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ABSTRACT

Medical and engineering technologies have devel-
oped the surgical simulators, which allow users to
train for surgical skills. To perform the aortic valve
replacement, which is one of the cardiovascular surg-
eries, it is necessary to examine not only the timing
of the heart pulsating but also the stress distribution
on the aortic valve. For pre-operative planning, we
have visualized the stress on the aortic valve due to
the deformation of the aorta and blood stream. In
our research, simulations of the deformation of the
aortic valve and blood stream have been performed
with 3D aorta and aortic valve models, which are
composed of particles. In the simulation, the aortic
valve and blood models are treated as an elastic body
and Hershel-Bulkley fluid, respectively. We have used
MPS (Moving Particle Semi-implicit) as the particle
method; however, it is known that MPS method can-
not specify the stress because the pressure among the
particles on the free surfaces is zero. Then, in this pa-
per, we propose more stable pressure calculation by
considering virtual particles. As a result, visualiza-
tion of the stress distribution on the aortic valve has
been achieved.

Keywords: Visualization, Particle Method, Aortic
Valve, Stress Distribution

1. INTRODUCTION

Recently, in the field of the cardiovascular surgery,
the aortic valve replacement or the aortic valve plasty,
which are the surgeries of the aortic valve shape, is
performed to the patients who have the valvular dis-
ease [1]. In these surgeries, the heart pulse and the
valve’s opening and closing timing have to be exam-
ined during the operations. In addition, the stress
distribution during the surgeries should be visualized.

In these simulations, two kinds of models are used:
MSM (Mass Spring Model) that constructs organs
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with masses and springs, and FEM (Finite Element
Model) that constructs organs with tetrahedral el-
ements. These models, however, are needed to be
reconstructed for topological change of models such
as bleeding. Then, for these simulations, particle
method [2] is used as a new method that can be ap-
plied for topological change. There are two kinds of
particle methods: SPH (Smoothed Particle Hydro-
dynamics) and MPS (Moving Particle Semi-implicit).
SPH method considers that the velocity and the den-
sity of a particle are smoothly distributed around the
particle, while MPS method considers that they are
placed at the center of a particle. For the simulation
of incompressible fluid, MPS method can be used;
however SPH method cannot be applied so that ISPH
(Incompressible SPH) [3] method, which is another
method developed for incompressible fluid, is used.
Example researches with particle methods include de-
formation analysis of red cells flowing in blood vessels
[4], and bleeding simulation caused by cutting a blood
vessel [5]. In our research, blood stream inside of the
aorta, and opening and closing of the aortic valve are
simulated, and the stress distribution on the aortic
valve is visualized.

2. GOVERNING EQUATIONS

Governing equations of continuum body such as
the aortic valve and blood are Cauchy’s equation of
motion, equation of continuity and constitutive equa-
tion of materials. The detailed explanation is the fol-
lowing.

2.1 Governing Equation of Continuum

Cauchy’s equation of motion that expresses con-
servation of momentum, and equation of continuity
that expresses conservation of mass, are formulated
as Eqs.(1) and (2).

ρ
Dv

Dt
= ∇ · σσσ + F (1)

Dρ

Dt
+ ρ∇ · v = 0 (2)

Where, ρ is density, v is velocity, t is time, σσσ is
stress tensor and F is external force.
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2.2 Constitutive Equation of the Aortic Valve

Constitutive equation of an elastic body is written
as Eq.(3), and is applied to the aortic valve.

σσσe = λtr(εεε)I+ 2Gεεε (3)

εεε =
1

2

(
∇u+ (∇u)T

)
(4)

Where, σσσe is stress of elastic body, εεε is strain ten-
sor, I is unit tensor, u is displacement, λ and G are
lame constants that are expressed as the following.

λ =
vE

(1 + v)(1− 2v)

G =
E

2(1 + v)

(5)

Where, E is Young’s modulus and v is Poisson’s
ratio. By substituting Eqs.(3) and (4) into Cauchy’s
equation of motion (Eq.(1)), Cauchy-Navier equation
(Eq.(6)) can be obtained as follows.

ρ
D2u

Dt2
= (λ+G)∇(∇ · u) +G∇2u+ F (6)

2.3 Constitutive Equation of Blood

Since blood is non-Newtonian fluid that yields
stress, it can be approximated by Herschel-Bulkley
fluid or Casson fluid. Herschel-Bulkley fluid is more
similar to the characteristic of blood than Casson
fluid [6]. The constitutive equation of Herschel-
Bulkley fluid is given as follows.

σσσf = −pI+ 2µD (7)

µ = mDn−1 +
τ0
D

(8)

D =
√
2D : D (9)

D =
1

2

(
∇v + (∇v)T

)
(10)

Where, σσσf is stress of fluid, p is pressure, µ is vis-
cosity, D is rate of strain tensor, m and n are con-
stants depending on hematocrit, τ0 is yield stress, and
v is velocity. Navier-Stokes equation (Eq.(11)) is ob-
tained by substituting Eqs.(7) and (10) into Cauchy’s
equation of motion (Eq.(1)).

ρ
Dv

Dt
= −∇p+ µ∇2v + F (11)

Since Herschel-Bulkley fluid yields stress, viscosity
µ in Eq.(8) is used if the condition of Eq.(12) is sat-
isfied. Otherwise, tensor D is considered as zero by
making viscosity µ huge so that τττ should be zero.

1

2
τττ : τττ = τ20 (12)

τττ = 2µD (13)

3. MPS METHOD

It is necessary to discretize partial differential
equations used in the governing equations and MPS
method uses weight function for it, which function is
defined based on the distance between particles. The
weight function is given as follows.

w (|rij |) =

{ re
|rij |

(0 ≤ |rij | < re)

0 (|rij | < re)
(14)

Where, r is position vector of a particle, rij is the
difference between position vectors of particle i and j
, and re is called radius of effect, and particles within
the radius affect the center particle. The weight func-
tion uses the current distance between particles in
the fluid model. On the other hand, it uses the ini-
tial distance between particles in the elastic model.
The summation of the weight function for all particles
within the radius of effect becomes particle density as
follows.

ni

∑
j ̸=1

w (|rij |) (15)

Where, the particle density in uncompressed state
is n0. Here, gradient, divergence, and Laplacian mod-
els in MPS are defined as the following.

⟨∇ϕ⟩i =
d

n0

∑
j ̸=i

ϕj − ϕi

|rij |2
rijw (|rij |) (16)

⟨∇ · ∇ϕ⟩i =
d

n0

∑
j ̸=i

(ϕj − ϕi) · rij
|rij |2

w (|rij |) (17)

⟨∇2ϕ⟩ = 2d

λn0

∑
j ̸=i

(ϕj − ϕi)w (|rij |) (18)

λ =

∑
j ̸=i

|rij |2w (|rij |)∑
j ̸=i

w (|rij |)
(19)

Where, ϕ is a physical quantity of the field and d
is space dimension.

4. SIMULATION FLOW

Fig. 1 shows the simulation flow with the proposed
method.
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Fig.1: Simulation Flow.

4.1 Deformation of Elastic Body Particles

In case that the lame constant of elastic body is
large, implicit dynamic calculation is needed to calcu-
late the deformation of elastic body. First, the time
derivative of Eq.(6) is discretized by taking second-
order central difference as the following.

D2u

Dt2
=

ut+1 − 2ut + ut−1

∆t2
(20)

Next, the space derivative of Eq.(6) is discretized
by applying MPS method as the following.

⟨∇(∇ · u)⟩i =
2d

n0

∑
j ̸=i

{(
ut+1
j − ut+1

i

)
· rt+1

ij

}
rt+1
ij

|r0ij |2|rt+1
ij |2

w
(∣∣r0ij∣∣) (21)

⟨∇2u⟩i =
2d

λn0

∑
j ̸=i

(
ut+1
j − ut+1

i

)
w
(∣∣r0ij∣∣) (22)

Then, MPS method uses weight average. If multi-
ple discretization such as that in Eq.(21) is necessary,
weight average should be calculated only at the last
discretization.

Finally, the simultaneous linear equation of dis-
placement uuut+1 is obtained by substituting Eqs.(20)-
(22) into Eq.(6).

ρi
ut+1
i − 2ut

i + ut−1
i

∆t2

= (λ+G)
2d

n0

∑
j ̸=i

{(
ut+1
j −ut+1

i

)
· rt+1

ij

}
rt+1
ij

|r0ij |2|rt+1
ij |2

w
(∣∣r0ij∣∣)

+µ
2d

λn0

∑
j ̸=i

(
ut+1
j − ut+1

i

)
w
(∣∣r0ij∣∣)+ Fi

(23)
BiCGSTAB (Biconjugate gradient stabilized)

method is applied to solve the simultaneous linear
equation. At this stage, not only displacement ut+1

but also position rt+1 are unknown. Therefore, the al-
gorithm of Gauss-Seidel method is applied. It means
that the displacement ut+1 is calculated by approx-
imating rt+1 with ut+1 in Eq.(23) at first. Then,
the position rt+1 is calculated from the displacement
ut+1 with Eq.(24). By substituting this value rt+1

in Eq.(24) back into rt+1 in Eq.(23) repeatedly, the
accurate displacement ut+1 can be obtained. The re-
lationship between the displacement and the position
of a particle is shown in Fig. 2.

Fig.2: Relationship between Displacement and Po-
sition.

uj − ui = (rj − ri)−
1

2

(
Rir

0
ij +Rjr

0
ij

)
(24)

Where, R is a rotation matrix which is determined
from particle’s orientation. Then, some particles of
elastic body are attached to fixed rigid particles for
satisfying the boundary condition in order to solve
the simultaneous linear equation about r in Eq.(24).
The stress of elastic body is calculated by substituting
displacement u , which is obtained by Eq.(23), into
Eq.(4) and by substituting Eq.(4) into Eq.(3).

4.2 Viscosity and Temporal Position of Fluid
Particles

At first, the temporary velocity and the position
due to external force, and the viscosity are calculated.
In this calculation, the time step must be very small
in explicit method since the blood viscosity becomes
large when the velocity of blood stream becomes slow.
Therefore, we use implicit method to obtain the sta-
ble result. The time derivative of Eq.(11) is dis-
cretized by taking forward difference as the following.
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Dv

Dt
=

vt+1 − vt

∆t
(25)

The space derivative of Eq.(11) is discretized with
MPS method as follows.

⟨∇2v⟩i =
2d

λn0

∑
j ̸=i

(
vt+1
j − vt+1

i

)
w
(∣∣rt+1

ij

∣∣) (26)

The simultaneous linear equation of velocity vt+1

is derived by substituting Eqs.(25) and (26) into
Eq.(11) except for the pressure term as shown in
Eq.(27).

ρi=
vt+1
j −vt

i

∆t
=µ

2d

λn0

∑
j ̸=i

(
vt+1
j −vt+1

i

)
w
(∣∣rt+1ij

∣∣)+Fi

(27)
Note that the external force in Eq.(27) is limited to

the gravity because the repulsive force between parti-
cles can be calculated from the pressure calculation,
which is described later. Since the particle position
rt+1 is not also known, the algorithm of Gauss-Seidel
method is applied as well as the deformation calcula-
tion of the elastic body.

4.3 Pressure and Repulsive Force

In this method, in order to calculate the repulsive
force between the fluid and the elastic body, the tem-
porary pressure of the elastic body is needed. In the
previous method, particles with low particle density
are defined as free surface particles and their pres-
sure are fixed to zero. The repulsive force between
free surface particles is always zero since the gradient
of the pressure of free surface particles becomes zero.
Therefore, our method treats particles inside free sur-
face and ones on it equally to calculate the repulsive
force by using virtual particles.

At First, since the physical density is proportional
to the particle density Eq. (2) can be rewritten with
Eq.(28).

Dn

Dt
+ n0∇ · v = 0 (28)

The pressure term of Eq.(11) can be expressed as
(29) by excluding the viscosity term and the external
force.

ρ
Dv

Dt
= −∇p (29)

By solving Eq.(29) for v and by substituting v into
Eq.(28), Poisson equation of pressure can be obtained
as follows.

∇2p = − ρ

n0∆t

n∗ − n0

∆t
(30)

Where, n∗ is the particle density at the temporal
position. By discretizing Eq.(30) with MPS method,
the following simultaneous linear equation about p
can be obtained. The repulsive calculation is also
performed at the same time by treating the elastic
body particle and the fluid particle identically.

2d

λn0

∑
j ̸=i

(pj − pi)w
(∣∣r∗ij∣∣) = ρ

n0∆t

n∗ − n0

∆t
(31)

Eq.(31) can be expressed with a matrix as follows.

2d

λn0

 −n∗
i · · · w

(∣∣r∗ij∣∣)
...

. . .
...

w
(∣∣r∗ij∣∣) . . . −n∗

j


pi...
pj

=

− ρ

n0∆t
n∗
i −n0

∆t
...

− ρ
n0∆t

n∗
j−n0

∆t


(32)

The boundary condition is necessary to solve
Eq.(32) since the coefficient matrix is not strict diag-
onal dominant. As the boundary condition, the pres-
sure of free surface particles with low particle density
is considered as zero. Then, no repulsive force is gen-
erated on free surface.

To overcome this problem, particles on free surface
and ones inside of it should be treated with the same
way by assuming the existence of uncompressed vir-
tual particles with zero pressure in the space, where
no particle is found. The image of virtual particles is
shown in Fig. 3. The virtual particles are assumed
to exist in the shaded region of Fig. 3.

Fig.3: Virtual and Real Particles.

For example, when virtual particles m exist,
Eq.(32) becomes Eq.(33) and the pressure of parti-
cles on free surface can be calculated.
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2d
λn0



−n∗∗
i · · · w

(∣∣r∗ij∣∣) · · · w (|r∗im|)
...

. . .
...

. . .
...

w
(∣∣r∗ji∣∣) · · · −n∗∗

j · · · w
(∣∣r∗jm∣∣)

...
. . .

...
. . .

...
0 · · · 0 · · · 1




pi
...
pj
...
pm



=



− ρ
n0∆t

n∗∗
i −n0

∆t
...

− ρ
n0∆t

n∗∗
j −n0

∆t
...
0


(33)

Where, n∗∗ is the density of particles at the space
where virtual particles are placed. Here, Eq.(33) be-
comes Eq.(34) because the pressure of virtual parti-
cles is zero.

2d

λn0

 −n∗∗
i · · · w

(∣∣r∗ij∣∣)
...

. . .
...

w
(∣∣r∗ij∣∣) . . . −n∗∗

j


pi...
pj

=

− ρ

n0∆t
n∗∗
i −n0

∆t
...

− ρ
n0∆t

n∗∗
j −n0

∆t


(34)

For the purpose of explanation, we have placed vir-
tual particles; however the virtual particles does not
exist on the simulation because the virtual particle
is a conceptual particle. For the reason, the particle
density with virtual particles, n∗∗ , cannot be cal-
culated by summation with the weight function w.
Therefore, the particle density with virtual particles,
n∗∗ , can be calculated with the particle density in-
creased by adding overlapping particles to the initial
uncompressed state n0. Volume ratio, which is the ra-
tio of overlapped particles over all ones, is calculated
with Eq.(35). Fig. 4 shows the overlapped state by
two particles.

Fig.4: Overlap between Particles.

α
′

jk =
V

′

jk

V
=

l0 − |rjk|
l0

(35)

Where, α
′
is volume ratio, V is a particle volume,

V
′
is the overlapped volume, and l0 is the distance

between particles in uncompressed state. The sum-
mation of the volume ratio becomes the total space
overlapped by particles.

αj =
∑
j ̸=m

α
′

jm (36)

The particle density with virtual particles is calcu-
lated with Eq.(37) if the number of particles increases
according to the overlapped space. The volume ratio
becomes the half because the two particles have the
same common space to each other. Fig. 5 shows the
improvement of the particle density.

n∗∗
i = n0 +

1

2

∑
j ̸=i

w (|rij |)αj (37)

For stable calculation, the particle density with
virtual particles, n∗∗ , is replaced with the particle
density n∗ when n∗∗ is smaller than n∗. The pressure
is calculated with the above particle density n∗∗.

Fig.5: Improvement of the Particle Density.

Finally, after the gradient of pressure is calculated,
the repulsive force among the elastic bodies and the
repulsive force between the fluid and the elastic body
are calculated. In this step, the gradient of pressures
of the elastic body particles is not calculated with the
particles, which are placed at the initial positions, be-
cause the repulsive force is already calculated with the
governing equation of the elastic body. Then, we con-
sider the force received by the elastic body particles
as the external force in the deformation calculation,
and use it in the next step. In order to take the pres-
sure of virtual particles into account, the pressure of
a virtual particle that is placed at the symmetric po-
sition of a real particle, is considered as zero and then
the pressure is calculated with Eq.(38). (See Fig.6)

Fig.6: Virtual Particle Placed at the Symmetry Po-
sition.
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∇p =
d

n0

∑
j ̸=i

(0− pi)(−rij)

| − rij |2
+

(pj − pi)rij
|rij |2

w (|rij |)

=
d

n0

∑
j ̸=i

pjrij
|rij |2

w (|rij |)

(38)

5. RESULT

The simulations of opening and closing of the aor-
tic valve and blood stream inside of the aorta, have
been performed.

Fig.7: Simulation Model of the Aorta.

Fig. 7 shows the image of the simulation model
that is cut at a cross section. The particles compos-
ing of the aorta wall, blood and the aortic valve are
about 60k fixed rigid particles, about 64k fluid parti-
cles and 3k elastic body particles, respectively. The
aortic valve has the parameters of 1M[Pa] Young’s
modulus and 0.49 Poisson’s ratio.

Fig. 8 shows the result of the simulation. The
left and right figures show the pressure distribution
of the blood and the stress distribution of the aortic
valve, respectively. In the initial state (Fig. 8(a)), the
pressure and the stress of all particles are 0[Pa], and
the blood flows at the velocity of 1.0[m/s] from the
left ventricle side to the aorta. As the blood flows,
the internal pressure of the left ventricle increases to
20k[Pa], and the blood flows to the aorta when the
aortic valve opens (Fig. 8(b)). The stress at the
bottom of the aortic valve is larger than that at the
tip of the value. When the left ventricular pressure
becomes 0[Pa], the aortic valve is closed since the
pressure caused by the blood stream becomes small
(Fig. 8(c)). When the blood flows backward from
the aorta to the left ventricle, the internal pressure of
the aortic valve becomes larger than that of the left
ventricle, and the aortic valve closes (Fig. 8(d)).

6. CONCLUSION

We have performed the 3D simulation of the aorta
with a particle method, which visualizes the blood
stream and the stress distribution on the aortic valve
for the surgeries of the aortic valve replacement
and/or the aortic valve plasty. In our simulation, the

Fig.8: Visualization of the Pressure and the Stress
Distribution.

aortic valve is treated as the elastic body and the
blood is treated as Herschel-Bulkley fluid. The de-
formation has been calculated by an implicit method
using MPS in order to perform stable transformation.
In addition, the pressure of the fluid and the repul-
sive force between surface particles of the fluid can be
calculated by considering virtual particles. Further-
more, we have been able to obtain the repulsive force
between blood and the aortic valve, and also the force
between the aortic valves by considering all particles
for the pressure calculation.

This method has made it possible to simulate the
aortic valve movement and to visualize the pressure
and the stress according to it. The aortic model has
been built based on the image data of a real patient
and the movement has been evaluated by compar-
ing the simulation result with a real US (Ultrasound)
echo movie. From the clinical point of view, the aortic
valve movement and the value of the pressure and the
stress are similar to the real one, however, the open-
ing and the closing of the valve is a little bit smooth
while the real movement of it is more dynamic and
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the valve opens more widely. Therefore, we have to
consider the movement by the muscle of the aortic
valve and also plan to perform the simulation with
the medical data of a real patient.
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