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An Optimal Integer Partition Approach to
Coalition Structure Generation

Veera Boonjing and Santit Narabin, Non-members

ABSTRACT

This paper proposes a new solution to the prob-
lem of coalition structure generation using an opti-
mal integer partition. The new partition is the set of
set of integers where each integer represents size of
a coalition. It includes only elements that no other
elements in this partition have values of generated
structures higher than them. We show that an ele-
ment of this partition is a set containing 1 at most
one element. Any solutions to the problem of coali-
tion structure generation using the new partition can
reduce at least approximately 40% of possible can-
didate structures when size of coalition members at
least 5. Moreover, the bigger the size of coalition
members is, the more these solutions outperform the
ones using integer partitions.
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1. INTRODUCTION

Coalition structure generation is an activity of
coalition formation. Its purpose is to find optimal
coalition structures. The problem of searching for
such optimal structures is computationally complex
and shown to be NP-hard because the size of differ-
ent possible coalition structures is exponential in the
number of coalition members. This prohibits enu-
meration of all coalition structures and evaluation of
them to find optimal coalitions. Therefore, existing
solutions [e.g., 1, 2, 3] to this problem is to enumer-
ate some candidate structures and pick the best seen
so far. The order-based genetic algorithm (OBGA),
developed by Sen and Dutta [2], enumerates only
promising structures using genetic algorithms. But
it does not guarantee finding the optimal coalition
structures. Sandholm et al. [1] proposed a minimal
search algorithm for finding solutions within a bound
from the optimal. Dang and Jennings [3] improved
the algorithm of Sandholm et al. [1] on searching
fewer coalition structures. However, all of these solu-
tions are based on a huge space of entire structures -
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even some of these structures are not necessarily con-
sidered to be the optimal. As such, a search space
should include only candidate structures proving to
be optimal. We, therefore, propose to provide such a
minimal space using an optimal integer partition.

The remainder of the paper is organized as fol-
lows. Section 2 gives background, and we present an
optimal integer partition approach to the problem of
coalition structure generation in section 3. Finally,
conclusion is given in section 4.

2. BACKGROUND

2.1 Basic Definitions

Definition 1Let A be a finite set containing at least

two elements and M be a power set of A. A set of
coalition of A, called C, is a set of M - {φ}

Example 1 Suppose A = {b1, b2, b3, b4}.The set of
coalition of A is

{
{b1},{b2},{b3},{b4},{b1, b2},{b1, b3},{b1, b4},
{b2, b3},{b2, b4},{b3, b4},{b1, b2, b3},
{b1, b2, b4},{b1, b3, b4},{b2, b3, b4},
{b1, b2, b3, b4},

}.

Definition 2 GivenA= {b1, b2, ..., bn},let Cbe the set
of coalition of A and S be an element of C.A coalition
structure of A,denoted as CSA,is{CT1, CT2, ..., CTj};

where{CT1} = {Si|Si ∈C,
m⋂

i=1 Si = φ,
m⋃

i=1 Si = A,and

m is the number of groups},for all k∈ {1, 2, ..., j}.

Example 2 GivenA = {b1, b2, b3, b4}and let C be
the set of coalition of A. Therefore, the set of coali-
tion structures of A is

{
{{b1} , {b2} , {b3} , {b4}} , {{b1} , {b2} , {b3, b4}},
{{b1} , {b3} , {b2, b4}} , {{b1} , {b4} , {b2, b3}},
{{b2} , {b3} , {b1, b4}} , {{b2} , {b4} , {b1, b3}},
{{b3} , {b4} , {b1, b2}} , {{b1} , {b2, b3, b4}},
{{b2} , {b1, b3, b4}} , {{b3} , {b1, b2, b4}},
{{b4} , {b1, b2, b3}} , {{b1, b2} , {b3, b4}},
{{b1, b3} , {b2, b4}} , {{b1, b4} , {b2, b3}},
{b1, b2, b3, b4},

}.
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Definition 3 Given A = {b1, b2, ..., bn},let C be the
set of coalition of A and S be an element of C.The
value of each coalitionS, denoted as v(S),is 0 when
|S|=1 and greater than 0 otherwise.

Definition 4 Given A = {b1, b2, ..., bn}and let C be
the set of coalition of A. The value of coalition struc-

ture CT, denoted as V(CT), is
∑

S∈CT v(S) where CT∈
CSA

Example 3 Suppose CT = {{b1, b2, b3, b4}}.Then
V(CT) = ({b1}) + ({b2}) + ({b3}) + ({b4}) = 0

2.2 Number of Coalition Structures

The Stirling number of the second kind [4] is the
number of ways of partitioning a set of n elements into
non-empty k elements set, denoted as S(n, k). This
number can be calculated using the following formula.

S(n,k) =1
k!

k−1∑
i=0 (−1)i (

k
i

)
(k − i)n

Example 4 Suppose A = {b1, b2, b3, b4}.S(4,k),where
k = 1, 2, 3, 4, can be calculated using (1) as followed.

S(4,4)= 1: {{b1} , {b2} , {b3} , {b4}}
S(4,3 )= 6: {{b1} , {b2} , {b3, b4}},

{{b1} , {b3} , {b2, b4}},
{{b1} , {b4} , {b2, b3}},
{{b2} , {b3} , {b1, b4}},
{{b2} , {b4} , {b1, b3}},
{{b3} , {b4} , {b1, b2}},

S(4,2)= 7: {{b1, b2} , {b3, b4}},
{{b1, b3} , {b2, b4}},
{{b1, b4} , {b2, b3}},
{{b1} , {b2, b3, b4}},
{{b2} , {b1, b3, b4}},
{{b3} , {b1, b2, b4}},
{{b4} , {b1, b2, b3}},

S(4,4)= 1: {{b1, b2, b3, b4}}

The sum
n∑

k=1 S(n,k)is the number of coalition st-

ructures of n members into the non-empty k elements
set.

Example 5

4∑
k=1 S(n,k) = S(4,1)+ S(4,2)+ S(4,3)+

S(4,4) = 1+6+7+1= 15. Therefore, the number of
coalition structures for a set with 4 members is 15.

The triangle of Stirling numbers of the second kind
is shown in figure 1. The sum of numbers in the ith

row is the number of coalition structures of a set with
i elements. Sandholm et. al. [1] show that the num-
ber of coalition structures of a set with n members is
O(nn).

1
1 1
1 3 1
1 7 6 1
1 15 25 10 1
1 31 90 65 15 1
1 63 301 350 140 21 1
1 127 966 1701 1050 266 28 1
1 255 3025 7770 6951 2646 462 36 1

Fig.1: The Triangle of Stirling Numbers of the Sec-
ond Kind

3. AN OPTIMAL INTEGER PARTITION
APPROACH

3.1 The Problem of Coalition Structure Gen-
eration

The optimal coalition structure is the structure
CT

∗
=arg max V(CT) .The problem of coalition str-

CT∈CS

ucture generation is to search for such a coalition
structure. It is NP-hard and any solutions to it must
search an exponential number of candidate structures
[1]. However, some candidate structures are not nec-
essarily considered to be optimal coalition structures,
because their values equal 0 or less than values of
other candidate structures. Consider example 4 and
assume that a, b, c, and d are positive real numbers.
From definition 3, we have

v({b1}) = v({b2}) = v({b3}) = v({b4}) = 0

With the same definition, also suppose that

v({b1, b2}) = a,
v({b3, b4}) = b,
v({b1, b2, b3}) = c,
and v({b1, b2, b3, b4}) = d.

Therefore, we have

V ({{b1} , {b2} , {b3} , {b4}}) = 0 + 0 + 0 + 0,
V ({{b3} , {b4} , {b1, b2}}) = 0 + 0 + a,
V ({{b1} , {b2} , {b3, b4}}) = 0 + 0 + b,
V ({{b1, b2} , {b3, b4}}) = a + b,
V ({{b1, b2, b3} , {b4}}) = c + 0,
and V ({{b1, b2, b3, b4}}) = d + 0,

Since V ({{b1} , {b2} , {b3} , {b4}}) = 0,V ({{b3} , {b4} ,
{b1, b2}})<V ({{b1, b2} , {b3, b4}}), andV ({{b1} , {b2} ,
{b3, b4}})<V ({{b1, b2} , {b3, b4}}), we dont need to
include ({{b1} , {b2} , {b3} , {b4}}),({{b3} , {b4} , {b1, b2

}})andV ({{b1} , {b2} , {b3, b4}})as candidate struc-
tures. However, V ({{b1, b2, b3} , {b4}}) and V({b1, b2,
b3, b4})can be optimal structures because their values
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are neither 0 nor less than values of other candidate
structures. This observation combined with integer
partition gives an optimal integer partition as shown
in the next section.

3.2 An Optimal Integer Partition

Definition 5 Let n be a positive integer.Partition
of n ,denoted as Pn, is {L1, L2, L...Lp} ; where
Lk∈{1,2,...,p}

{ai|
m∑

i=1 = n, ai is a positive integer,

and m is number of groups}.

Definition 6 Coalition structure of partition of n,

denoted as CSPn , is

|Pn |⋃
x=1 CTLx

where CTLx
=

{CP1, CP2, ..., CPy} and CPZ is

{Si|
m⋃

i=1 Si = φ,
m⋃

i=1 Si = A,|Si| = ai and m = |Lx| }.

Example 6 Suppose A = {b1, b2, b3, b4}and let C be
the set of coalition of A . From definition 5, we have
P4({{4} , {3,1} , {2,2} , {2,1,1} , {1,1,1,1}}).CSP4 can
be determined according to definition 6 as shown in
table 1.

Table 1: CSP4

Definition 7 An optimal integer partition of n, den-

oted as P
∗

n , is {Lt|Lt ∈ Pn , not exist Lh ∈ Pn that

V(CTLh)>V(CTLt) and t 6= h }

Observation Consider table 1 and definition 7, val-
ues of any coalition structures generated from L con-
taining 1 at least two elements are always less than

values of some coalition structures generated from L
containing 1 at most one element. Therefore, P

∗

n co-
ntains only L with 1 at most one element, as shown
in theorem 1.

Theorem 1, If Lk = {a1, a2, ..., ax, 11, 12, ..., 1y} and

≥ 2, then Lk /∈ P
∗

n

Proof Assume Lk = {a1, a2, ..., ax, 11, 12, ..., 1y} and

≥ 2.We can find

L
∗

= {a1, a2, ..., ax, ax+1, 11, 12, ..., 1y},

where r = n - {a1 + a2 + ..., ax, ax+1}.

From definition 2 and 6, we have

V(CTLk
) = v(a1) + v(a2) + ... + v(ax),

andV(CTL∗ ) = v(a1) + v(a2) + ... + v(ax + v(ax+1).

Hence,V(CTL∗ ) > V(CTLk
).

Therefore,Lk /∈ P
∗

n

For any Lk /∈ Pn

L =

 1, 1, ...︸ ︷︷ ︸
m1terms

, 2, 2, ...︸ ︷︷ ︸
m2terms

, 3, 3, ...︸ ︷︷ ︸
m3terms

, ...

.

the number of coalition structures (|CTL|)is the Fa
di Bruno coefficient [5]

n!
(m!1m!2m!3)(1!m12!m23!m3 ...)

Therefore, we have

|CSPn
| =

|Pn|∑
k=1 CTLk

and

∣∣CSP∗
n

∣∣ =

|P∗
n |∑

k=1 CTLk

Table 2 shows|CSPn
|,
∣∣CSP∗

n

∣∣,and reduction percent-
age at n = 5, 10, 20, 30, 40, and 50. The results show
that (1) new partitions can reduce at least approxi-
mately 40% of possible candidate structures and (2)
the bigger n is, the more new partitions outperforms
integer partitions.

4. CONCLUSION

This paper proposes to reduce a search space of the
problem of coalition structure generation using a new
optimal integer partition. The new partition includes
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Table 2: Reduction of Structures

only elements that no other elements in this partition
have values of generated structures higher than them.
This directly reduces number of candidate structures
without losing complete optimal structures. We show
that an element of the partition is a set containing 1
at most one element. Any solutions to the problem of
coalition structure generation using this new partition
can reduce a search space approximately at least 40%
and the bigger the size of coalition members is, the
more the solutions outperform the ones using integer
partitions.
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