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Abstract: 

The Wavelet-based Background Oriented Schlieren (W-BOS) method 

quantitatively evaluates the density gradient. This study achieves high spatial 

and temporal resolution in the density gradient images by integrating a super-

resolution technique and the W-BOS method. This experiment uses a jet and a 

jet-induced shock wave emitted from an open small-volume shock tube as 

visualization targets. We investigated the effect of super-resolution model types 

and restoration magnification ratios. Three established super-resolution models 

are used to restore. The magnifications of 2, 4 and 8 are evaluated. At 

magnifications 2 and 4, the processed images were close to the original, with the 

shock wave and the jet well captured in all super-resolution models. In the 

restoration of magnification 4 using the EDSR model, a measurement error was 

about 15% smaller than a Bicubic interpolation. These results suggest that the 

W-BOS method is capable of super-resolution restoration of high-resolution 

images with magnifications up to 4. 
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1. Introduction 
 

The Background Oriented Schlieren (BOS) method is a visualization technique proposed by Meier [1] and Dalziel 

[2] that enables quantitative evaluation of a density gradient of flow fields. The BOS method uses the refraction of 

light caused by density changes in the flow fields to obtain the density gradient from the difference between a 

measurement image with flow and a reference image without flow. The Wavelet-based BOS (W-BOS) method 

proposed by Akatsuka et al. [3] is based on the BOS method. It applies a continuous wavelet transform to a sinusoidal 

background image to calculate a quantitative density gradient image from the phase difference. As studies similar to 

the W-BOS method, a report on improving the BOS method focuses on the amplitude of the wavelet transform [4]. 

Additionally, the visualization of convective heat transfer using the phase obtained by continuous wavelet transform 

has been explored [5]. Another study utilizes a two-dimensional sine wave as a background image [6], while a 

different approach employs a Fourier transform for a sinusoidal waveform background image [7]. The W-BOS 

method has been shown to produce the density gradient image as clearly as the Schlieren method. 
 

In the visualization of supersonic flows, high-speed imaging using a high-speed camera involves a trade-off between 

frame rates and image resolutions. In the W-BOS method, the measurement accuracy of the phase difference 

corresponding to the density gradient depends on the image resolution. In other words, in the W-BOS method, it is 

desirable to improve the image resolution to visualize local density gradient changes in supersonic flows. 
 

Studies using super-resolution techniques in visualization techniques using high-speed cameras have been reported 

in recent years. The super-resolution technique is an image processing technique that generates a high-resolution 
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image by interpolating unknown pixels from a low-resolution image. For example, studies have been reported using 

the super-resolution technique in supersonic flow fields to recover a high-resolution Schlieren image [8][9][10]. 

Katsunari Ota et al. [11] also reported a study using the super-resolution technique based on neural networks to 

improve the spatial resolution of visualized images using the BOS method.  

 

The BOS method is characterized by its relatively simple imaging system consisting of a background image, a light 

source, and a camera, compared to the Schlieren method, which uses lenses and knife edges in its optical system to 

detect light refraction. However, the spatial resolution of the BOS method is low. Therefore, we focused on the super-

resolution technique, which is a technique to increase the spatial resolution of low-resolution images. Experimental 

images in the W-BOS method are composed of sinusoidal periodic data, which is considered to have a high affinity 

for the super-resolution technique. However, the results of applying the super-resolution technique to the W-BOS 

method are unclear. This study aims to improve the spatial resolution in supersonic flows by applying the super-

resolution technique to the W-BOS method. This experiment uses the jet and the jet-induced shock wave emitted 

from an open small-volume shock tube as visualization targets. The accuracy of the super-resolution reconstruction 

is quantitatively evaluated by comparing the experimentally captured images with images reconstructed using super-

resolution on a pre-scaled image. If the super-resolution technique increases the resolution of analytical images 

obtained by the W-BOS method, it will be possible to capture detailed density changes during the passage of jets and 

shock waves. These are expected to be applied to the visualization of supersonic phenomena. 

 

2. Principle of BOS Method 

 

Figure 1 shows an overview of the BOS method's optical apparatus and measurement principle. The optical system 

mainly consists of a background image, a camera, and a light source. The solid and dashed lines in Fig. 1 show the 

path of light traveling from the background image in the absence and presence of a density gradient, respectively. 

The light from the background image is refracted by the density gradient, as shown by the dashed line. The camera 

receives the refracted light with a shift of Δh compared to the case where the straight line indicates no density 

gradient. The refractive index gradient in the density change region is expressed by Equation (1). 

 

 
 

Fig. 1. Optical device for BOS method. 
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In equation (1), 𝜕𝑛 𝜕𝑧⁄ , n0, LB, and Δr are the refractive index gradient in the density change region, the refractive 

index of air, the distance between the background image and the density change region and the width of the density 

change region, respectively. In this study, n0 = 1.00027 because the experiment is conducted at an air temperature of 

20 °C. The relationship between the refractive index and density is expressed by Equation (2). 

 

𝑛 = 𝐺𝜌 + 1                                        (2) 
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n, G, and ρ in equation (2) are the refractive index, Gladstone-Dale constant, and air density, respectively. In this 

study, G = 2.3156×10-4 m3/kg. From equations (1) and (2), quantitatively, it is possible to determine the density 

gradient in the z-direction. 

 

3. Experimental and Super-Resolution Methods 

 

3.1 Visualization method 

 

In the W-BOS method, the difference between the measurement and the reference images is calculated by continuous 

wavelet analysis to obtain the phase difference between the respective luminance distributions. Using this phase 

difference, the density gradient is calculated by applying the Gladston-Dale Relation, which relates density to the 

refractive index. Since this method yields a quantitative density gradient distribution, it is possible to calculate the 

density distribution by integrating it. The detailed principle and analysis method for the W-BOS method are described 

in our previous paper [4]. In this study, in addition to the conventional method described above, the super-resolution 

technique is applied to the measurement and the reference images, and continuous wavelet analysis is performed after 

interpolating pixels. Experimental images in the W-BOS method are compatible with super-resolution techniques 

because they consist of sinusoidal data. Thus, the experimental image is used as the object of restoration by the super-

resolution technique instead of the processed image. 

 

Figure 2 shows an overall view of the experimental apparatus. The experimental apparatus consists of a shock tube, 

high-pressure air cylinder, regulator, valve, pressure sensor, and visualization system. A pressure sensor measures 

the pressure in the high-pressure chamber of the shock tube. The shock wave and the jet are generated by rupturing 

the diaphragm with a striker pin when the pressure in the high-pressure chamber reaches a predetermined pressure. 

The pressure ratio between the high-pressure chamber and the low-pressure chamber (atmospheric pressure) in the 

shock tube was set to 35.0. The velocity of the jet, the shock Mach number, and the pressure ratio across the shock 

wave are approximately 210 m/s, 1.21, and 1.53, respectively, generated in the experiment with the pressure ratio of 

35.0 in the shock tube. 

 

The visualization system for the W-BOS method consists of a background image, LED light source (nac's LLBK1-

LA-W-0001 high-brightness LED lighting equipment), and a high-speed camera (nac's HX-3 high-speed camera). 

The high-speed camera had an image size of 1280 × 736 pixels, a shooting speed of 10000 fps, an exposure time of 

10 µs, and an F value of 5.6. In Fig. 2, LB and LC are the distance between the background image and the density 

change area, as well as between the shock tube center and the high-speed camera. LB and LC are 200 mm and 2500 

mm, respectively. The background image is a sinusoidal vertical stripe pattern with a period of 2 mm. 

 

The phase difference between the measurement and the reference images was calculated using continuous wavelet 

analysis, a time-frequency analysis technique. Continuous wavelet analysis is a method of analyzing signals that 

employ basis functions, known as mother wavelets, to facilitate the scaling, translation, and transformation of the 

signal across the time axis. The mother wavelet in the wavelet transform is the Gabor complex wavelet function. 

 

 
 

Fig. 2. Experimental apparatus. 
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3.2 Evaluation method for restoration with super-resolution 

 

This section describes a method for quantitatively evaluating the accuracy of the super-resolution restoration in the 

W-BOS method. Figure 3 illustrates the evaluation procedure for the super-resolution restoration. Fig. 3 (a)-(c) shows 

a high-resolution image (HRI) taken in the experiment, a low-resolution image (LRI) obtained by reducing the high-

resolution image, and a super-resolution image (SRI) obtained by restoring the low-resolution image, respectively. 

Thus, the HRI is reduced using the Bicubic method, an interpolation method that uses information from 16 pixels 

around a pixel. Super-resolution models and the Bicubic method were used to restore the LRI. The super-resolution 

models include the Efficient Sub-pixel Convolutional Neural Network (ESPCN), the Fast Super-Resolution 

Convolutional Neural Network (FSRCNN), and the Enhanced Deep Super-Resolution Network (EDSR), which are 

single image super-resolution methods. The super-resolution models were the pre-trained models provided by the 

OpenCV library in Python. Each of the provided trained models is trained on the DIV2K dataset, which consists of 

2K-resolution images used in research on super-resolution techniques. In this paper, we investigate the effect of the 

super-resolution restoration magnification ratio on the luminance distribution and the sharpness of the density 

gradient images. The high-resolution images taken in the experiment are reduced to 1/2, 1/4, and 1/8 and restored to 

their original size at the magnification ratios of 2, 4, and 8, respectively. 

 

 
 

      (a) HRI     (b) LRI                                                    (c) SRI 

 

Fig. 3. Evaluation procedure for restoration with super-resolution. (a) HRI: high-resolution image,  

(b) LRI: low-resolution image and (c) SRI: super-resolution image 

 

To evaluate the sharpness of the density gradient images, the Root Mean Square Error (RMSE) was used. The RMSE 

is calculated by Equation (3), where N is the total number of pixels in the high-resolution. yi and ŷi are the density 

gradient calculated by the W-BOS method in the high-resolution image and the density gradient in the super-

resolution image, respectively.         

 

RMSE =  √
1

𝑁
∑ (𝑦𝑖 − 𝑦̂𝑖)

2𝑁
𝑖=1                                                            (4) 

 

4. Results and Discussion 

 

4.1 Effect of restoration magnification ratio on the accuracy of restoration 

 

In this section, we evaluate the accuracy of the image restoration by changing the magnification ratio of the image 

restored by the super-resolution model to investigate the effectiveness of the image restoration by super-resolution 

for the experimental images before continuous wavelet analysis. Figure 4 shows the HRI and the super-resolution 

image (SRI) restored from the LRI by EDSR. In Fig. 4, the vertical stripe pattern indicates the sinusoidal distribution 

with a period of 2 mm. The evaluation images were taken from experimental images of transient flow at the pressure 

ratio of 35.0 and t = 200 µs. The time t is set to 0 s, one frame before the jet is ejected from the shock tube. The 2SRI, 

4SRI, and 8SRI images in Fig. 4 are experimental images restored at the magnification ratios of 2, 4, and 8, 

respectively. Fig. 4(a) shows that the vertical stripes in the background image are distorted in the horizontal direction 

at x/D = 2 - 4. This is due to the refraction of the light by the density gradient of the jet ejected from the shock tube. 

In the 2SRI and 4SRI images shown in Fig. 4(b) and 3(c), optical distortion can be observed at x/D = 2 - 4, as in the 

HRI image. In the 8SRI shown in (d), the width of the shading is narrower throughout the image, and the gray areas 

are larger. 
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(a) HRI 
 

 
 

          (b) 2SRI       (c) 4SRI                                              (d) 8SRI 
  

Fig. 4. Comparison between HRI and SRI restored for the magnification ratios of 2, 4, and 8 in EDSR. 
 

From the above, we have confirmed that the super-resolution method can be used to qualitatively restore the 

experimental image before continuous wavelet analysis up to the magnification ratios of 2 and 4. To quantitatively 

compare the accuracy of pixel interpolation using the super-resolution method, we focus on the luminance distribution 

in the highly distorted region on the red line shown in Fig. 4(a). Figure 5 shows the luminance distribution along the 

central axis of the shock tube (y/D = 0, x/D = 2 - 4) in Fig. 4(a) - (d). The number of pixels in the luminance 

distributions shown in Fig. 5 is about 70 pixels per x/D. Fig. 5 shows that the luminance distributions of 2SRI and 

4SRI almost reproduce the HRI waveforms, while the luminance distribution of 8SRI has a larger difference in 

amplitude and phase than that of HRI. Therefore, it is clear that the performance of the low-resolution image 

restoration using the super-resolution method is lower at the magnification ratio of 8. 
 

 
 

Fig. 5. Comparison of luminance distribution between HRI and SRI restored for  

magnification ratios of 2, 4, and 8 in EDSR. 
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4.2 Effect of super-resolution restoration on the density gradient image 

 

The previous section clearly shows that the experimental image restoration using the super-resolution technique has 

highly accurate at the magnification ratios of 2 and 4. Next, to investigate the effect of the experimental image 

restoration by super-resolution on image processing using continuous wavelet analysis, we focus on the density 

gradient image after image processing. Figure 6(a)-(d) show the density gradient images corresponding to Fig. 4(a)-

(d). In the HRI of Fig. 6, the jet head and the shock wave can be observed at x/D = 3.8 and x/D = 5.5 at y/D = 0, 

respectively. The jet and the shock wave in the 2SRI and the 4SRI are almost identical to those of the HRI. In the 

case of the 8SRI, the jet outlines at x/D = 0 - 4 are blurred compared to the HRI. The 2SRI and 4SRI images clearly 

show the jet and the shock wave. This is because the sinusoidal luminance distribution was reproduced in the 

reconstruction of the experimental images at magnification ratios of 2 and 4 using the super-resolution method. 

 

                                                                    
 

    (a) HRI 

 

 
 

                      (b) 2SRI                                        (c) 4SRI                                        (d) 8SRI 

 

Fig. 6. Comparison of density gradient images between HRI and SRI restored for  

magnification ratios of 2, 4, and 8 in EDSR. 

 

To identify the super-resolution model compatible with the continuous wavelet analysis in the W-BOS method, it is 

necessary to evaluate the accuracy of the restoration using multiple super-resolution models. Figure 7 shows the 

RMSE change restoring multiple super-resolution models at different magnification ratios. The RMSE is the root 

mean square error of the density gradients that comprise the HRI and SRI in Fig. 7. Fig. 7 shows that the RMSE 

increases as the magnification increases from the magnification ratios of 2 to 8 for three models. This indicates that 

the HRI becomes more difficult to reproduce at higher magnifications for all super-resolution models and Bicubic 

interpolation. At the lowest magnification ratio of 2, there is little difference in RMSE among the different super-

resolution models. At the magnification ratio of 4, the RMSE is the lowest with EDSR and the highest with the 

Bicubic method. Thus, at this magnification ratio, trained super-resolution methods such as EDSR performed better 

than the Bicubic method, a mathematical interpolation method. At the magnification ratio of 8, the model with the 
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lowest RMSE was the FSRCNN. However, the processed image was as blurred as that of EDSR. Thus, the optimal 

super-resolution model could not be identified at the higher restoration magnification ratio of 8. Based on the above 

results, the best-performing super-resolution model for the W-BOS method is EDSR, which is effective for image 

restoration up to the magnification ratio of 4 in cases where the super-resolution method is applied. To further improve 

restoration accuracy using the super-resolution models, it is considered necessary to train experimental images. 

 

 
 

Fig. 7. Relationship between magnification ratio and RMSE of density gradient for three models. 

 

5. Conclusion 

 

In this study, we aimed to improve the spatial resolution of W-BOS analysis images in the supersonic flow using 

super-resolution techniques. This paper's visualization targets are the jet and the jet-induced shock wave emitted from 

the small-volume shock tube. To investigate the effectiveness of super-resolution techniques in the W-BOS method, 

the comparison was made between the high-resolution image and the image of the same size restored by the super-

resolution models. The super-resolution restoration magnification ratio was changed to 2, 4, and 8 as parameters. The 

image processing results by continuous wavelet analysis on the restored image using the super-resolution models 

showed that the density gradient images were qualitatively similar to the high-resolution image at the magnification 

ratios of 2 and 4. The reconstruction at a larger magnification ratio of 8 was found to be fundamentally difficult due 

to the blurring of the jet and the shock wave using all models. The results show that the super-resolution models 

effectively restore images up to the magnification ratio of 4 in the W-BOS method. The EDSR model was the most 

accurate restoration at the magnification ratio of 4, suggesting that it is the best of the three super-resolution models 

used in this study. These results suggest that applying super-resolution techniques to the experimental images before 

image processing improves the spatial resolution of the density gradient images. 
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