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ABSTRACT

Redundant number system was proposed in order
to solve the carry-propagation problem. Although it
provides a carry-free parallel addition, this represen-
tation requires a lot of space to store itself. Many
conversions from the redundant number system into
another number representation have been introduced
to decrease the storage usage. This paper proposes a
generic algorithm in order to convert the redundant
number representation into the complement number
representation. The proposed algorithm can perform
the conversion of a number in any integer radix and
eliminates the carry chain of the traditional method.
The proofs of the proposed algorithm in term of cor-
rectness are also included in this paper.

Keywords: Redundant Number System, Non-
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ber, Digit Set Conversion

1. INTRODUCTION

In the computer system, arithmetic operations
play a major role in many applications where speed
is an essential issue. The speed of operations may
depend on the implementation of arithmetic algo-
rithms. The conventional operations, like addi-
tion, subtraction and multiplication, can produce the
carry-propagation chains. In the late 1950, Avizienis
[1] introduced the redundant number system to solve
this problem. The important properties of this num-
ber system are to have more than one representation
for its value and to represent negative number eas-
ily. In the other hand, the disadvantage is a problem
of space usage for store itself. The conversion al-
gorithms from one radix representation into another
have been proposed as the solution to solve this prob-
lem such as the bit-serial conversion style [2], the dig-
itparallel conversion style [3] or the conversion using
finite automata [4]. Many researchers use redundant
binary number system with the digit set {−1, 0, 1} for
computer computation because it can handle nega-
tive number without using twos complement method.

Manuscript received on December 15, 2006 ; revised on
March 15, 2007.

The authors are with the Department of Computer
Engineering, Faculty of Engineering, Chulalongkorn Uni-
versity Pathumwan, Bangkok, 10330, Thailand; E-mail:
G46vch@cp.eng.chula.ac.th, Athasit@cp.eng.chula.ac.th

However, the conventional number representation is
more common used in computer computation. Ac-
cording to this reason, many conversion algorithms
have been presented in order to convert the redun-
dant binary number into another such as standard
binary or twos complement number representation.
The conversion of redundant number into twos com-
plement can be done by using the classical method
which first converts the digit set to decimal value by
simple radix polynomial expression:

P =
nP

i=0 dir
i,

where r is any positive integer and di is a digit in a
redundant digit set.

Then convert the decimal value to standard binary
by a repeated division algorithm. Later convert into
twos complement representation in the case where the
decimal value is negative. A novel method, for con-
verting from the decimal value into binary number,
was purposed by Kettani [5].

Moreover, the sequential conversion algorithms
were proposed [6, 7] by using conversion table rules
to convert the redundant binary number into twos
complement number representation. In other words,
those algorithms are limited to process only one digit
at a time. Likewise, the algorithm introduced by
Choo and Deshmukh [8], Wang and Tull [9] have the
same processing style.

This paper presents the generic algorithm for con-
verting the redundant number system into comple-
ment representation in any integer radix. The con-
version can be divided into two parts. The first part
is the carry generating part which generates the ap-
propriated carry comparing to the input. The second
part is the expected result calculation using the input
and its carry. We have also shown that our algorithm
is correct via mathematical proof. Finally, we have
illustrated how our algorithm works through an ex-
ample.

2. PRELIMINARIES

This section revisits some related works of this pa-
per. We start by twos complement representation,
signed digit representation, characteristics of the re-
dundant number system, and characteristics of the
digit set.



40 ECTI TRANSACTIONS ON COMPUTER AND INFORMATION TECHNOLOGY VOL.3, NO.1 MAY 2007

2.1 Twos Complement Number Representa-
tion

Twos complement number representation was in-
troduced to represent the negative number without
using negative digit. A number system (r, D) is com-
posed of a radix r such that r≥2 and a finite digit set
D. Let X be a number representation for radix r on
the digit set D. The numerical value of X denoted by
‖X‖ is

‖X‖ = xn+1r
n+1 +

nP
i=0 xir

i,

where X=(xn+1xnxn−1...x2x1x0).The term xn+1in
the representation of a number indicates the nu-
meric sign, while the rest indicate the magnitude.
For example, a number (-6)10 can be represent as
(11111010)2

2.2 Redundant Number System

Signed digit representations and the redundant
number system were first introduced by Avizienis [1]
for eliminating carry-propagation chain. These num-
ber systems have been defined for any integer radix
r>2 with a symmetric digit set D ={−a, ..., a}where
r/2≤ a ≤ r -1. Moreover, the redundant number sys-
tem with the number of digits |D| = r+1 is known as
minimally redundant and with |D| = 2r -1 is known
as maximally redundant.

The digit set is not restricted with the symmetric
style but it can also be the asymmetric as well [10].
The form of this digit set is {−b, ..., a} where a 6= b
and the number of all possible digit values are a+b+1.

The important property of the redundant num-
ber system is that one number has more than
one representation. Another property is the abil-
ity to handle the negative number. For ex-
ample, given radix r = 6 with a digit set
{−5,−4,−3,−2,−1, 0, 1, 2, 3, 4, 5} , 5210can be repre-
sented by

(1 3-2)6 = 5210

(1 2 4)6 = 5210

(2-4 4)6 = 5210.

In such example, one value may have several rep-
resentations.

2.3 Digit-Set Conversion

Due to the problem of storage usage, the redun-
dant number system with a digit set{−a, ..., a} can be
converted into another digit set. The conversion be-
tween those digit sets is an essential method of com-
puter computation. Note that an addition can be
considered as a digit set conversion from one to an-
other. Ercegovac and Lang [2] presented an algorithm
for such conversion but their algorithm was a purely
sequential process. To improve the conversion algo-
rithm, Kornerup [3] developed an algorithm which is
to convert P∈P [r, D] where P =

∑
dir

i and di ∈ D

into Q ∈ P [r, E] that is ‖P‖ = ‖Q‖.The digit set P
and Q are the redundant and nonredundant digit set
respectively where the digit set D and E are different.

The conversion mapping α between the digit set D
and E with carry in C is

α : C ×D −→ C × E,

that can be derived to equation as

ć + d = c(r) + e.

From this conversion mapping, the function of
carry is defined as a carry-transfer function;

∀c ∈ C : γd(c) = ć where α(c, d) = (ć, e).

The function γd describes the mapping of an in-
coming carry value (c) into a digit d which produces
outgoing carry value (ć).

The other set of function{εd}d ∈ D, εd : C →
E,the digitmapping function, is defined as follow:

∀c ∈ C : εd(c) = e where α(c, d) = (ć, e).

The function εd describes the conversion of a digit
value d into digit e when the incoming value is c.
Then, the function can be rewritten as

ei = εdi(ci−1).

For example, given a number X= 32̄1122̄11where dig-
its are in digit set D ={−3, ..., 3}for radix r = 3, the
conversion mappingα of X from digit set D into digit
set E= {−1, 0, 1}with the carry set C = {−1, 0, 1}
can be shown below:
From the carry transfer function, we get

c0 γ0(0) = 0

c1 γ1γ0(0) = 0

c2 γ2γ1γ0(0) = -1
.
.
.
c7 γ7γ6γ5γ4γ3γ2γ1γ0(0) = 1

Thus, we get carry ci = 11̄0001̄00 .
Then we can obtain ei from the digit mapping

function.
e0 εd0 = 1

e1 εd1 = 1

e2 εd2 = 1
.
.
.
e8 εd8 = 1

Thus, the expected output is ei = (11̄1111111)3
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2.4 The Conversion of Redundant Number

Since the redundant number system requires more
space, several solutions have been proposed to solve
the problem. One of them uses the redundant bi-
nary number system instead because it requires less
space. However, it is still not widely used for com-
puter unlike twos complement representation. Hence,
the methods of the conversion from the redundant bi-
nary number system into twos complement represen-
tation were introduced [6-8]. More Recently, Wong
and Tull [9] proposed an improved method for the
conversion by using Encoded Conversion Truth Table
for RB-NB where RB and NB stand for a redundant
binary number and a normal binary number respec-
tively.

Table 1: Encoded Conversion Truth Table for RB-
NB

For example, given a redundant binary number X=
(1̄001001̄001̄01)2 , the output bi produced using
Table 1 is (1100011011101) .

3. EQUATIONS

In this section, we present an algorithm which can
convert the redundant number with a symmetric digit
set into the complement representation in the same
radix. The algorithm is divided into two parts. The
first part is an adaptation of generating carry ci called
a variable carry function. The second part is the
mapping of an input with a carry to the expected
output.

3.1 Variable carry function

To convert the redundant number, we have to con-
sider the carry and its restriction for the conversion.
We use the variable carry ci−1 to indicate the incom-
ing carry and ci to indicate the outgoing carry. We
now define a set of carry function Fxk describing the
outgoing carry ci when incoming carry ci−1 passing
through an input xi as:

ci = F (xi, F (xi−1, F (xi−2, ...F (xj , cj−1))).

Let X = (xnxn−1xn2...x2x1x0) be a number rep-
resented in radix r ≥ 2 where xi is in digit set D
= {−a, ..., a} and r/2 ≤ a ≤ r − 1. From the carry

function Fxk , the outgoing carry ci can be defined by

ci =
⌈
(ci−1 − rxi)/(r2 + ci−1)

⌉
× (r− 1) (1)

where the initial carry c1 = 0.

Lemma 3.1
LetX = (xnxn−1xn−2...x2x1x0) be a number repre-
sented in radix r ≥ 2, xi ∈ {−a, ..., a}where r/2 ≤
a ≤ r − 1.Given a carry c1 = 0, the variable carry
function ci defined as

ci =
⌈
(ci−1 − rxi)/(r2 + ci−1)

⌉
× (r − 1),

must be either 0 or (r -1).

Proof
From the variable carry function,

ci =
⌈
(ci−1 − rxi)/(r2 + ci−1)

⌉
× (r − 1),

where xi ∈ {0,±1, ...,±(r − 1)} and i is a nonnega-
tive integer.
We have that

xi < r

Then multiply by r

rxi < r2

Since xi ∈ {0,±1, ...,±(r − 1)},the term -(rxi) or rxi

is always less than r2.Then add ci−1, we get

ci−1 + (−rxi)< ci1 + r2.

From above, we have that

-1 <(ci1 − rxi)/(ci−1 + r2) < 1,

where xi ∈ Z+ ∪ {0}. Then, the term⌈
(ci−1 − rxi/r2 + ci−1

⌉
is in {0, 1}. It is clear that⌈

(ci−1 − rxi/r2 + ci−1

⌉
× (r − 1)is in {0, r − 1}

3.2 Digit mapping function

Let Y = (yn+1ynyn−1...y2y1y0) be a number rep-
resented in radix r≥2. Let Y be the result of the
conversion of X. Then, we present the other function
Hxk describing the output yi when the incoming carry
value is ci−1 and the input is xi as follow:

yi = H(xi,H(xi1,H(xi2, ..H(xj , cj1))).

Thus, we can derive Hxk into an equation below

yi = (xi + ci−1)− r×b(xi + ci−1/rc) (2)
The equation (2) is used to compute the output yi

from the least significant digit to nth position. For
n+1th position, consider the most significant digit of
X or xn, if it is negative, the digit yn+1 = 1 indicated
the signed digit otherwise the digit yn + 1 = 0.

Before we show that the input and the output have
the same numerical value, we now have to show that
the output is represented with digit in the digit set E
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= {0, ..., r1}.
Lemma 3.2
LetX = (xnxn−1xn−2...x2x1x0) be a number repre-
sented in radix r ≥ 2 with a symmetric digit set D
={−a, ..., a}where r/2 ≤ a ≤ r − 1.Letc−1 = 0 and
ci follows the variable carry function. For every out-
going digit yi defined as

yi = (xi + ci−1)− (r × b(xi + ci−1/rcD

must be in the digit set E = {0, ..., r − 1} .
Proof

From the digit mapping function yi, we have to
show that the result yi is always in {0, ..., r − 1} and
the carry ci must be 0 or r -1. The proof consists of
two cases. The first case is the carry ci−1 = 0. The
latter case is the carry ci−1 = r -1

1. In the case where ci1 = 0, we have that
yi = xi − (r × bxi/rc)

1)If 0≤ xi ≤ r-1, then yi = xi. Since {0, ..., r−
1}, we have that yi ∈{0, ..., r − 1}.

2)If -(r -1)≤ xi ≤ −1, then yi = xi+r. Since xi

∈ {−(r − 1), ...,−1}, we also have that yi ∈ {1,
..., r − 1}.

In two cases, it is true that yi is in {0, , r − 1} .
2. In the case where ci−1 = r-1, we have that

yi = (xi + ci−1)− (r × b(xi + ci−1c)

1)If xi=0,then yi = r-1. Thus, we have that yi

=r-1.

2)If 1≤ xi ≤ r − 1, thenyi = xi − 1. Since xi ∈
{1, ..., r − 1}, we have that yi is in {0, ..., r − 2}.

3)If-(r-1)≤ xi ≤ −1, then yi = xi+(r-1). Since
xi ∈ {−(r − 1), ...,−1},we also have that yi is
in {0, , r − 2}.

In all cases, yi is always in {0, ..., r − 1}.
Since we have proved the output yi is in digit set E

= {0, , r − 1}, we now show that the numerical value
of input X must equal to the output Y or ‖X‖ = ‖Y ‖
by the following theorem.

Theorem 3.1
Let X be a number representation for integer radix
r=≥2 , xi ∈ {a, ..., a} where r/2 ≤ a ≤ r − 1. Let
Y be a number representation for integer radix r≥2
where yi is in digit set E = {0, 1, ..., r − 1}. The con-
version from X to Y can be done by variable carry ci

and digit mapping function yi and‖X‖ = ‖Y ‖.

Proof
Before proving the theorem, we consider (1) and

(2), we can conclude that

1) In the case where incoming carry ci−1 = 0 pass
through xi where xi ∈ Z+ ∪ {0}, we get xi = yi and
ci = 0.

2) In the case where incoming carry ci1 = 0 pass
through xi where xi ∈ Z−, we get xi = yi − r and ci

= r-1.
3) In the case where incoming carry ci1 = r -1 pass

through xi where xi ∈ Z−∪{0}, we get xi = yi−r+1
and ci = r-1.

4) In the case where incoming carry ci1 = r -1 pass
through xi where xi ∈ Z−, we get xi = yi + 1 and ci

= 0.
We now prove the theorem ‖X‖ = ‖Y ‖ by using

mathematical induction. This is to show
nP

i=0 xir
i=-Sn+1r

n+1+
nP

i=0 yir
i (3)

where the initial carry c1 = 0 and

Let P(n) be the proposition that this formula (3)
is correct for the integer n ≥ 0.

BASIS STEP: We show that P(0) is true.

From (3) with n = 0, we get

0P
i=0 x0r

0 = −S0+1r
0+1+

0P
i=0 y0r

0

x0r
0 = −S1r

1+y0r
0

x0r
0 = −S1r

1+y0

Case 1: Since x0 ∈ Z+ ∪ {0} and incoming carry
c−1 = 0, we have x0 = y0 and c0 = 0.

Then we get
x0 = −S1r

1+x0

Since c0 = 0, S1 = 0.
x0 = x0

Case 2: Since x0 ∈ Z−and incoming carry c−1 = 0,
we have x0 = y0 − r and c0 = r − 1.

Then we get
x0 = −S1r

1+x0 + r

Since c0 = 0, S1 = 0.
x0 = −r + x0 + r

= x0

In two cases, We have that P(0) is true.

INDUCTIVE STEP:Assume that P(k) is true. That
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is, assume n = k and k≥0. We have to show that
P(k+1) is also true.

k+1P
i=0 xir

i = xk+1r
k+1+

kP
i=0 xir

i (4)

Then substitute (3) in (4), we get

k+1P
i=0 xir

i = xk+1r
k+1−Sk+1r

k+1+
kP

i=0 yir
i (5)

To carry on the inductive step using this assump-
tion, the proof composes of two cases. The first case
is Sk + 1 = 0 and the other is Sk+1 = 1.

Case 1: With Sk+1 = 0 and the incoming carry
ck = 0, we can divide this case into two sub cases.
The first case is xk+1 ∈ Z+ ∪ {0}and the other is
xk+1 ∈ Z−.
Case 1.1: With xk+1 ∈ Z+ ∪ {0} ,we havexk+1 =
yk+1and ck+1= 0. Sinceck+1 = 0we get Sk+2=0.

From (5), we get

k+1P
i=0 xir

i = xk+1r
k+1−Sk+1r

k+1+
kP

i=0 yir
i

Since Sk+1 = 0, we have

k+1P
i=0 xir

i = xk+1r
k+1+

kP
i=0 yir

i

= yk+1r
k+1+

kP
i=0 yir

i

=
kP

i=0 yir
i

Thus, we have that
k+1P

i=0 xir
i−Sk+2r

k+2+
k+1P

i=0 yir
i

Case 1.2: With xk+1 ∈ Z− ,we havexk+1 =
yk+1 − rand ck+1= r-1. Sinceck+1 = r − 1we get
Sk+2=1.

From (5), we get

k+1P
i=0 xir

i = xk+1r
k+1−Sk+1r

k+1+
kP

i=0 yir
i

Since Sk+1 = 0, we have

k+1P
i=0 xir

i = xk+1r
k+1+

kP
i=0 yir

i

= (yk+1 − r)rk+1+
kP

i=0 yir
i

= −rk+2+
kP

i=0 yir
i

Thus, we have that
k+1P

i=0 xir
i−Sk+2r

k+2+
k+1P

i=0 yir
i

Case 2: With Sk+1 = 0 and the incoming carry
ck=r-1, we can divide this case into two sub cases.
The first case is xk+1 ∈ Z+and the other is xk+1 ∈

Z− ∪ {0}.
Case 2.1: With xk+1 ∈ Z+ ,we havexk+1 =
yk+1and ck+1= 0. Sinceck+1 = 0we get Sk+2=0.

From (5), we get

k+1P
i=0 xir

i = xk+1r
k+1−Sk+1r

k+1+
kP

i=0 yir
i

Since Sk+1 = 1, we have

k+1P
i=0 xir

i = xk+1 − rk+1+
kP

i=0 yir
i

= yk+1r
k+1+

kP
i=0 yir

i

=
kP

i=0 yir
i

Thus, we have that
k+1P

i=0 xir
i−Sk+2r

k+2+
k+1P

i=0 yir
i

Case 2.2: With xk+1 ∈ Z− ∪ {0} ,we havexk+1 =
yk+1 − r + 1and ck+1= r-1. Sinceck+1 = r − 1we get
Sk+2=1.

From (5), we get

k+1P
i=0 xir

i = xk+1r
k+1−Sk+1r

k+1+
kP

i=0 yir
i

Since Sk+1 = 1, we have

k+1P
i=0 xir

i = xk+1 − rk+1+
kP

i=0 yir
i

= (xk+1 − 1)rk+1+
kP

i=0 yir
i

= (xk+1 − 1 + r − r)rk+1+
kP

i=0 yir
i

= −rk+2 + yk−1r
k+1+

kP
i=0 yir

i

= −rk+2+
kP

i=0 yir
i

Thus, we have that
k+1P

i=0 xir
i−Sk+2r

k+2+
k+1P

i=0 yir
i

In all cases, it is true that ‖X‖ = ‖Y ‖.

4. EXAMPLE

Given X =(214̄23043̄)5 where radix r = 5 where
xi is in digit set D = {0,±1, ...,±4}. The con-
version, from X to Y where yi is in digit set E =
{0, 1, ..., r − 1}, can be shown below.

Step 1: generate the carry ci by the variable carry
function with c−1 = 0. Given the variable carry func-
tion ci =

⌈
(ci−1 − rxi)/r2 + ci−1)

⌉
×(r-1). Then

c0 =
⌈
(0− 5(3̄))/(42 + 0)

⌉
×(4)

= 4
c1 =

⌈
(0− 5(4))/(42 + 4)

⌉
×(4)
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= 0
c2 =

⌈
(0− 5(0))/(42 + 0)

⌉
×(4)

= 0
.
.
.

c7 =
⌈
(0− 5(2)/(42 + 0)

⌉
×(4)

= 0

Thus, we get carries 0,0,0,4,0,0,0,0 and 4.

Step 2: get the output yi by the digit map-
ping function by computing ci1 and xi. Given the
digit mapping function yi = (xi + ci−1) − (r ×
b(xi + ci−1)/rc)withc1 = 0. Then

y0 = (−3 + 0)− (5× b(−3 + 0)/5c)
= 2

y1 = (4 + 4)− (5× b(4 + 4)/5c)
= 3

y2 = (0 + 0)− (5× b(0 + 0)/5c)
= 0

.

.

.

y7 = (2 + 0)− (5× b(2 + 0)/5c)
= 2

Thus, the output Y is (20123032)5.

Step 3: Since c7 = 0, we obtain that S8 = 0. There-
fore the final result is (020123032)5.

5. CONCLUSION

In this paper, we propose an algorithm for convert-
ing the redundant number system with a symmet-
ric digit set into the complement representation in
the same radix. The algorithm consists of two parts.
The first part is the carry generating part. The other
part is the digit mapping part, which the output is
obtained by combining the input with the computed
carry. The proposed method is a generic algorithm
that can convert the redundant number in any radix
to the complement representation. Using the math-
ematical induction, it shows that the proposed algo-
rithm is correct
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