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ABSTRACT

This paper presents an innovative approach to
solve probability distributions of a close feed back
loop type queuing system with general service time
distribution.  This model is applied to a multi-
processor system where some of its nodes are per-
formed a repair procedure during a nodes malfunction
condition. Our model is appropriate for a multipro-
cessor system that employs a common bus or for a
multi-node system in computer networks. A metic-
ulous analysis of the systems model has been con-
ducted and numerical results have been obtained to
scrutinize the proposed model.

Keywords: Closed queuing system, general service
distribution, fault tolerance

1. INTRODUCTION

The queuing system is widely classified into an
open-type system and a closed-type system. In the
open-type system model, customers arrive from out-
side and depart to the outside of the system while in
the closed system, the customers operate internally
where no customers arrive from outside or depart to
outside of the system.

Numerous research works have been extensively
dedicated to investigate the open system model which
is widely used in computer systems and computer
networks [1]-[6]. However, the closed system model
has not been paid much attention in spite of its
paramount importance to computer systems [7]. This
paper has made a very punctilious effort to formulate
the closed systems behavior in the course of malfunc-
tions which might develop in the system during re-
pairing procedures.

In the analytical model of this paper, we define A
as the failure rate (or arrival rate) and p as the rate
of completion of the repairing procedure (or service
rate) when the system is busy. Meanwhile, the expo-
nential distributions for both arrival time and service
time have been considered.

A multi-processor system that is connected to a
central bus controller or an arbiter was selected as
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an example in our proposed model. In above descrip-
tions, there are many closed type systems in the com-
puter systems.

This paper presents the analytical method of the
closed feed back loop queuing model with a general
service distribution. Furthermore, numerical exam-
ples of the close-type queuing model are given and
the system performances are also discussed.

2. MODEL OF A CLOSED LOOP TYPE
QUEUING SYSTEM

The proposed system consists of multi elements
or processors which are autonomously operated. If
any malfunctioning element of the system is detected
then this element is required for repair operation (or
service) at the service repair center (server). The re-
paired element is subsequently put into service again.

This kind of elements failure and repairing proce-
dure in a close system environment is called Closed
Feed Back Loop Type CFBLT queuing system. An
example of this model is illustrated in Fig. 1.

The CFBLT model has fault tolerance with re-
spect to a single or a multi-element failure. The
system has also self configuration feature that can
tolerant temporary failures while tasks which have
been assigned to the failure element are distributed
to other active elements. The system can tolerant up
to m of N+1 elements (meN+1) while the system
operation will be normal operation condition if the
number of faulty elements are less than or equal to
m.

As mentioned above, the proposed systems model
is applicable for numerous systems applications in
computer modeling.

3. AN ANALYSIS OF THE CLOSED QUEU-
ING SYSTEM

A systematic approach is given in this section for
proper analysis of the closed feed back loop type
queuing system, an example of this model is shown
in Fig. 1.

The CFBLT model is described below.

(1) We consider the system is in a steady state, and
the queue is first in and first service (FIFS) models
discipline.

(2) Let the number of elements in the system be N+1
(N>0). The request arrivals for service due to el-
ements malfunctions follow an exponential distribu-
tion with failure rate (arrival rate) of one element A.
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(2) Let the service-time distribution be a general dis-
tribution. Suppose the probability that a service is
started between arbitrary time ¢ and time t+A is
equal to u(z)A+o0(A)?and the density function f(z)

(@) = p(z).e Jo PO (1)

(4) Let the probability density function of the

service-time z with n queue length be wy(z). The
state probabilities p, 1 are given by

of service-time distribution is given by

Pn+1 = fy wy(x)dz(n =0,1,2,...,N) (2)

From above notations, since the service is contin-
ued as shown in Fig. 2, the relationship between
wp(x) in arbitrary time ¢ and w,(z + A) in time
(t + A), as shown in the left side of Fig. 2, is given
as follows

wo(z + A)
={1— (N = n)AAH1 — p(z)A} wo(x) +0(A)?
3)

wn(z+ A) = {1 — (N — n)AA} {1 — p(z)A}
Wy (2)+(N—=n+1)AAw, 1 (2)+0(A?) (4)

(n=1,2,...N)
for A — 0, the above equations become as follows
F{NA+ p(z)} wo(z) =0 ()

(6)

Lo ()
%wn(m) + {(N

=(N —n+DIw,—1(x) (n=1,2,..

—n)A+ p(x)} wn(z) =0
N)

In order to solve the above differential equations,
suppose wy, (z) is define by the following general func-
tion

wy(z) = hn(x).ef(an))‘szo “(z)dz(n =1,2

,2,...,N)
(7)

where h,,(z) is any function then the differential equa-
tions (5) and (6) become

L ho(z) =0 (8)
:%hn(x) = (N —n+1xe Mh,_(z)
(9)

(n=1,2,...,.N)

From (8), ho(z) = Cp, where Cy is a constant
value, and we will have the following solutions

hn(z) =
+C,_s { (N—nt2)(N—nt1) } o= 2z

+...+(-1)"Cy { NN-1). (N -nt) } o—nAz

Cn o Cn—l {N—lT!H-l } 67)\:6

n

(—1)'C_; {(N nti).. (N*n+1)}67i,\z

il

(n=1,2,....N)

(10)

where C;(i = 0,1,2,..., N) is a constant value given
by the boundary conditions at the start point or at
the end point of service. Moreover, from (2), the state
probabilities are

p=Co { R} (11)
+i§ (—1)"Chi {(N_"H)'Zi!'(N—”-H)} (12)
{W} (n=1,2,..,N 1)

N
pne1 = OnTs +.25 (-1)Cy {#} (13)

where f*(i\) is the Laplace transform of the func-
tion f(z) and is given by

= [ f@)e™dz (n=1,2,..,N — 1)
(14)

and Ty is the average service time given by
= [ ef(a)de (15)

where p is the mean service rate of general service
distribution.

On the other hand, the boundary conditions at the
start point or at the end point of the service, as shown
in right side of Fig. 2, are given by the following for-
mulas

po={1— (N +1)AA} po

(16)
+J57° w(x) Awg(z)dz + o A?)
wo(0)A = [° p(x)Aw (z)dz + (N + 1)AApy +
(Az) (17)
wn—1(0)A = [ p(z) Awy (z)dz + o(A?)

(18)
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(n =

If A —0 , the above equations become as follows

(N + Do = 2 () do (19)
wo(0) = [ p(x)wi(z)dz + (N + 1)Apo (20)
Wno1(0) = [ uo)on () (21)

(n=1,2,..N)

Using the general solutions of (7) to (10), we are
able to define the constant values of Cy,C; and C,
which are given by the following formulas

Co = U (22)
_ 1H(N—=1)f*(NA
Cl - OO { f(*((N)—l)()\) )} (23)

n—1
% N—n+i+1)...(N—n+1
Cn :1221 (_]-) C’nf’ifl {( + —&4’),1)5 ax )}

79



80 ECTI TRANSACTIONS ON COMPUTER AND INFORMATION TECHNOLOGY VOL.3, NO.1 MAY 2007

{i+1+(N nt1)f* ((N7n+i+1))\)}
(N—n+1)f*((N-n)X)

(24)

If we substitute the above constant values into the

equations (11) to (13) then we have the state prob-

abilities p,4+1(n = 0,1,2,...,N). The empty state
probability pg is given by

N+1
o pn =1 (25)
The state probabilities p,(n = 0,1,2,..., N+1) are

solved by above (11) to (13) and (25). Accordingly,
the average queue length L, and the average system
length L are given respectively by

Nt1 N
Lq :nzz:l (n=1)pn =,7=) Pn+1 (26)
N+1 N+1 N41
nzl npn —nzl (n—1)pn +n2::1 pn = L+

(1-po) (27)
Now, we need to find out the average waiting time
Wy of a new failure arrival. Fig. 3 describes how
to get the waiting time W, (z), suppose a new failure
element arrives at service time z, e.g. element A, on
condition that n elements are waiting in a queue.
The waiting time of element A is W, (x), as shown
in Fig. 3, and Wq(x) is given by
Wy(z) =Y +n-Ts
(28)
o0
=Jo y-9(z,y)dy +n-Ts
where T is mean time of the service, Y is mean time

of remaining service time and g(x, y) is conditional
probability density function and is given by

g(x,y) = (29)

In (29), f(z) and F(z) are probability density func-
tion and probability distribution function of the ser-
vice time, respectively. Then, the mean waiting time
W, of element A, that is given in (28), is calculated
as followsN

Wy = [0 wa(z) - Wa(a)da

z) - { Sy gz, y)dy +n-Ts}

N
o0 ;EJ,»
:n;() Jo walz {fo - F(i)der”'TS}dx
—Lqu-l-

nlosemp B even]  w

(N—n+i)..(N—n+1) f*((N—nti)A)
il ((N—ntin)?

Moreover, the average delay time W is as follows

W = W,+Ts (31)
The working probability P, of minimum number

of elements m in the system while keeping the system

operates in a normal condition is given by
P, = Po+Pi+..4+Pni1—m (32)

4. NUMERICAL RESULTS AND DISCUS-
SIONS

In previous section, we assumed in our previous
calculations that the service time was general service
distribution. However, to alleviate the complexity of
the numerical calculations, we consider that the ser-
vice time is Erlang k-type distribution, where k is
any arbitrary positive integer, henceforth, the equa-

tion (1 ) will be
f* Z)\ 7i)\zd1,
0
(33)
k . k
:fooo ((:fi)!xk—le—kume—zkxdx _ (Mi%cu)

Equ. (33) is Laplace transformation of f(z), where
w1 is any arbitrary positive service rate. We analyze
the initial system performance by evaluating (11) to
(13), and for example, we chose N=4 and normalize
T, = 1/p=1 with k=2, the system performance is
plotted in Fig.4.

The Figure shows the state probability po when all
elements operate entirely, it means that there is no
defective elements in the system or n=0. The state
probability pg is sharply decreased as arrival rate in-
creased while the state probability p,, for(n = N +1)
is increasing. However, each state probability pn for
(0< n <N+1) has a maximum value at a specific rate
of \. These maximum points for p,, become higher as
k increased.

As we mentioned above, the number of faulty el-
ements should be less than or equal to m(meN + 1)
to keep the system operates normally. Fig. 5 illus-
trates the average system length L and the average
waiting time Wyq in a normal systems condition for
k=2 versus arrival rate A. The queue length L, and
the average waiting time W, are gradually increased
as arrival rate A is slightly increased.

Fig.6 illustrates the probability of the system
which operates normally, or we can say working prob-
ability P,, versus arrival rate of the defective ele-
ments with the effect of & on the Erlang k-type dis-
tributed. However, if the system has no fault toler-
ance capabilities then any defective element in the
system will cause a systems termination.
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Fig.4: The state probabilities p, versus the arrival
rate A on condition of N+1=5, k=2, Ts=1 (unit
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Fig.5: The average queue length L, and the average
waiting time W, versus the arrival rate A on condi-
tion of N+1=5, k=2, Ts=1 (unit time)

For example, suppose that the system has only 5
elements in operations then any element failure will
cause system termination with probability po =0.269
at A=0.2 with k=1. In a condition of the system has
a fault tolerance capability and suppose that the sys-
tem has 3 of 5 elements are out of services then we will
able to calculate the working probability Pw=0.798 at
A=0.2 with k=1. Therefore, our model has fault tol-
erance and has the ability to respond reasonably to
an unexpected failure, and we can realize that sys-
tems operation works normally even the system has
some defective elements.

To bring the Erlang k-type distribution closer to
general distribution, let maneuver the multi-type of
Erlang distributions (m-type) as follows.

kips ki—1_—kijp;x Z J—
al(kili)!x e (i:l a; =1

f@) =%
(34)

Equation (15) becomes as follows
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Fig.6: The probability P, of the 3 out of 5 system
versus the arrival rate A on conditions of N+1=5,
Ts=1 (unit time).

m

Ty = [ of (0)de = 5 o (33)

A
Hi

For example and as illustrated in Fig. 7, two
types of Erlang k-type distributions are convoluted
for (k1 = 2,1 = lag = 04) and (ke = 10,2 =
0.2, o = 0.6). The figure shows that the first type
Erlang k1-type distribution is a simple failure and the
time service processing is a short service period, and
the second one is a complex failure and the time ser-
vice processing is longer. The combination of these
two processes is given by

flx)=m (]fllfi)yx

k)lflefk‘l,uli

koo
Qe R ey

xkz*leszuzai

03

k2:] O, 24 2:()2
(60%)

Fig.7: Probability density function f(z).

Using above formula to substitute f(z) in (14) to
calculate other unknown values. The state probabili-
ties p, of CFBLT for N+1=5,k; =2,k =10, uy =
1,2 =02, = a1 = 0.4, = 1 — acan be defined.
The first distribution of (k; = 2,41 = 1) has short
service time (z) and can be neglected, which the sys-
tem is able to operate normally.

However, the second distribution of (ks = 10, us =
0.2) has a major impact on the average service time
which is significantly long and the systems operation
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is required to be monitored carefully. Therefore, our
analysis brings better understanding systems behav-
ior to take a preceding step for keeping the system
performs normally.

5. CONCLUSION

A study of a close systems activities is very impor-
tant because of its widely used in recent computer
systems and in workplaces. In this paper, we pre-
sented an analytical method for a closed feed back
loop type CFBLT queuing model, which is appropri-
ated for failure and repair processes in maintenance
fields.

Numerical examples were given to gain a better un-
derstanding of the systems behaviors. Furthermore,
the system model has a fault tolerance capability by
considering the system has a self configuration fea-
ture that can tolerant temporary failures while tasks
which have been assigned to a failure element are di-
verted and distributed to other active elements.
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