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ABSTRACT

The modified repetitive control system is a type of
servomechanism for a periodic reference input. When
modified repetitive control design methods are ap-
plied to real systems, the influence of uncertainties
in the plant must be considered. In some cases, un-
certainties in the plant make the modified repetitive
control system unstable, even though the controller
was designed to stabilize the nominal plant. Re-
cently, the parameterization of all robust stabilizing
modified repetitive controllers was obtained by Ya-
mada et al. In addition, Yamada et al. proposed
the parameterization of all robust stabilizing modified
repetitive controllers for time-delay plants. However,
no paper has proposed the parameterization of all
robust stabilizing modified repetitive controllers for
multiple-input/multiple-output time-delay plants. In
this paper, we expand the result by Yamada et al.
and propose the parameterization of all robust sta-
bilizing modified repetitive controllers for multiple-
input/multiple-output time-delay plants.
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Controller, Uncertainty, Robust Stability, Parameter-
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1. INTRODUCTION

A repetitive control system is a type of servomech-
anism for the periodic reference input. That is, the
repetitive control system follows the periodic refer-
ence input without steady state error, even if a peri-
odic disturbance or an uncertainty exists in the plant
[1-13]. It is difficult to design stabilizing controllers
for the strictly proper plant, because the repetitive
control system that follows any periodic reference in-
put without steady state error is a neutral type of
time-delay control system [11]. To design a repetitive
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control system that follows any periodic reference in-
put without steady state error, the plant needs to
be biproper [3-11]. In practice, the plant is strictly
proper. Many design methods for repetitive control
systems for strictly proper plants have been given [3—
11]. These studies are divided into two types. One
uses a low-pass filter [3—-10] and the other uses an at-
tenuator [11]. The latter is difficult to design because
it uses a state variable time-delay in the repetitive
controller [11]. The former has a simple structure
and is easily designed. Therefore, the former type of
repetitive control system is called the modified repet-
itive control system [3-10].

On the other hand, there exists an important con-
trol problem to find all stabilizing controllers named
the parameterization problem [17-21]. At first, the
parameterization of all stabilizing modified repetitive
controllers was studied by Hara and Yamamoto [5].
In [5], since the stability sufficient condition of a mod-
ified repetitive control system is defined as an H,
norm problem, the parameterization of all stabilizing
modified repetitive controllers is given by resolving
the interpolation problem of Nevanlinna-Pick. Katoh
and Funahashi gave the parameterization of all sta-
bilizing modified repetitive controllers for minimum
phase systems by solving exactly Bezout equation
[13]. In [13], since the parameterization is not given
based on stability sufficient condition that the modi-
fied repetitive control system is internally stable, this
result is important in the sense that the class of mod-
ified repetitive controllers is extensive than a class of
modified repetitive controllers given in [5]. However,
n [13], the plant is assumed to be stable or be sta-
bilized by local feedback control. This implies that
[13] gave a parameterization of all stabilizing mod-
ified repetitive controllers for stable and minimum
phase plants. That is [13] did not give the exact pa-
rameterization of all stabilizing modified repetitive
controllers for minimum phase plants. In addition,
in [13], it is assumed that the relative degree of low-
pass filter in modified repetitive controller is equal
to that of the plant. This implies that [13] gave the
parameterization for special case of stabilizing mod-
ified repetitive controllers. Yamada and Okuyama
overcame this problem and gave the parameteriza-
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tion of all stabilizing modified repetitive controllers
for minimum phase systems those are not necessarily
stable [14]. Yamada et al. [15] expanded the result
in [14] and gave the parameterization of all stabiliz-
ing modified repetitive controllers for a certain class
of non-minimum phase systems using the idea of par-
allel compensation technique and the solution of Be-
zout equation. Yamada et al. gave the parameteri-
zation of all stabilizing modified repetitive controllers
for non-minimum phase systems [16]. In this way, the
parameterization of all stabilizing modified repetitive
controllers for non-minimum phase plants have been
studied.

When modified repetitive control design methods
are applied to real systems, the influence of uncer-
tainties in the plant must be considered. In some
cases, uncertainties in the plant make the modified
repetitive control system unstable, even though the
controller was designed to stabilize the nominal plant.
The stability problem with uncertainty is known as
the robust stability problem [26]. Yamada and Satoh
proposed the parameterization of all robust stabi-
lizing modified repetitive controllers [22]. Yamada
et al. proposed the parameterization of all robust
stabilizing modified repetitive controllers for time-
delay plants [23,24]. However, the method by Ya-
mada et al. [23,24] cannot be applied to multiple-
input/multiple-output plants. Because, this method
uses the characteristic of single-input/single-output
systems. Many real plants have multiple-input and
multiple-output, and include uncertainties and time-
delays. In addition, the parameterization is useful
to design stabilizing controllers [17-21]. Therefore,
the problem of obtaining the parameterization of all
robust stabilizing modified repetitive controllers for
multiple-input/multiple-output time-delay plants is
important.

In this paper, we propose the parameterization of
all robust stabilizing modified repetitive controllers
for multiple-input/multiple-output time-delay plants.
This paper is organized as follows. In Section 2.,
the problem considered in this paper is described.
In Section 3., the parameterization of all robust sta-
bilizing modified repetitive controllers for multiple-
input/multiple-output time-delay plants is clarified.
In Section 4., control characteristics of a robust sta-
bilizing modified repetitive control system are de-
scribed. In Section 5., we present a design procedure
of robust stabilizing modified repetitive control sys-
tem. In Section 6., we show a numerical example to
illustrate the effectiveness of the proposed method.
Section 7. gives concluding remarks.

Notation

R the set of real numbers.

R(s) the set of real rational functions
with s.

RH, the set of stable proper real rational
functions.

H, the set of stable causal functions.

D+ orthogonal complement of D, i.e.,

[ D D+ ] or { DDJ_ ] is unitary.

AT transpose of A.

Af pseudo inverse of A.

o({:}) spectral radius of {-}.
a({-}) largest singular value of {-}.

[[{-}loo H., norm of {-}.

an
L{}
L7}

diag (a1, -+ ,an)

represents the state space de-
scription C(sI — A)™'B + D.
the Laplace transformation of
£

the inverse Laplace transforma-
tion of {-}.

an n X n diagonal matrix with a;
as its ¢-th diagonal element.

2. PROBLEM FORMULATION

Consider the unity feedback control system in

{1z

where G(s)e™*F is the multiple-input/multiple-
output time-delay plant, L > 0 is the time-delay,
G(s) € R™*P(s) is assumed to be stabilizable and
detectable. C(s) is the modified repetitive controller
with m-th input and p-th output defined later, u € RP
is the control input, d € R™ is the disturbance,
y € R™ is the output and » € R™ is the periodic
reference input with period 7' > 0 satisfying

G(s)e *tu+d
Cs)r—y) o

r(t+T) =r(t) (Vt>0). 2)

It is assumed that m < p and rank G(s) =
m. The nominal plant of G(s)e™*" is denoted by
Gm(s)e™*Llm | where Gp,(s) € R™*P(s). Both G(s)
and Gp,(s) are assumed to have no zero or pole on
the imaginary axis. In addition, it is assumed that the
number of poles of G(s) in the closed right half plane
is equal to that of G,,(s). The relation between the
plant G(s)e™*F and the nominal plant G,,(s)e=Em
is written as

G(s)e™" = (7" I+ A(5))Gm(s), (3)

where A(s) is an uncertainty. The set of A(s) is all
functions satisfying
a{AGw)} <[Wr(jw)|  (Vw € Ry), (4)

where Wr(s) € R(s) is a stable rational function.
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The robust stability condition for the plant G(s)
with uncertainty A(s) satisfying (4) is given by

IT(s)Wr(8)ll o <1, (5)

where T'(s) is given by

T(s) = (I + Gm(s)e ™ C(s)) " Gm(s)C(s).  (6)

According to [3-10], the general form of modified
repetitive controller C(s) which makes the output y
to follow the periodic reference input r with period T'
in (1) with small steady state error, is written by

Cls) = Ci(s)+ Ca(s)Cr(s), (7)
where C1(s) € RP*™(s), Ca(s) € RP*™(s) satisfying
rank Cy(s) = m, C,(s) is the internal model for the
periodic signal with period T written as

Co(s) = e T (I—q(s)e™") ", (8

where ¢(s) € R™*™(s) is a proper low-pass filter sat-
istying ¢(0) = I. From [3-10], if the low-pass filter
q(s) satisfy

G4{I — q(jw)} ~0 (i=0,1,...,n), 9)

where w;(i = 0,1,...,n) is the frequency component
of the periodic reference input r written by

2m

W; = —1

T (i=0,1,...,n)

(10)
and w, is the maximum frequency component of
the periodic reference input r, then the output y in
(1) follows the periodic reference input r with small
steady state error.

The problem considered in this paper is to propose
the parameterization of all robust stabilizing modi-
fied repetitive controllers for multiple-input/multiple-
output time-delay plants. That is, we obtain the pa-
rameterization of all controllers C(s) in (7) satisfy-
ing (5) for multiple-input/multiple-output time-delay
plants G(s)e™*L in (3) with any uncertainty A(s) sat-
isfying (4).

3. THE PARAMETERIZATION

In this section, we clarify the parameterization of
all robust stabilizing modified repetitive controllers
for multiple-input/multiple-output time-delay plants.

In order to obtain the parameterization of all ro-
bust stabilizing modified repetitive controllers for
time-delay plants, we must see that controllers C/(s)
satisfying (5). The problem of obtaining the con-
troller C'(s), which is not necessarily a modified repet-
itive controller, satisfying (5) is equivalent to the fol-
lowing H., control problem. In order to obtain the
controller C(s) satisfying (5), we consider the control
system shown in Fig. 1. P(s) is selected such that
the transfer function from w to z in Fig. 1 is equal to

Fig.1: Block diagram of Hy, control problem

T(s)Wr(s). The state space description of P(s) is, in
general,

z(t) = Az(t) +Biw(t) +Bou(t— Ly)
Z(t) = Cll‘(t) +D12u(t) ,
y(t) = Csha(t) +Daw(t)

(11)

where A € R™*"™, B; € Rnxm7 By € RnXp, C, €
Rmxn’ C2 e R/ITLX’I'?.7 D12 6 Rmxp, D21 6 Rme7
z(t) € R™, w(t) € R™, z(t) € R™, u(t) € RP and
y(t) € R™. P(s) is called the generalized plant. P(s)
is assumed to satisfy following assumptions:

1. (Cy, A) is detectable, (A, Bg) is stabilizable.

2. D15 has full column rank, and Ds; has full row
rank.

3. rank [ A—waf DBf2 } =n+p (VweR}),
rank [ A—ijl 5211 } =n+m (Vwe€ Ry).

4. CLABy, =0 (i=0,1,2,...).

Under these assumptions, from [25], following
lemma holds true.

Lemma 1: There exists an H, controller C(s) for
the generalized plant P(s) in (11) if and only if there
exists an H, controller C(s) for the generalized plant

P(s) written by

g(t) = Aq(t) +Bw(t) +Bau(t)
) = Cul) {Du(t) , (12)
g(t) = Caq(t) +Dnw(t)

where By = e~ Am By, When u(s) = C(s)y(s) is an
H control input for the generalized plant P(s) in
(12),

u(t) = L7H{C(s)y(s)}

is an Ho, control input for the generalized plant P(s)
in (11), where

(13)

y(s)

0
= L {y(t) +Cz/ e““(”Lm)Bzu(tJrr)dT}.
L

| (14)
From Lemma 1 and [26], the following lemma holds
true.
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Lemma 2: If controllers satisfying (5) exist, both
X (A - szigcl) + (A - BQDLCI)T X
+X {BiB] ~ By (D,D1) " B } X
+(Dh0)" Dhe =0 (15)
and
v (a- Blpglcz)T +(A-BDLG) Y

+Y {0{01 —cf (DyDL) ™ 02} Y

+B1 D4 (BiD)" =0 (16)
have solutions X > 0 and Y > 0 such that
p(XY) <1 (17)

and both

A~ ByDi,Cr + {BlBlT — By (D%,Dyy) " BQT} X (18)
and

A—BD}Cy+Y {cchl —cf (DyDE) ™ Cz} (19)

have no eigenvalue in the closed right half plane. Us-
ing X and Y, the parameterization of all controllers
satisfying (5) is given by

C(s)
= C11(s) 4+ C12(s)Q(s)(I — Ca2(5)Q(5)) " Can(s),
(20)
where
AC BC BC
Cii(s)  Cia(s) } — |0 | Dot Dars (21)
C O C c C b
21(s) Ca(s) Ce2 | Dea1 Do
A, = A+BBTX-B, (DIQCl + E;;BQT)()
(I -yXx)! (BlD;1 + YC2TE2_11)
(Cy+ Dy B X)),
Ba = (I-YX)"' (BiD}, +YCIEs'),
Bo = (I-YX)! (B2 n YclTDm) B2
Ca -Di,C, — E'BY X,
Ceo = —Eil/z (Cy + Dle{X) ;

—1/2 —1/2

Dey =0, Deys = Epy’?, Degy = Ey'/?, Digy =0,

E19 = D{,D19, E9 = Dy DI

and Q(s) € HEX™ is any function satisfying

1Q(s)]loe <1

C(s) in (20) is written using Linear Fractional Trans-
formation (LFT). Using homogeneous transforma-
tion, (20) is rewritten by

Cls) =

where Z;;(s)(i = 1,2;j = 1,2) and Z;;(s)(i =
1,2;5 = 1,2) are defined by

|: le(S) 212(8) :|
Zgl(s) ZQQ(S)
- { Cra(s) = C11(s)Cq1' (5)Ca2(s)  Cua(5)Cy' (s) ]
~Cai(5)Caa(s) C' (s)
(23)
and
[ Zu(s) Zia(s) }
Z21(S) ZQQ(S)
_ {Czl<s>—czz<s>cu1<s>cn<s) 01;@)0“(8)]
—C22(s)C15' () Cro' ()
(24)
and satisfying
[ 222(3) ?12(3) } [ Zu(s)  —Zia(s) ] -7
Zgl(s) le(s) _221(5) 222(5)
_ [ Zu(s)  =Zwa(s) | [ Zaals) Zaa(s)
- { ~Z91(s)  Zaa(s) } { Zo1(s)  Zu(s) } - (25)

Using Lemma 1, Lemma 2 and Remark 3.the param-

eterization of all robust stabilizing modified repetitive
controllers for multiple-input/multiple-output time-
delay plants is given by following theorem.

Theorem 1: If modified repetitive controllers sat-
isfying (5) exist, both (15) and (16) have solutions
X > 0and Y > 0 such that (17) and both (18) and
(19) have no eigenvalue in the closed right half plane.
Using X and Y, the parameterization of all robust
stabilizing modified repetitive control laws satisfying
(5) is given by

u(t) = L7HC()g(s)} (26)

where
i(s)
_ {y(t) 4y /_ OLm

e_A(H'L’”)Bgu(t + T)dT}

(27)
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and

where Z;;(s)(i = 1,2;5 = 1,2) and Z;(s)(i =
1,2;5 = 1,2) are defined by (23) and (24) and sat-
isfying (25), Ci;(s)(t = 1,2;5 = 1,2) are given by
(21) and Q(s) € HEX™ is any function satisfying
1Q(s)]|, <1 and written by

Q(s) = (Qni(s)+ Qua(s)e ")
1

(Qar(s) + Qaa(s)e™*T)

Qni(s) € RHEX™, Qai(s) € RHI™™, Qna(s) €
RHPX™ and Qg2(s) € RHZZ*™ are any functions sat-
isfying

(29)

7 {Z22(0) (Qa1(0) + Qa2(0))

+221(0) (Qn1(0) + @n2(0))} =0 (30)

and

rank (Qus(s) — Qui(5)Q7 (5)Qua(s)) = m.  (31)
Proof: First, the necessity is shown. That is, we
show that if the modified repetitive controller C/(s)
in (7) stabilizes the control system in (1) robustly,
then C(s) is written by (28) and (29), respectively.
From Lemma 2 and Remark 3.the parameterization
of all robust stabilizing controllers C(s) for G(s)e™*
is written by (28), where ||Q(s)||cc < 1. In order to
prove the necessity, we will show that if C(s) written
by (28) works as a modified repetitive controller, then
Q(s) in (28) is written by (29). Substituting C(s) in
(7) for (28), we have (29), where

in(s) = Nln(S)N2d(5)7 (32)
Qn2(s) = Nan(s), (33)
Qai(s) = Din(s)D24a(s)N1a(s)Naa(s) (34)
and
Qa2(s) = Dau(s)N1a(s)Naa(s). (35)

Here, N1,(s) € RHEX™, Nay,(s) € RHPX™, N14(s) €
RHZ"™, Noa(s) € RHZX™, Din(s) € RHZ"™,
Do, (s) € RHT*™,  Dy4(s) € RHZ*™ and Dag(s) €
RHZ*™ are coprime factors satisfying

221(8)01 (S) — 211(8) = Dln(S)Dl_dl(S), (36)

(221(5)02(5) — Zo1(5)C1(s)q(s) + Zu(s)q(s)) Dia(s)
= Dy, (s)D5}(s), (37)

(212(5) - 222(5)01(5)) D1a(s) Doa(s)

= Niu(s)Ny'(s) (38)

and

~ (Zaa(9)Cals) ~ Zaa()Ca()a(s) + Zra(s)a(s))
D1a(s)D24(s)N1a(s) = Nan(s)Nyg'(s).  (39)

From (32) ~ (35), all of Qni(s), Qna(s), Qai(s)
and Qg2(s) are included in RHy,. Thus, we have
shown that if C(s) written by (7) stabilizes the con-
trol system in (1) robustly, Q(s) in (28) is written
by (29). Since ¢(0) = I, from (32)~(35) and (25),
(30) holds true. In addition, from the assumption of
rank Cs(s) = m and from (37) and (39),

rank Do, (s) =m (40)

and

rank N, (s) =m (41)
hold true. From (40), (41), (33) and (35), (31) is
satisfied. Thus, the necessity has been shown.

Next, the sufficiency is shown. That is, it is shown
that if C(s) and Q(s) € HEX™ are settled by (28) and
(29), respectively, then the controller C(s) is written
by the form in (7) and rank Cs(s) = m hold true.
Substituting (29) into (28), we have (7), where Cy(s),
C5(s) and ¢(s) are denoted by

01(8)
= (Z11(5)Qn1(s) + Z12(5)Qa1(s))
(Z21(5)Qn1(5) + Z22(s)Qur(s)) ™", (42)
Oofs) = (Qm(©)Qut ()2 (s) + Znn(s))

(@na(s) — Qni(5)Qg' (5)Qaz(s))

(Z21(5)Qn1(8) + Za2(s)Qu1(s)) " (43)
and
q(s) = —(Z21(5)Qn2(s) + Z22(5)Qaz2(s)

(Z21(8)Qu1(5) + Z22(5)Qan (5)) ™" .(44)

We find that if C(s) and Q(s) are settled by (28) and
(29), respectively, then the controller C(s) is written
by the form in (7). Substituting (30) into (44), we
have ¢(0) = I. From (31) and (43),
rank Cs(s) =m (45)

holds true. Thus, the sufficiency has been shown.
We have thus proved Theorem 1. |
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4. CONTROL CHARACTERISTICS

In this section, we describe control characteristics
of control system in (1) using robust stabilizing mod-
ified repetitive controllers C'(s) in (28).

From Theorem 1, Q(s) in (29) must be included in
Hoo. Since Qni1(s) € RHEX™ and Qna(s) € RHEX™
n (29), if

(Qar(5) + Qaa(s)e™T) " € HIxm,

then Q(s) satisfies Q(s) € HEX™.

Next, we mention the input-output characteristic.
The transfer function S(s) from the periodic reference
input r to the error e = r — y is written by

(46)

S(s) = (I +C(s)G(s) " = Su(s)S; ' (s),  (47)
where
Sn(s)
= Cy'(s){I + (Qaa(s) — Caa(s)Qna(s))
(Qur(5) = Caa(5)Qua(s) " e~}
(Qar(s) — Ca2(5)Qn1(5)) (48)
and
Sa(s)

= Z9(5)Qua1(s) + Z21(5)Qn1(s)
+G(5) (Z12(5)Qar(s) + Z11(5)@na(s)) e
)

+(Z22(5)Qaz(s) + Z21(5)Qua(s)) e ="
+G(s) (Z12(5)Qaz(s) + Z11(5)Qna(s)) e * T+,
(49)
From (47), for frequency components w;(i =
0,1,...,n) in (10) of the periodic reference input r,

if
o {I + (Qu2(jw;) — Co2(jw;i)Qua(jw;))

(Qur(jw) = Caa () Qua () ™} = 0

(1=0,1,...,n), (50)
then the output y in (1) follows the periodic reference
input r with small steady state error.

Finally, we mention the disturbance attenuation
characteristic. The transfer function S(s) from the
disturbance d to the output y is written by (47), (48)
and (49). From (47), for the disturbance d with same
frequency components w;(i = 0,1,...,n) in (10) of
the periodic reference input r, if

7 {1 + (Qaz2(jwi) — Caz(jwi)Qna(jwi))
(Qur (i) — Ca (1) Qua (o)) ™"} = 0
(1=0,1,...,n), (51)

then the disturbance d is attenuated effectively. For
the frequency component wy of the disturbance d that

is different from that of the periodic reference input
r, that is wy # wy, even if

0 {1 + (Qa2(jwa) — Co2(jwa)Qn2(jwa))
(Qui(jwa) = Coa(jewa)Qui(jewa)) ™' | 0,
(52)

the disturbance d cannot be attenuated, because

eIwal £ (53)

and

o {1 + (Qa2(jwa) — Co2(jwa)@n2(jwa))
(Qu1(jwa) = Coa(jewa) Qua(jwa)) ™" e 4T | 0.
(54)

In order to attenuate this frequency component, we
need to settle Q,1(s) and Qg1 (s) satisfying
0 {Qa1(jwa) — Co2(jwa)Qn1(jwa)} =~ 0. (55)
From above discussion, the role of Qg1(s) and
Qa2(8) is to assure the stability of the control system
in (1) by satisfying Q(s) € HEZX™. The role of Qn2(s)
and Qg2(s) is to specify the input-output character-
istic for the periodic reference input r and to specify
the disturbance attenuation characteristic for the dis-
turbance d with same frequency components w; (z =
0,1,...,n) of the periodic reference input r. The role
of Qni(s) and Qg1(s) is to specify the disturbance
attenuation characteristic for the disturbance d with
frequency components wg # w; (Vi =0,1,...,n).

5. DESIGN PROCEDURE

In this section, a design procedure of robust
stabilizing modified repetitive controllers C(s) for
multiple-input /multiple-output time-delay plants is
presented.

A design procedure of robust stabilizing modified
repetitive controllers C(s) satisfying Theorem 1 is
summarized as follows:

Procedure

Step 1) Obtain C11(s), Ci2(s), C21(s) and Caa(s) by
solving the robust stability problem using the Riccati
equation based H,, control as Theorem 1.

Step 2) Qa1(s) € RHZ*™ and Qg2(s) € RHT*™
are settled so that

(Qar(5) + Qua(s)e™T) " € HIxm (56)

is satisfied.

Step 3) @Qni(s) € RHEX™ is settled so that for
the frequency component wy of the disturbance
d, 6(Qa1(jwa) — Ca2(jwa)@n1(jwa)) =~ 0 is satis-
fied. To design Qni1(s) to satisfy 7(Qa1(jwa) —
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C2(jwa)Qn1(jwa)) = 0, Qn1(s) is designed accord-
ing to

Qui(s) = Clao(5)7a(5)Qar (),

where Cag,(s) € RHI*P is an outer function of
Cao(s) satisfying

Caa(9)

(57)

= ngi(8)0220(8)7 (58)

Ca2i(s)
0221( )
q4(0) =

qa(s)

€ RHIZ*™ is an inner function satisfying
= I, Ga(s) is a low-pass filter satisfying
I, as

dia, ! !

= 1 e

& (1+ s741)""’ " (14 8Tam) ™
(59)

is valid, ag; (i = 1,...,m) are arbitrary positive in-
tegers to make C;QO(s)qd(s) proper and 74; € R (i =
1,...,m) are any positive real numbers satisfying

1
(1 +jwd7'd1)ad1 o
1

~ (. 60
"1+ jwatdam) H (60)

Step 4) Qna(s) € RHEX™ is settled so that for
the frequency component w;(¢ = 0,1,...,n) of
the periodic reference input r, d{I + (Qu2(jw;) —

2 {I — Cpi(jwq)diag {

Caa(jw;) Qna(jwi) ) (Qar (jwsi ) —Caz (jwi) Qna (jw;)) 1} =~

0 is satisfied. To design @na(s) to hold
o{l + (Qa2(jwi) — C22(jws)Qn2(jw:))(Qar (jwi) —
C22(jwi)Qn1(jwi)) ™'} = 0, Qna(s) is designed ac-
cording to

Qn2(s)
= Chho(s){a:(s) (Qar(s) —
+Qa2(s)}

where G.(s) is a low-pass filter satisfying ¢.(0) = I,
as

C22(5)Qn1(s))
(61)

ar(s)
. 1 1
= dlag {(1 + STTl)aTl y T (1 + STTm)Oérm }
(62)

is valid, a;; (1 = 1,...,m) are arbitrary positive in-
tegers to make CQT%(S)QT(S) proper and 7, € R (i =

1,...,m) are any positive real numbers satisfying
5 11— Cony(jeos)di !
G |I — Cagi(jw;)diag § ————a7, "
22i\J g 1+ jwirt)™
1
,M}} ~0 (i=0,1,...,n).
(1 +.7wi7—rm)

(63)

Quaz(s) is settled to make CJ, (s)Qq2(s) proper.
Using above-mentioned procedure, from (44), ¢(s)
in (8) satisfies

Coz; (jwi)qr (jwi)
0221' (]wz)dlag {

q(jwi) =

1
T

(1 + jwitr1)

1
s T ——~arm (- 64
(1 +.7wi7—rm)arm } ( )
Therefore, for w; (¢ = 0,1,...,n) in (10), those are
frequency components of the periodic reference input
r,if 7;(i=1,...,m) in (64) are settled satisfying

o {l —q(jwi)}
~ o |1- Canties)atog {

1
e

(1 + jwiTr1)

1
’ (1 +.7.Wi7'rm)arm }]
~ 0 (Vi=0,1,...,n),

then the output y follows the periodic reference input
r with small steady state error.

(65)

6. NUMERICAL EXAMPLE

In this section, a numerical example simulated by
using MATLAB is shown to illustrate the effective-
ness of proposed method.

Consider the problem to obtain the parameteriza-
tion of all robust stabilizing modified repetitive con-
trollers for time-delay plant G(s)e™* written by

G(s)e L = (e7*EnT + A(5))Gp(s). (66)
The nominal time-delay plant of G(s)e™*L and the
upper bound Wr(s) of the set of A(s) are given by

Gm(s)e*SL’”

s+ 2
= (s+2)(s+9) (s+2)(s+9) | —03s
s+3 s+4 ’
(s 2)( +9) (s+2)(s+9)
(67)
and
Wr(s) = = (68)
where
543 2
G (s) = (s+ 2)+(33 9) (s +52)+($4+ 9) (69)
(s+2)(s+9) (s+2)(s+9)
and L,, = 0.3[sec]. The period T of the periodic

reference input r in (2) is T = 20[sec]. Solving the
robust stability problem using Riccati equation based
H, control as Theorem 1, the parameterization of all
robust stabilizing modified repetitive controllers C/(s)
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is obtained as (28). In order to hold Q(s) € Hw in
(29), Q41(s) € RH, and Qg2(s) € RHy, in (29) are
settled by

Qa1 (s) (70)

and

Qua(s) (71)

When Qg1(s) and Qga(s) are set as (70) and (71),
(46) satisfies

(Qu1(5) + Qua(s)e™T) ™' = TeHy. (72)
That is, Q(s) € Hoo holds true.
In order for disturbances both
[ da(®) | | 2sin(0.17t)
d(t) = [ do (1) } = [ sin(0.17t) } (73)
and
| di(t) | | 2sin(0.057t)
d(t) = { da(t) ] = { sin(0.057t) } (74)

to be attenuated effectively and for the output y(t) =
[y1(t), y2(t)]T to follow the periodic reference input

()

with small steady state error, Q,1(s) and Q,2(s) are
settled by (57) and (61), respectively, where

T1 (t)

ro(8) (75)

2sin(0.17t) ]

r(t) sin(0.17t)

-1 0
qr(s) — 0028 + 1 , (76)

L 0.02s +1 |

_ 1 . _
a(s) = | PUBEL 4 )

L 0.02s +1
Cao(s) = Caa(s) (78)

and

Coi(s) = 1. (79)

The largest singular value plot of Q(s) is shown
in Fig. 2. Figure 2 shows that the designed Q(s)
satisfies ||Q(s),, < 1.

When A(s) is given by

s —100 200
o= TP Tl e
5+ 500 s+ 600

the largest singular value plot of A(s) and the gain
plot of Wr(s) are shown in Fig. 3. Here, the dotted
line shows the gain plot of Wr(s) and the solid line

39

Largest Singular Value [dB]

| |
= =
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o o

-160-

-180-
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Fig.2: The largest singular value plot of Q(s)

- - Gain plot‘of Wr(s) I
— Largest singular value plot &{s)

Largest Singular Value [dB]

10° 10° 10

Frequency [rad/sec]
Fig.3: The largest singular value plot of A(s) and
the gain plot of Wrp(s)

shows the largest singular value plot of A(s). Figure
3 shows that the uncertainty A(s) satisfies (4).

Using above-mentioned parameters, we have a ro-
bust stabilizing modified repetitive controller. When
the designed robust stabilizing modified repetitive
controller C'(s) is used, the response of the output
y(t) = [y1(t), y2(t)]" in (1) for the periodic reference
input r in (75) is shown in Fig. 4. Here, the thick
broken line shows the response of the periodic refer-
ence input r1, the thin broken line shows that of the
periodic reference input ro, the thick solid line shows
that of the output y; and the thin solid line shows
that of the output yo. Figure 4 shows that the out-
put y follows the periodic reference input r in (75)
with small steady state error, even if the plant has
uncertainty A(s).

Next, using the designed robust stabilizing modi-
fied repetitive controller C(s), the disturbance atten-
uation characteristic is shown. The response of the
output y for the disturbance d in (73) of which the
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Fig.4: The response of the output y(t) for the peri-
odic reference input r(t) in (75)

frequency component is equivalent to that of the pe-
riodic reference input 7 is shown in Fig. 5. Here,

2— -
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Fig.5: The response of the output y(t) for the dis-
turbance d(t) in (75)

the thin broken line shows the response of the dis-
turbance dy, the thick broken line shows that of the
disturbance ds, the thin solid line shows that of the
output y; and the thick solid line shows that of the
output yo. Figure 5 shows that the disturbance d in
(73) is attenuated effectively. Finally, the response of
the output y for the disturbance d in (74) of which
the frequency component is different from that of the
periodic reference input 7 is shown in Fig. 6. Here,
the thin broken line shows the response of the dis-
turbance dy, the thick broken line shows that of the
disturbance ds, the thin solid line shows that of the
output y; and the thick solid line shows that of the
output yo. Figure 6 shows that the disturbance d in
(74) is attenuated effectively.

In this way, we find that we can easily design a
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Fig.6: The response of the output y(t) for the dis-
turbance d(t) in (74)

robust stabilizing modified repetitive controller using
Theorem 1.

7. CONCLUSIONS

In this paper, we proposed the parameterization of
all robust stabilizing modified repetitive controllers
for multiple-input/multiple-output time-delay plants
with uncertainties. That is, we found out the param-
eterization of all robust stabilizing modified repeti-
tive controllers C(s) written as the form in (7) such
that the control system in (1) is robustly stable and
the output y follows the periodic reference input r
with small steady state error even in the presence of
uncertainty A(s). Control characteristics of a robust
stabilizing modified repetitive control system are pre-
sented, as well as a design procedure for a robust sta-
bilizing modified repetitive controller. A numerical
example was shown to illustrate the effectiveness of
the proposed parameterization. Because the modified
repetitive control system using the proposed param-
eterization has merits, such as the robust stability
of the time-delay system with uncertainty is guaran-
teed and the control system can be easily designed,
practical applications for real time-delay system, for
example, remote control and temperature control, are
expected.

The first author would like to express his gratitude
to China Scholarship Council for the supports and
scholarship.
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