-Schmidt polynomials has also
been conducted, contributing to the development of more accurate predictive models [22].

In the current study, the three-dimensional buckling delamination mode of the embedded interface cracks of the thick
piezoelectric sandwich plate under the effect of biaxial external pressure force in the direction of the cracks will be
examined for various problem parameters.

2. Theory of the Problem

The exact field equations of Three-Dimensional Electro-Elasticity Theory and the piecewise homogeneous body
model are used to create the mathematical model of the problem. Figure 1 illustrates the geometric configuration and
loading conditions of the piezoelectric sandwich plate.
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Fig. 1. The loading condition and the geometry of a rectangular thick plate with embedded cracks:
(a) the entire solution domain, (b) one-eighth of the solution domain, (c) the loading statement.
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The solution domain of the boundary value problem under consideration,
Q=0Q,00Q,.Q,-57 -5 (1)
where,

Q,={0<x<0;0<x, <h;0<x, <0},
Q,={0<x, <l;h, <x,<h.+h;0<x, <0, }, )

Q,={0<x, <l h.+h.<x,<h;0<x,</,},

ST={(0,=0,0)/ 2<% (0, +0,0) 2, = hy FO(0y —030) 123, < (0 +£)/ 2},

_ 3)
SE={(0, = 0,)/ 2<% S(+0,0)/ 2%, = hy +he FO; (0, —040) /2<%, < (0 +£4)/2)

In (1) Q,, Q, and Q, are the layers at the bottom, middle and top, respectively; S; (S;) are the lower (upper

indices “-“i.e. S, (S,)) and upper (upper indices “+“i.e. S, (S;)) surfaces of the cracks located between lower and
middle (middle and upper) layers (Fig. 1).

The 3D Electro-Elastic Plate Theory involves a set of field equations that couple both mechanical and electrical
interactions in a material. This theory is commonly used to describe piezoelectric materials or electro-elastic systems
where mechanical stress and deformation are influenced by electric fields and vice versa.

For the thick PZT rectangular sandwich plate with parallel identical rectangular between the layers of its face and
core, the field equations applicable in the solution domain (1) can be articulated for each layer 7, (n=1,2,3) as

follows.
oK'
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(4a) and (4b) represents the mechanical equilibrium equations and electrical equilibrium equations respectively. In
(40), K is the tangent stiffness matrix component; 7, is stress tensor component; M ; is Maxwell stress tensor

component; u; is mechanical displacement vector component; D; is electrical displacement vector component; s,,
is Green strain tensor component; ¢, is piezoelectrical constant; ¢, is elastic constant; &, is dielectrical constant;

E, is electrical field component and ¢ is electrical potential. Also &, denotes electrical permittivity, while &/
represents Kronecker symbol.
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It is presumed that the plate exhibits interface cracks, is simply supported along all lateral surfaces, and is exposed to
static external pressure forces from x, =0;/, and x; = 0;/, surfaces. Furthermore, it is presumed that no external

force is exerted on the inferior and superior crack surfaces of the plate. Consequently, boundary conditions according
to mechanical quantities are as given in Eq. (5).

(r ) _ )
Uy ly=0, = 0:”2

_ (r,) _ ) _ (r,) _
_O’Kll |x,:0_K11 |x,:r,,_p1’K13 |x,=0;c,_0

x3=0305
(7) — ) — (3) —
K3 |, = K53 @:o-g—paaK g 0= 0 )
(3) + ) — (n) nt =KW -
Kl o =K |, mpy =0, K52 |, my = K5 | my =0

The electric potential is considered zero on all lateral surfaces of the PZT rectangular plate, indicating that these
surfaces are insulating. The electrical displacement along the Ox; direction from the upper and lower surfaces of the
PZT plates is presumed to be zero. Furthermore, it is acknowledged that the inside of the cracks are empty,
constituting a vacuum. Boundary conditions based on the electrical quantities of these assumptions are given in Eq.

(6).

¢(n,) |x,:0'K] — 0’¢(n,) |X o, = O,DM) | 0= R 0,
D(rz) | . _D(’”z) | _0 D(Vz) | _D(n) | P =0
J

(6)

It is acknowledged that ideal contact conditions are attained between the layers of the sandwich thick plate in
accordance with the mechanical and electrical quantities. Equation (7) specifies the contact conditions at the interface
planes among the layers.

(1)
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The boundary value problem addressed involves two embedded cracks given in Egs. (1-7), which exemplify the
buckling delamination problem arising around the cracks due to a uniformly distributed static external pressure force
acting on all lateral edges of the piezoelectric sandwich rectangular thick plate. The problem addressed is nonlinear
problem. The resolution of these nonlinear problems is simplified to the solution of linear series boundary value
problems due to linearization methods [1]. According to the study referenced in [1], the desired magnitudes can be
expressed in a serial form in relation to the dimensionless small parameter & as follows:

g g

{U_(_r,,).g(m ‘u (’u D(' I_(r,y);¢(m)} qu{ (r)‘i (',,)q (r)q D(r)tl E( )q;¢(fn),q}’g<<1' ®)

For simplicity, each boundary value problem is designated based on the corresponding power of & . For instance,
they are referred to as zeroth, first, and so forth, boundary value problems or approximations. The resolution of the
addressed buckling delamination issue is achieved using the superposition of the solutions derived from the series-
boundary value issues utilizing (8).

To ascertain the critical external pressure force that causes delamination in the three-layered piezoelectric sandwich
thick plate, it is enough to resolve solely the zeroth and first approaches from the series-boundary value issues derived
using (8) [1]. Consequently, only the first two approximations from the series of boundary value problems derived
using (8) will be addressed for this problem.

Each series boundary-value problem (approximation) derived from (8) encompasses the magnitudes of all prior
approximations. Consequently, they cannot be resolved independently of one another. Approximations must be
addressed sequentially, first with the zeroth approach. The zeroth approximation of the boundary value problem can
be analytically resolved based on established mechanical and physical principles [1]. Consequently, the zeroth
approximation is resolved analytically.
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The solution for the first approximation of the boundary value problem is achieved numerically by three-dimensional
finite element modeling. The solution domain is partitioned into finite elements shaped as rectangular prisms, with
the electrical potential and displacements along the three axes treated as unknowns at the nodes.
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The functional representing the total electro-mechanical energy accumulated in the item is utilized for finite element
modeling [23, 24]. Utilizing the established Ritz technique outlined in (9), the solution of the problem is simplified
to solving an algebraic equations system. Our objective is to identify the delamination buckling modes that arise
around cracks; however, it is essential first to ascertain the crucial delamination force that induces delamination
buckling in the plate.

OF
u2

—> -+ as p, = p,, (10)

Xy =hp +hc+0
x=0,/2

The critical external pressure force values that induce delamination buckling around the cracks in the analyzed
piezoelectric rectangular thick plate are identified by iterative methods as outlined in Eq. (10). Subsequently, the
graphs for the crack surface buckling mode are established for the specified external force (p < p,, ).

0, =0 (,—"¢
5550 = At g sin” [ﬁllTwﬁz [ﬁ3¥ﬂ an

Eq. (11) provides the analytical formula for the function indicating the pre-slope configuration allocated to the crack
surfaces before actual loading, based on the small initial imperfection criterion. A is a constant in this case.

Before proceeding to numerical results, the following flowchart has been followed for solving the problem:

Step 1: Define Geometry and Material Properties - Plate thickness, dimensions, material properties (elastic constants,
piezoelectric constants, dielectric constants) - Boundary conditions - Meshing the domain (discretization into finite
elements)

Step 2: Set Up Governing Equations - Mechanical equations: stress-strain relations - Electrical equations: Maxwell
equations, piezoelectric relations
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Step 3: Define the analytical solution of the zeroth approximation. - Discretize the equations (Finite Element
Analysis) for the first approximation. Generate a stiffness matrix for mechanical and electrical components. -
Discretize the domain into small elements (using the finite element method, FEM). - Apply piezoelectric coupling
terms in the FEM formulation.

Step 4: Apply Boundary and Initial Conditions - Apply mechanical boundary conditions (displacements, forces). -
Apply electrical boundary conditions (electric potential, electric field).

Step 5: Solve the System of Equations - Assemble a global stiffness matrix for mechanical and electrical systems. -
Solve the system of equations for the critical value of p caused by buckling delamination using MATLAB.

Step 6: Extract and plot results: displacement field and piezoelectric coupling effects—Visualize results using
MATLAB plotting tools.

Step 7: Analyze and Interpret Results

3. Discussion of The Numerical Results

Numerical analyses are conducted for the case in which the face layers consist of piezoelectric materials, whereas the
core layer is composed of elastic material (metal). The open-circuit condition is fulfilled at the surface planes of the
piezoelectric layers in contact with the core layer. Numerical analyses reveal that PZT-5H is employed for the face
layers, whereas steel (St) and aluminum (Al) serve as the core layer elements. The electro-mechanical material

constants of PZT-5H utilized in the numerical computations are presented in Table 1.

Table 1: Electro-mechanical properties of PZT-5H material [23]

I R U O U I U Y L
12.6 7.91 8.39 11.7 2.30 2.35 -6.5 23.3 17.0 1.505 1.302
x10'° N/m? C/m? x108 C/Vm

The mechanical properties of the metallic materials are presented as follows: Aa=48.1 GPa, pa=27.1 GPa and
As=92.6 GPa, pus=77.5 GPa, where A and p represent the Lame constants of the materials. The material constants for
the middle layer as follows:

¢ :/1+2;u: Cp =C3 =G, €, =Gy =4, C; =G5 =4, Cpn =0y =1, Coo =H, Cpy =Cs5 =Cg (12)

All investigations conducted in this study assume that the polarization direction of the piezoelectric material aligns
with the Ox; axis. Prior to analyzing the numerical results derived from the topic at hand, the precision of the methods
and programs utilized in our numerical investigations is verified using test problems. The relevant critical force values
for the isotropic rectangular thick plate, as shown in [2], are detailed in Table 2 for the parameters
(h/0,=0.15¢,,/0,=05,0,,/¢,=0.5).

Along the Ox;, Ox; and Ox3 axes, the solution domain is partitioned into 100, 24 and 100 finite elements, respectively.
In order to build the finite element mesh, the convergence criterion regarding the critical force is employed, whereby
the effect of any additional increase in the finite element count does not exceed 1073, All algorithms and programs
utilized to derive the results presented in Table 2, as well as the subsequent results to be addressed, are developed by
the authors of this research and implemented in MATLAB.

The results indicate that the critical delamination buckling force values diminished as the ratio of the coaxial
compressive force values, i.e., (p;/ p,) increases. The critical delamination buckling force values diminish as the

parameter /. /{, decreases. The results for each parameter value, as illustrated in Table 2, align with the established
results in the literature. This provides confidence in the algorithms and programs created by us.
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Table2: ), /{ E j critical buckling delamination forces for the isotropic rectangular thick plate.

2(1+v)
ho !0,
/D, This study [2]
0.05 0.0375 0.025 0.0125 0.05 0.0375 0.025 0.0125
0 0.0684 0.0451 0.0251 0.0112 0.0684 0.0451 0.0251 0.0111
0.5 0.0488 0.0319 0.0176 0.0078 0.0488 0.0319 0.0176 0.0077
1 0.0369 0.0241 0.0133 0.0058 0.0369 0.0241 0.0133 0.0058

To ascertain the influence of electro-mechanical connection on the critical delamination buckling force values,
Numerical results are acquired for two separate cases.

Casel: The piezoelectric coefficients of the materials are established as zero, i.e., (¢; = &; =0)

Case2: The piezoelectric coefficients of the materials are established as non-zero, i.e., (¢, #0,&; #0).

Tables 3 to 6 present the critical delamination buckling force values derived from the solution of the problem,
considering various material combinations, crack lengths, and compressive force ratios. The tables present the
acquired material pairs of PZT-5H/St/PZT-5H (Tables 3 and 4) and PZT-5H/AI/PZT-5H (Tables 5 and 6),
includingvarying crack lengths and pressure force ratios. Numerical results are provided for the parameters
hit,=02, h. /£ =005 [, /¢ =0.5.The numerical results of ignoring the piezoelectric and dielectric effects
i.e., for Case 1, as shown in Tables 4 and 6, and including them i.e., for Case 2, as indicated in Tables 3 and 5, are
also provided.

The results indicate that the critical delamination buckling force values diminish as the ratio of the coaxial
compressive force, i.e., (p;/ p,), and also as the internal crack length, i.e., (¢,,//,). The critical delamination
buckling values for Case 1 are inferior to those for Case 2. A contrast of the results for plates with core layers

composed of aluminum and steel indicates that the critical delamination buckling values for plates with the steel core
layer surpass those of the aluminum core layer.

Table 3: Critical pressure force values inducing delamination buckling in a PZT-5H/St/PZT-5H sandwich plate for
Case 1.

N
s/ py
03 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
0 0.3160 0.2901 0.2750 0.2695 0.2667 0.2606 0.2571 0.2433 0.2378

0.3 0.2235 0.2004 0.1813 0.1757 0.1705 0.1650 0.1618 0.1547 0.1503
0.5 0.1986 0.1822 0.1602 0.1521 0.1490 0.1423 0.1379 0.1319 0.1251
0.7 0.1735 0.1632 0.1471 0.1363 0.1319 0.1247 0.1197 0.1127 0.1093

1 0.1509 0.1359 0.1243 0.1173 0.1120 0.1048 0.0996 0.0912 0.0885

Table 4: Critical pressure force values inducing delamination buckling in a PZT-5H/St/PZT-5H sandwich plate for
Case 2.

flo/fl
s/ py
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
0 0.6285 | 0.5897 | 0.5581 | 0.5512 | 0.5434 | 0.5221 | 0.5084 | 0.4772 | 0.4635

0.3 0.4862 0.4428 0.4222 0.4102 0.3877 0.3663 0.3491 0.3387 0.3253
0.5 0.4572 0.4203 0.4113 0.3957 0.3667 0.3453 0.3213 0.3072 0.2957
0.7 0.4332 0.4059 0.3952 0.3702 0.3475 0.3221 0.2902 0.2796 0.2662

1 0.4031 0.3883 0.3755 0.3477 0.3202 0.2955 0.2673 0.2503 0.2352
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Table 5: Critical pressure force values inducing delamination buckling in a PZT-5H/A1/PZT-5H sandwich plate for
Case 1.

flo/ﬁl
s/ py
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
0 02557 | 02372 | 02115 | 02087 | 0.2003 | 0.1993 | 0.1972 | 0.1902 | 0.1887

0.3 0.2076 0.1915 0.1702 0.1633 0.1579 0.1462 0.1286 0.1199 0.1162
0.5 0.1897 0.1763 0.1575 0.1487 0.1402 0.1257 0.1175 0.1003 0.0992
0.7 0.1677 0.1573 0.1422 0.1353 0.1322 0.1113 0.1012 0.0871 0.0752
1 0.1396 0.1287 0.1198 0.1122 0.1076 0.0973 0.0897 0.0697 0.0563

Table 6: Critical pressure force values inducing delamination buckling in a PZT-5H/Al/PZT-5H sandwich plate for
Case 2.

flo/ﬁl
s/ p
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
0 0.5297 | 0.4802 | 04385 | 04275 | 0.4122 | 0.4082 | 0.4053 | 03973 | 0.3869

0.3 0.4113 0.3898 0.3673 0.3415 0.3159 0.2913 0.2798 0.2665 0.2467
0.5 0.3873 0.3565 0.3229 0.3097 0.2812 0.2657 0.2433 0.2302 0.2112
0.7 0.3621 0.3340 0.3013 0.2850 0.2410 0.2217 0.2063 0.1987 0.1895
1 0.3310 0.2976 0.2765 0.2462 0.2169 0.2058 0.1942 0.1812 0.1603

In [11], the buckling delamination problem of a piezoelectric sandwich strip plate (PZT/Al/PZT) was experimentally
studied by Giannopoulos and others. In this article, the critical force values obtained for the open circuit (here, Case
2) are greater than those for the closed circuit (here, Case 1). This is consistent with the numerical results obtained
here (Table 3-Table 4 and Table 5-Table 6).

PZT-SH  (3)
44 U
(,p PZT-SH/AIPZT-5H
A00 Ox, polarization
250 . e, #0., #0

h/€, =02,k / (=005, /( =050,/(,=05p,/p =03
p/ePTE 2 0.1701(< p,, / 7775

Fig. 2. The buckling mode of the PZT-5H/AI/PZT-5H plate with an embedded crack under the influence

of the biaxial external pressure forces for p =0.1701(< p,, /¢, ™)

Ultimately, we examine the illustrations presented in Fig. 2 and 3, which exemplify the buckling delamination mode,
ie., ulVc//"" /¢, p. This mode is designed for the PZT-5SH/AI/PZT-5H plate under h//, =0.2, h, /¢, =0.05,

(/0 =05 and /,/f =05, in the case where p=0.1701(<p, /c;; ") for Figure 2 and
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p=0.1706(> p,,. /c;"") for Fig. 3. As the external compressive force approaches its critical limits, the surface

displacement values significantly increase. The data demonstrate that the buckling delamination mode of the face
planes corresponds with existing mechanical principles, the initial imperfections of the cracks' edge surfaces, and the
boundary conditions defined on the lateral edge planes of the plates. It has been determined that the form of the
initial imperfection given by (11) to the crack surfaces before the external force acts on the plate under consideration
is similar to the crack surface form obtained in Figure 2 and in Figure 3. It is noted that under the effect of
external pressure, the cracks opened in accordance with the infinitesimal initial imperfection criterion present
on the crack surfaces.

PZT-SH/AVPZT-5SH

Ox, polarization

e #0,e, %0

PZT-SH  (3)
44 i

>
S
SRS
oS OTS SO S
S SN

e N DY
S SoTTUL LSS
200 — “\\‘\\\\\\\“““e““
R ttenppRee
400 A Y

e
NN

-600

-800

-1000 |

Fig. 3. The buckling mode of the PZT-5H/Al/PZT-5H plate with an embedded crack under the influence
of the biaxial external pressure forces for p =0.1706(> p,, / ¢,/ ")

4. Conclusion

This study examines the buckling delamination problems that arise around cracks under uniformly distributed
static external biaxial pressure applied from opposite edges of the plate, with piezoelectric face layers and a
metallic core layer containing rectangular embedded cracks between the layers. The edges of embedded cracks
are presumed to possess infinitesimal initial imperfections. The progression of this imperfection is analyzed
when the absolute values of these forces increase, employing the criterion of critical compressive force in an
incident where the displacement of the crack edges becomes infinite. The novel scientific conclusions derived
from this research can be encapsulated as follows:
e The piezoelectric characteristics of the materials in the face layers lead to increased critical force values,
e The critical delamination buckling forces decrease with increasing coaxial compressive force ratio and
internal crack length,
e (Case 2's critical delamination buckling forces, factoring in piezoelectric and dielectric constants, exceed
those of Case 1, which ignores them,
e The contrast of plates with aluminum and steel core layers indicates that steel core plates have greater critical
delamination buckling values.
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