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ABSTRACT Article information:

This paper presents an effective implementation of Strassen’s algorithm
for matrix-matrix multiplication on shared memory multi-core architec-
ture. The proposed algorithm aims to augment the computation speed
in terms of GFLOPS performance on average 4.5 and 4.1 times faster
than Figen and OpenBLAS, respectively while reducing the power con-
sumption to as low as possible. Our algorithm relies on using AVX512
intrinsics, loop unrolling factor, and OpenMP directives. A new 2D block-
ing data allocation pattern is proposed for Strassen’s algorithm to provide
optimized cache temporal and spatial locality. The proposed implemen-
tation reduced not only the amount of main memory but also the burden
of unnecessary memory allocation/deallocation and data transferring for
each level of recursion in Strassen’s algorithm. Moreover, the proposed
algorithm consumed, on average, 4.25 and 3.67 times lower energy than
the multiplication functions of the Eigen and OpenBLAS libraries, respec-
tively. To measure the computational performance with the awareness of
power consumption, GFLOPS per Watt (GFPW) is calculated, which out-
performed on average 3.78 and 3.47 times higher than those of Eigen and
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1. INTRODUCTION

Modern computers are fitted with high-
performance multi-core processors which can exe-
cute intensive mathematical applications with paral-
lel programs to obtain maximum computation speed.
However, the energy consumption of the system is
increasing, while implementing multiple threads in a
parallel version of intensive computing. Therefore,
energy-efficient and power-aware computing is be-
coming an important issue when designing scientific
and engineering software that requires many com-
putations. For example, [1] proposed a method to
minimize the number of data read per floating-point
operation, while [2] utilized Dynamic Voltage Fre-
quency Scaling (DVFES). Work by [3] demonstrates
that using AVX instructions could save energy on
the load/store operations by reducing the amount of
data transfer from memory.

Since matrix-matrix multiplication is a significant
operation in scientific and engineering applications,

not only does an intensive computational time but
also high energy consumption is required to complete
a process. Strassen’s algorithm is an efficient method
for improving the performance of matrix-matrix mul-
tiplication in [4] by utilizing both the shared memory
and thread mechanisms on GPUs to fuse additional
operations and avoid extra workspace for one-level
and two-levels Strassen’s algorithm. Several methods
[5-9] have been proposed to improve its performance.
In this paper, an efficient implementation of saving
energy consumption for Strassen’s algorithm is pro-
posed by utilizing AVX-512 and OpenMP. Unlike the
method proposed in [4], which uses both the memory
and thread hierarchies on 5-cores and 10-cores GPUs
to avoid extra workspace, and [10], which aimed for
one-level recursion parallel Strassen’s algorithm on
a dual-core processor, our algorithm focuses on dif-
ferent recursion levels for power-efficient Strassen’s
algorithm on multi-core architecture testing on the
CPUs and it boosts achieving high computational
speed with the awareness of energy saving.

L2 The authors are with Department of Computer Engineering, Faculty of Engineering Prince of Songkla University, Hat Yai,
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This article has organized as follows. In section 2,
the previous related works are discussed, and the de-
tails of power management techniques are presented
in section 3. In section 4, an optimized 2D block-
ing pattern has been proposed, and power-efficient
Strassen’s algorithm is implemented in section 5. Sec-
tion 6 explains the experimental results, while sec-
tions 7 and 8 are dedicated to the discussion and
conclusion, respectively.

2. RELATED WORKS

The energy efficiency of a program calculation has
become one of the most interesting research areas
in recent years due to the high-power consumption
on high-performance computing systems or the bat-
tery usage time on embedded computer systems. For
this reason, energy and power consumption are essen-
tial constraints for optimizing programs running on
shared and distributed memory architecture. For ex-
ample, the DVFS technique has been utilized in com-
puting clusters [11]. The voltage-lowering technique
has been proposed for the GPU-based system to re-
duce power consumption [12]. Energy consumption
measuring models were proposed using the Running
Average Power Limit (RAPL) in the Linux kernel
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Power management techniques.

[13]. The power management architecture utilizing
extra hardware measurement equipment for Intel’s
Sandy bridge has been proposed in [14]. Jakobs et
al. suggested that using vectorization can reduce the
system’s power consumption [15].

3. TWO TYPES
MENT

Power consumption is the energy used per unit of
time [16]. In other words, power can define as the
rate at which energy is consumed. The unit of power
in watts (W), which is Joules per second. Most digi-
tal systems consume both dynamic and static power
while running an application. Moreover, heat gener-
ation depends on the amount of power consumption.
A kilowatt-per-hour (kWh) is the amount of energy
equivalent to a power of one thousand watts (1000
W) running for one hour [16]. The relation of power
and energy consumption, while the system performs
the application workloads can be defined as P = E/t,
where P is power, F is energy, and t is the execution
time.

Decreasing power consumption does not always
reduce the energy consumed by a program [16].
For instance, power consumption can be reduced

OF POWER MANAGE-
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by lowering the processor’s performance, and the
program might take a longer execution time to
complete its goal but consumes the same or more
amount of energy. Therefore, a high-performance,
the energy-efficient system should consume low power
and take low computation time. Power consump-
tion can be reduced using Dynamic Power Manage-
ment (DPM) or applying Static Power Management
(SPM) [16]. Both techniques have different software
and hardware-level management to accomplish the
requirements of the intended efficient power manage-
ment system. Fig. 1 illustrates the details of power
management techniques for modern computer archi-
tecture.

There are two types of power consumption: static
and dynamic [17]. Static power is the power con-
sumed when there is no circuit activity. On the other
hand, dynamic power is the consumed power while
the inputs are active [18]. There are many possi-
ble solutions to minimize power consumption in a
CMOS system depending on the characteristics of
the techniques in which the processor is fabricated.
Among them, DV F'S is one of the optimized meth-
ods for DPM. DV F'S controllers were presented and
can simultaneously adjust the voltage and clock speed
based on a command set [11]. The voltage and fre-
quency of memory can be adjusted based on memory
bandwidth utilization using DV F'S [19]. In addition,
dynamic power consumption can be significantly de-
creased by reducing the power supply voltage to the
defined level that provides the required performance
as a dynamic performance scaling at the hardware
level. Some techniques in [20][21] energy-efficient dy-
namic Virtual Machines (VM) consolidation are ap-
plied at the single-server or multi-server level for the
distributed system.

In SPM, techniques on the software and hardware
level are different from each other. From a hardware
point of view, the voltage drops on diodes, logical
gates, transistors, and switching devices are the main
keys to reducing static power consumption. From
software level perception, the reduction of an arith-
metic operator and vectorization are the main keys to
building a software design that can dramatically ad-
just the performance and power consumption of the
system. The use of an optimized compilation pro-
cess and vectorization can provide energy efficiency
when a system supports Single-Instruction Multiple-
Data (SIMD) instruction set, such as Advanced Vec-
tor Extensions (AVX) [22]. Today’s modern compil-
ers can utilize these instructions by applying auto-
vectorization or manual-vectorization techniques or
by choosing software libraries that optimize for vec-
tor instruction, such as Intel Math Kernel Library
(MKL), OpenBLAS [33], and Eigen [32]. In this pa-
per, we proposed techniques for reducing the power
consumption of matrix-matrix multiplication. Our
proposed methods only focus on static power reduc-

Register

Fig.2: A conventional block-wised matriz-matrix
multiplication.

tion, as highlighted in blue in Fig. 1. Our ap-
proach works solely with software without needing
extra hardware.

4. PROPOSED 2D BLOCKING MULTIPLI-
CATION USING AVX AND OPENMP

The proposed matrix multiplication performs par-
allel execution by observing for energy consumption
of Strassen’s algorithm at function-level and loop
level over time. To calculate the power consump-
tion of cache utilization, the number of cache misses
and hits rate of the memory accesses are mainly de-
pendent due to the microarchitecture implementation
of the memory hierarchy. The goal of power effi-
ciency is to maximize performance with a given less
energy consumption to fulfill the multiplication pro-
cess. Theoretically, when increasing the number of
processor cores, the execution time required at each
core can be decreased, which leads to improved per-
formance. From a computational perspective point of
view, power consumption and performance of shared
memory accesses and computation can be varied due
to different parallel algorithms. For this reason, par-
allel performance and energy cost depend not only on
the number of cores but also on the implementation
of the parallel algorithm [23].

Suppose A and B are square matrices of size
N x N. A product Cj; is obtained by perform-
ing A;x X By, as shown in Fig. 2. Many itera-
tions are required to obtain all the product elements.
Typically, in sequential square matrix multiplication,
there are 2n® loads for reading data of matrices A
and B and 2n? loads/stores for a reading and writing
the data to matrix C.

When the block-wise pattern is applied to matrix-
matrix multiplication, the amount of main memory
access is reduced. The matrices A, B, and C are di-
vided into sub-blocks of size b x b, which can be kept
inside the faster memory such as cache. However,
keeping all these three sub-blocks in the cache simul-
taneously is difficult due to the cache size limitation.
This reason motivates us to implement an efficient al-
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Fig.3: The proposed 2D blocking data allocation pattern for power-efficient Strassen’s algorithm.

location pattern for Strassen’s matrix-matrix multi-
plication. In modern computer architecture, the per-
formance is improved when the data allocation pat-
tern is matched with the storage layout [24]. Even
though the AVX relaxes the memory alignment ac-
cess requirement [25], we keep the matrices A, B,
and C' in the 32-bit aligned address to maximize the
efficiency of memory loads and stores.

Fig. 3 demonstrates the new optimized data al-
location pattern for Strassen’s algorithm. Although
Strassen’s recursive approach is based on the divide
and conquers method, which can be set to any level of
recursion, we decided to stop the recursive call when
the total size of the 2D sub-blocks from matrices A,
B, and C fits inside the cache to reduce its overhead
of memory allocation/deallocation. Let the sub-block
at the last recursive level be of size n x n; UF, ele-
ments from sub-block A are fetched from memory and
then broadcasted to AV X5125Z elements inside the
AVX-512 registers. Each line of the tile of the data
from matrix B is fetched UF, x AV X51257 elements
at a time before being multiplied with the broad-
casted data from A using a fused-multiply-accumulate
(FMA) instruction, producing UFy, x AV X51257 re-
sults of matrix C', as shown in Fig. 3. The AVX51257
parameter is set to 8 and 16 for double and single-
precision floating-point data, respectively. When ma-
trix multiplication is applied with AVX intrinsics,
not only the number of multiplications and addi-
tions operations are reduced but also the number of
loads/stores is reduced too. Since AVX512 intrinsic

instructions can load eight double-precision from ma-
trix A and matrix B and store eight multiplied results
in matrix C' with only a single operation, the mini-
mum tile size can be defined with the AV X51257

value.

The proposed algorithm supports multi-threading
via the OpenMP directive calls, the #pragma omp
parallel for. Each thread can process the multi-
plication operation and store the partially multiplied
results into the corresponding indexes (i, j) of matrix
C. The main advantage of our contribution is enhanc-
ing the spatial and temporal localities by consecutive
memory addresses for the sub-block of matrices A, B,
and C as much as possible at each block-wise multipli-
cation. While al is multiplied with packed data from
b1, b2, b3, and b4, a2 is multiplied in parallel with the
same packed data from b1, b2, b3, and b4; therefore
the number of data accessed from slow memory can
be reduced, due to these have already existed in the
cache. This method leads to an increase in the num-
ber of cache hits, especially for matrix B, and reduces
the power consumption for data searching, transfer-
ring, and accessing to/from the main memory. More-
over, the proposed pattern is optimized for data and
task parallelism using AVX512 registers and OpenMP
multi-threading. One of the factors that can improve
performance is using the available registers that have
been used as much as possible. The available regis-
ters in AVX-512 are 32 for integer and floating-point
arithmetic operations. In Fig. 4, the optimized UFa
and UFDb are set to 2 and 4, respectively. There are
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if(7=Recursive_stop)
setn=b

else
set r=n/20"

for ii=ito i+UF,

Ciyy += A+ By

end for

end for
end for
end for
end for

Function: AVX 2D Blocking OMP(V, 4, B, C)
/b = block size
/{ m-r = recursive level
forj =1 to n, step increasing by Regs* UF,
for 7 =1 to n, step increasing by UF,
for k=1 to n, step increasing by Tilex
load C; fo Cyzs into the AVX registers

for kk = k to k+Tile;
load 4;; xrand 41 4 into the AVX registers

load By, Bij+Regsz> Bikj+Regsz*2s--+» Bikj+RegSZ(UFb-1)
Ciij+regsz = A= Bikj+Regsz
Ciij+Regsz(UFb-1) T= A i * Brij+Regsz4(UFb-1)

G35 A =B g
Ciit1 j+Regsz = A i1 ki » B kigj+RegsZ

Ciit1 jj+RegszoUFs-1) T= Air1 it * BiijRegSZH(UFs-1)

Store all of C into memory

//C1 = a;*b;
//Cg+= a;*bg

HHevrs += ar*byrs

Heyrp- += a>*b;
Heyrp<s += a>*hs

Hevmss += a*bums

Fig.4: The pseudo-code of our proposed 2D blocking multiplication using AVX.

two registers for loading the data elements from ma-
trix A (al and a2), four registers for loading the data
elements from matrix B (b1, b2, b3, b4), eight registers
for temporarily maintaining the partial multiplied re-
sults (rl, r2, r3, r4, r5, r6, r7, r8), and eight regis-
ters for storing the complete multiplication results in
matrix C. In this case, there are 22 registers used in
parallel matrix-matrix multiplication.

We found that the proposed loop transformation
and data allocation give optimized results and achieve
the best parallelism for square matrix-matrix multi-
plication when using AVX512 intrinsic instructions
with Strassen’s algorithm for the matrix size, which
is the power of two (N?). Finally, when applying
a proposed AVX_2D_Blocking_OMP( ) function
in Strassen’s algorithm, the optimized performance
matrix in terms of power efficiency and improved
GFLOPS can be obtained on a multi-core architec-
ture.

There are two kinds of arithmetic operations in
Strassen’s algorithm: matrix multiplications and ma-
trix additions/subtractions, as shown in Fig. 5 (b).
The intermediate results must be stored in tempo-
rary locations when recursive functions are called
in them. When sub-matrices M1 to M7 are cal-

Table 1: The complexity of sequential and Strassen’s
matriz-matric multiplication algorithms.

Matrix-Matrix

Multiplication Numbe.r ot Complexity
Algorithm Operations

Sequential N2(N + (N - 1)) O(N?)

Strassen’s Nlog2(7/8)9 73 O(N28074)

algorithm

culated on shared memory, 15 sub-matrices are re-
quired for computing seven multiplications and ten
additions/subtractions. Moreover, temporary C11,
C12, C21, and C22 memory allocations need to cal-
culate eight additions/subtractions in Strassen’s al-
gorithm. In a square matrix-matrix multiplication,
although matrices A, B, and C require 3N? elements
of memory, however, our method utilizing 2D block-
ing requires 3(N/2)? elements of memory. There-
fore, if only one level of Strassen’s algorithm is ap-
plied to our 2D blocking, total memory usage is
3(N/2)2+15(N/2)? +4(N/2)? = 22(N/2)? elements.
We can calculate the total amount of memory usage
by using the following:
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Memroar =3 (5)" + X115 (5f)” +4 (65) " (1)

where,
Memrotqr = the total amount of memory usage in
Strassen’s algorithm,
N = the matrix dimension of 2" where
(m > 0), and
m — r = the number of recursive levels when
the block size is b = 2" where (r > 0).

5. IMPLEMENTATION OF POWER-EFFI-
CIENT STRASSEN’S ALGORITHM

Parallel computing comprises a process of indepen-
dent subtasks and interactions between the parallel
subtasks. Therefore, the performance and energy cost
of parallel computing depend not only on the number
of processing cores but also on the structure of that
parallel algorithm. Parallel matriz-matriz multipli-
cation (PMMM) on shared memory architecture is
one of the challenging problems of high-performance
computing applications. Strassen’s algorithm is a
recursive matrix multiplication and is faster than a
standard multiplication algorithm which is useful in
practice for large matrices multiplication. It is based
on a divide and conquer strategy that recursively di-
vides the data into the equal square size of four sub-
matrices until the data size can directly processed by
the processor architecture.

Standard blocking matrix-matrix multiplication
needs eight multiplication and eight addition oper-
ations, as shown in Fig. 5 (a). However, Strassen’s
algorithm needs only seven multiplication and 18 ad-
dition/subtraction operations to obtain the same re-
sult, as shown in Fig. 5 (b). Therefore, it reduces the
computational complexity by reducing the number of
multiplication operations. Since the multiplication
cost is more than that of the addition/subtraction
operations, so we can use Strassen’s algorithm not
only for improving the computational speed but also
for reducing the energy consumption in the matrix-
matrix multiplication.

Table 1 shows the complexity of different multipli-
cation algorithms. Strassen’s algorithm can reduce
the number of multiplications by executing the seven
sub-matrices of computing (M1, M2, M3, M4, M5,
M6, M7), as shown in Fig. 5.

Ordinary matrix-matrix multiplication needs N3
multiplication operations and N? % (N — 1) addition
operations. Its complexity is O(N?), while Strassen’s
algorithm requires only 7/8logy(N)2N3 arithmetic
operations which is O(N?2807) [4].

To compute the number of arithmetic operations that
are theoretically required by Strassen’s algorithm, let
the input source matrices A and B be of size N x N
(N = 2™ where m > 0). After dividing into four

equal square sub-matrix or sub-block of size N2/4
at the top level, seven multiplications are required.
Each multiplication to obtain M; further requires
seven multiplications and 18 additions/subtractions
for each level of calculation.

If Strassen’s algorithm will be applied to the source
matrices only at the top level without any recursive
call, the source matrices A and B are divided into
four equal sub-blocks as shown in Fig. 3. There-
fore, each sub-block multiplication requires (N/2)3
multiplication operations and (N/2)? x (N/2 — 1)
addition/subtraction operations. Since Strassen’s
algorithm needs 7 multiplications and 18 addi-
tions/subtractions for each level of calculation, we
can calculate total number multiplication operations
for this case by

N 3
NumMultiplication =T7x <2) (2)

The total number of addition/subtraction operations
required in this case is obtained by

v =18(3) <7 (2) (5-1) ©

When Strassen’s algorithm has recursively called
down to the sub-block of size 22", the total number
of multiplication operations per recursive level can be
calculated by using the following Eq. (4).

m—r N °
7mr) 5 (W_)) (4)

where r is an integer value. For example, if the matrix
size at the top level is 64 x 64 and if 7 = 2, then the
number of the recursive level becomes four (m — r =
4). At the first level, seven multiplications are needed
for the sub-matrix of size N2/22, which is equal to
7 x (N/2)? multiplication operations.

At the second level of recursion, 72 multiplications
will be required for the sub-matrix of size N?2/42
which is equal to 72 x (N/4)3 multiplication oper-
ations. At the third level, 72 multiplications will
be needed for the sub-block of size N2?/8% which is
equal to 73 x (IN/8)3 multiplication operations. At
the fourth level of recursion, 7* multiplications are
required for the submatrix of size N?/162, which is
equal to 74 x (N/16)3.

The total number of additions/subtractions
(T _Numgtrassen) required for Strassen’s algorithm
when it is recursively called down to the sub-block
of size 2" x 2" can be calculated by
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Cri=411B1t 41281
Cia=A11B12+ 412822

Cra=4y1B12+ 423825

M= (411+42.2) (B1,11B22)
M= (43,17422) By,
M;=A4,,(B12-B3)2)
M;=A4,5(B>1-By1)

Ms= (41,1741,2) B2z

Ms= (42,1-41,1) (B11+B12)
Ms=(A12t422) (BritBr)

C.1= M{+M, - Mi+M,;
Ci12= Ms+M;

-
Cy 1= My+M,

Cr2= My-M; + M+ M

(2)

(®)

Fig.5: Matriz-matriz multiplication (a) using the blocking method and (b) using Strassen’s algorithm.

m-r—1 _. N 2
T_Numstrassen = Zi:o 7' x 18 2% + 1 +

gim=n (N (N 1
2(m—r) Q(m—r) o

(5)

In the remaining part of this section, we proposed a

new 2D blocking multiplication for the power-efficient

Strassen’s algorithm based on the following signifi-

cant perspectives to improve power efficiency on a
shared memory architecture.

5.1 Memory Access Pattern

Data transferring between the CPU and main
memory is one of the most expensive operations.
As a result, power consumption is reduced by ade-
quately organizing instructions and data in memory
or caches. The most power-efficient way is accessing
from cache/registers since cache accesses are more
power-efficient than main memory accesses [14]. In
our proposed implementation, an efficient data allo-
cation pattern is applied, as explained in Fig. 4.

5.2 Block-size and Cache-size

Caches are a critical component in reducing en-
ergy consumption since increasing cache hit saves the
data transferring between the CPU and main mem-
ory. The size of the cache is set by the CPU manu-
facturer and can be varied among different machines.
To increase the cache utilization as much as possible,
the proposed implementation calculates the sub-block
size of Strassen’s algorithm based on the cache infor-
mation of the CPU. Since multi-core architecture is
ubiquitous, most cache architectures in modern pro-
cessors are divided into three levels. The first and
second levels are dedicated to each processing core,
and the third is shared between all the cores. We
should tradeoff Strassen’s algorithm be recursively
called down to the level that the total memory re-
quired for the sub-block of A, B, and C fits inside
the L2 cache to let each L2 cache of each process-
ing core be reused as much as possible and prevent

the L3 contention between the processing cores. This
policy enables our algorithm to run on machines with
different cache sizes.

5.3 Loop Unrolling Factor

Loop unrolling can minimize the cost of loop over-
heads in the loop-level calculation. However, when
the loop is unrolled too much, power increases due to
the required number of accumulated registers exceed-
ing the number of available registers in the memory
system. The effect of unrolling is highly dependent
on the unrolling factor, which is how many times the
loop is unrolled in a program. In [30], the differ-
ent loop unrolling patterns (U_1 and U_2) were pro-
posed for Strassen’s algorithm and as a result, U_2
reduced by approximately 30% for the energy/power
consumption and 67% outperformed U_1 since the
number of data movements in their U_2 is less than
that of their compared U_1 method. The reason is
that the innermost loop of the U_2 pattern is un-
rolled by four elements simultaneously for matrix A
and matrix B which resulted in only the next four
elements from matrix A being required at the inner
loop. Therefore, their proposed unrolling factor (U F')
is four for both A and B matrices. The loop unrolling
method in our proposed paper is different from [30]
since two types of loop unrolling factors, such as UF,
for accessing only two elements from matrix A and
UF, for accessing four elements from matrix B, are
unrolled in the loop iteration at line number 5, 6, and
8 as shown in Fig. 4. As a restriction, the perfor-
mance can be degraded if the unrolled programming
code is increased to exceed the L1 code cache and
needed to be aware not to exceed the available cache
size.

There are 16 and 32 available registers for AVX256
and AVX512, respectively. Therefore, the loop un-
rolling factor is needed to tradeoff between the code
size, the number of available registers, and the exe-
cution time of an algorithm.
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5.4 AVX vectorization and OpenMP

AVX is a set of instructions for performing SIMD
operations on Intel CPUs. AVX-256 registers ex-
pand 128-bit SIMD registers into 256-bit registers
and include the operation of the Fused-Multiply-
Accumulate (FMA) function [25]. Since vectoriza-
tion also improves energy efficiency by reducing in-
struction cache penalty, AVX not only increases the
computation speed and data reference locality but
also reduces power consumption. AVX’s FMA in-
struction combines multiplication and addition into
a single instruction named _mm256_fmadd_pd which
can improve both performance and accuracy. Since it
rounds the result only once, while separate multipli-
cation and addition operations have two. Most com-
pilers can perform auto-vectorization, and complier-
directed auto-vectorization has strong limitations in
the analysis and code transformation phases that pre-
vent an efficient extraction of SIM D parallelism in
real applications [20].

OpenMP is a multi-threading API for shared-
memory parallelism using a runtime library (e.g.
omp.h) [28]. In OpenMP, each thread executes its
works within OpenMP parallel regions to improve
the parallelism. Moreover, work-sharing constructs
(#prgama omp parallel sections) can be used for split-
ting up loop iterations among multi-threads in the
function. In Strassen’s algorithm, there are seven
submatrices-calculations (M1 to M7) that are in-
dependent works that can be executed by parallel
section constructs. The implementation in [31] only
presented the performance of Strassen’s algorithm in
terms of GFLOPS and speed-up computation ex-
cluding the measurement of energy/power consump-
tion. The most suitable recursive stop-point was pro-
posed in [31], and its tiling pattern was different from
our proposed 2D blocking method, as shown in Fig.
3. Moreover, the OpenMP compiler directives and
work-sharing constructs can be applied to improve
task parallelism at the programming level.

A flowchart and the proposed implementation for
power-efficient Strassen’s algorithm are shown in Fig.
6 and Fig. 7, respectively. Intel AVX intrinsics
have utilized with the OpenMP parallel sections con-
structs to increase the data and task parallelism
on shared memory architecture. If the matrix size
is equal to the defined recursive level, then the
AVX_2D_Blocking-OMP /() function is executed as
proposed in Fig. 4. Otherwise, the recursive pro-
cedure continues to subdivide both the input sub-
matrices A and B, and a new memory allocation has
required for each level of recursion. The computa-
tion to obtain ml, m2, m3, m4, mb, m6, m7, c00,
c01, 02, and c03 has been performed by indepen-
dent tasks via the #Zpragma omp parallel sections
nowait directive. After the results of each level of
computation are obtained, all of the allocated mem-
ory for temporal storage is deallocated by using align-

ment function; set_aligned_free().

Input matrices
Aand B

Align memory

allocation

Initialization matrices

Calculate Power
efficient Strassen’s
multiplication

M-size = RecurStop ?

N

o
Divide submatrices
quarterly

Allocate vector-array
in AVX registers for
multiplication

Y

Compute
AVX 2D Blocking OMP()

!

#pragma omp paraliel for
G i= A< By J

Stage 1
#pragma omp parallel for

M1
M2
M3
M4
M35
M6
M7
Calculate task parallelism using
#pragma omp sections nowait

v

Recursive call when multiply operation has performed

Stage 2
#pragma omp sections nowait

c2
c3
c4

Store the multiplied
results into memory

Deallocation of
created vector-arrays
from memory
allocation

Fig.6: Flowchart of 2D blocking in the multiplica-
tion kernel of power-efficient Strassen’s algorithm.

Firstly, all vector registers are set to be zero us-
ing set_zero_matriz() before random data allocation
is initialized with the size of defined matrices. Since
most caches can store the vectors in a register with
32 or 64 bytes aligned vector arrays. Thus, when the
vectors are aligned in the cache lines, the aligned data
allocation is faster than the unaligned load/store op-
erations since there does no need to be zero padding
at the end of each row allocation. Data alignment in-
creases the efficiency of data loads and stores to and
from the processor [27]. In our implementation, the
data from matrices A and B are allocated with the
aligned value which must be an integer power of two.
The float vector arrays for matrices A, B, and C with
the pointers returned are not aliased which ensures
the memory allocation has been aligned correctly by
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else {

for (intj=0:j<n* (n/2):j+=n) {
for (inti=0:;i<n/2:i+=8) {
allfi+(j/2)] = Afi+j];
al2[i+(j/ 2)] = A[i+(W2)+];
a2lfi+ (j/2)] = Ali+(n*n/2)) +j];

bl
#pragma omp parallel
#pragma omp sections nowait

#pragma omp sections

#pragma omp parallel
#pragma omp sections nowait
#pragma omp sections

for (intj=0:j <n* (@/2): j +=n){
for(inti=0:1<n/2:i+=8) {

final multiplied results }}

1}

Algorithm: PowerEfficient Strassen’s Algorithm
Power_efficient_Strassen (int n, float *a, float *b, float *c) {
if (n = recur stop) then AVX 2D Blocking OMP(n,a,b,c);

//Align memory allocation by using aligned malloc() for 21 submatrices
#pragma omp parallel for schedule (static) private (1.j)

a22[i+(j/2)] = Afi+(m*n/2)) + n/2) +j]; b22[i + (j/2)] = B[i+(n*(n/2)) + (n/2) +j];

//Compute M1, M2, M3, M4, M5, M6, M7 simultaneously in which
PowerEfficientStrassen( ) is recursively called until n = recur stop

// Compute (cl1,¢12,¢21,¢22) in parallel sections by multi-threading
set_aligned_free() is used for submatrices memory deallocation in AVX registers
#pragma omp parallel for schedule (static) private (i,j)

/Load and store (c11,c12,¢21,¢22) into the corresponding location of matrix C to get the

set aligned free() is used for (cl11,c12,¢21,¢22) memory deallocation in AVX registers

bllfi+j/2)] = Bfi+j];
b12[i+(j / 2)] = B[i+(n/2)+j];
b21fi + (j/2)] = Bli+(n*(n/2)) + jI;

Fig.7: Power-efficient Strassen’s algorithm using 2D blocking with OpenMP.

using the _aligned_malloc function. Our contribu-
tions are different from the previous [1][4][10][15][29]
since we focused on high-performance energy effi-
ciency (GFPW) on parallel Strassen’s algorithm.

6. EXPERIMENTAL RESULTS

The proposed power-efficient algorithm has been
tested on the Core i9-7900X machine with a 6/-
bit Windows 10 operating system. The test ma-
chine has 64 gigabytes of memory. The algorithm
has been implemented using Intel C-compiler 2019.
We implemented our algorithm and tested it versus
the matrix-matrix multiplication function provided
by the Eigen (version 3.3.7) [32] and the OpenBLAS
(version 0.3.13) [33] which are high-level C++ li-
braries of template headers for linear algebra, ma-
trix, and vector operations. Every configuration has
compiled using the O2 optimization option. Each test
configuration has evaluated using ten different square
matrix sizes ranging from 1024x 1024 to 10240x%
10240. To configure the Figen library [32] for mul-
tiplication kernel, which is a high-level C++ library
of template headers for linear algebra, matrix, and
vector operations. The two header files of sparse and

dense matrix multiplication can be declared as fol-
lows:

#include < Eigen/Sparse >

#include < Eigen/Dense >

Since the proposed matrix-matrix multiplication
focuses on dense matrix multiplication, #include <
Eigen/Dense > must be declared when it was config-
ured for multiplying random values of two matrices
(A and B). The Matrix class inherits a base class,
MatrixBase, and the initial declarations are required
as follows:

Figen :: MatrizX fa;

Eigen :: MatrixX fb,

To initialize random values (n x n) for each ma-
trix, since Eigen has a built-in constructor called,
MatrizX f :: Random(n,n), which is Matriz
Matriz(int), in src/Core/Matriz.h. It supports
multi-threading since Eigen will launch as many
threads as cores reported by OpenMP’s function call.

Strassen’s algorithm is faster than the standard
matrix multiplication algorithm since the number of
multiplication operations is reduced instead of eight
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to seven multiplications when 4 x 4 block-wise matrix
multiplication is executed [4]. It is based on the di-
vide and conquer mechanism to subdivide the matri-
ces A and B into four sub-matrices of size N/2 x N/2
recursively and then calculate the seven equations
(M1 — MT) to get the values of C;;. Typically, we
still need eight multiplications of matrix blocks to
calculate the C;; matrices with O(n?), the asymptotic
complexity for multiplying matrices of size N = 2™
using Strassen’s algorithm is O(n2-8974) [4].

The original Strassen’s algorithm uses the seven
equations (M1 — MT7) by calculating scalar matrix-
matrix multiplication which does not include paral-
lelism. Even though previous methods [30][31] used
AVX intrinsic, titling and loop unrolling, the data
accessing pattern of our 2D blocking matrix multipli-
cation differs in the multiplication kernel of parallel
Strassen’s algorithm. Due to the optimized data ac-
cessing pattern from matrix A and B, the data trans-
ferring time can be reduced, which leads to increase
performance and reduce energy consumption for par-
allel Strassen’s algorithm.

In previous papers [5][6][10][27][31], they did not
test their algorithm with the intensive examination
of the energy/power consumption of Strassen’s algo-
rithm. In the proposed paper, the total number of
additions/subtractions required for Strassen’s algo-
rithm at each recursive level can be calculated by us-
ing the proposed mathematical equations (Eq. 2, 3,
4, 5) which are presented in section 5.

We first measured the GFLOPS performance by
comparing other libraries, and the results are shown
in Fig. 8. Our algorithm is faster than Eigen and
OpenBLAS in all configurations. It is, on average
4.5 and 4.1 times faster than Figen and OpenBLAS,
respectively.

Moreover, the energy and power consumption of
both algorithms are measured using the Intel power
gadget tool, a software-based power consumption
monitoring tool designed for Intel’s Core processors
and is used for calculating real-time processor pack-
age power information using the energy counters in
the processor [26]. In each configuration, the energy
and power consumptions were collected ten times,
and the average results are shown in Fig. 9 and
Fig. 10. Our proposed algorithm consumes less en-
ergy than both Figen and Open BLAS libraries in ev-
ery configuration. It consumes on average, 4.25 and
3.67 times less energy than Figen and OpenBLAS
libraries, respectively, as shown in Fig. 9. However,
when power consumption was measured, our algo-
rithm surpassed both FEigen and OpenBLAS only
when the matrix sizes were 10240 x 10240, as shown
in Fig. 10. Its power consumption is on average 1.19
and 1.18 times higher than Eigen and OpenBLAS,
respectively.

Since power consumption is the amount of en-
ergy used per unit of time, our algorithm is faster

but it consumes more power than both FEigen and
OpenBLAS because of its higher degree of paral-
lelism. For this case, we utilized another way to
measure these two algorithms based on their power
consumption and with the awareness of their process-
ing speed as well. Therefore, we used the GFLOPS
per Watt (GFPW) to measure the GFLOPS per-
formance of the proposed algorithm versus its power
consumption.
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Fig.8: GFLOPS performance of the proposed algo-
rithm versus Figen and OpenBLAS.
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Fig.9: Comparison of average energy consumption
of proposed algorithm versus Figen and OpenBLAS.
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Fig.10: Comparison of average power consumption
of proposed algorithm versus Figen and OpenBLAS.

Table 2 shows the measurement methods that we
utilized in our experiments. We further analyzed the
last level cache (LLC) miss count of our proposed
algorithm with the Intel VTune Profiler tools [34].
In this test, the automatic recursive level selection
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Fig.11: GFPW performance of our proposed algo-
rithm versus Eigen and OpenBLAS.
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Fig.13: Power consumption of our proposed algo-
rithm at a different level of recursion.

has turned off, and four different recursive levels were
manually defined for the algorithm. The GFLOPS
performance, the power consumption, and the LLC
miss counts of each configuration were evaluated, and
the results are shown in Fig. 12, Fig. 13, and Table
3.

While the power consumption of each test was
measured, its GFLOPS performance was also col-
lected at the same time, and its GF'PW was calcu-
lated accordingly. Fig. 11 shows the GF PW perfor-
mance of both algorithms. Although the power con-
sumption of our proposed algorithm is higher than
those of both Eigen and OpenBLAS when the ma-
trix sizes are smaller than 102/0x 10240, the GFPW
performance of our algorithm is higher than that of

Table 2: Types of measurement methods utilized in
our experiments.

Type of .
Measurement Formula Explanations

GFLOPS = Giga Floating-
point Operation per Second
N = the dimension of the
matrix of size N x N

Processing GFLOPS = %

performance t = Execution time in

seconds

10° = the units of Giga (G)
GFPW = GFLOPS per watt
Power = Power

consumption (Watt)

Performance and
GFPW — GELOPS

power Power

consumption ratio

Table 3: LLC miss counts of our implementation
of Strassen’s algorithm.

Matrix Size Number of recursive levels

1 level 2 levels 3 levels 4 levels
1024%x1024 | 0.00E+00 | 0.00E+00 | 0.00E+00 | 0.00E+00
2048x2048 | 0.00E400 | 0.00E400 | 0.00E4+00 | 0.00E+00
4096x4096 | 0.00E+00 | 0.00E400 | 0.00E+00 | 0.00E400
8192x8192 | 1.62E+09 | 1.24E+09 | 1.22E+09 | 1.57TE+09

those of Figen and OpenBLAS in all configurations.
The GFPW performance of our proposed algorithm
is on average 3.78 and 3.47 times higher than those
of Figen and OpenBLAS, respectively.

Table 3 shows that when the matrix size is small,
there is no LLC miss for all levels of recursion. How-
ever, the LLC miss occurs when the matrix size be-
comes larger, as shown in the last row (8192x 8192)
of Table 3. Since when the matrix size is small,
all the data can be kept inside the cache, and the
CPU core can access them as fast as possible. There-
fore, the increase of recursive level increases the over-
head of memory allocation/deallocation, resulting in
less GFLOPS performance, as shown in Fig. 12.
This evidence helps us better understand why the
GFLOPS performance decreases with the increased
level of recursion, especially when the matrix dimen-
sion is 1024, 2048, and 4096.

When the matrix size is 8192x 8192, the LLC miss
occurs and decreases with the increase of recursive
levels. It reaches the minimum value when the re-
cursive level is three but returns to increase when
the recursive level is four or higher, as shown in Ta-
ble 3. The reason is because it is impossible to keep
all the data in the cache at the same time when the
matrix size is large. Therefore, each level of recur-
sion in Strassen’s algorithm divides the source ma-
trices into smaller sub-matrices, resulting in a grad-
ual decrease in the LLC miss as the level of re-
cursion increases. After the recursive level is four
or higher, memory allocation/deallocation overheads
begin to have a greater impact, leading to a decrease
in GFLOPS performance.
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7. DISCUSSION

The experimental results reveal that when 2D
blocking is applied along with AVX512 intrinsics,
OpenMP, and loop-unrolling can save energy and
power consumption of Strassen’s algorithm among
different processing cores. We have compared the
energy and power consumption of our implemen-
tation of Strassen’s algorithm with the matrix-
matrix multiplication function provided by FEigen
and OpenBLAS libraries. In terms of GFLOPS
performance, our algorithm obtains better computa-
tional speed than Eigen and OpenBLAS libraries in
every configuration. It is on average 4.5 and 4.1
times faster than Figen and OpenBLAS, respec-
tively. It consumes on average, 4.25 and 3.67 times
lower energy than Figen and OpenBLAS, respec-
tively, however, its power consumption is on average
1.19 and 1.18 times higher than that of Figen and
OpenBLAS, respectively.

Our high-speed 2D blocking matrix-matrix multi-
plication comes from four factors: 1) the utilization
of loop unrolling makes our algorithm can utilize all
the AVX engines in each processing core as much as
possible, 2) the efficiency of arithmetic vectorization
using AVX512 intrinsics allows more data to be pro-
cessed at the same time using SIMD data process-
ing instructions, 3) the new optimized data alloca-
tion pattern allowing data in the cache to be reused
as much as possible, therefore reducing main mem-
ory waiting time, and 4) the utilization of OpenMP
directives allows all the cores can process the data
simultaneously, resulting in a high degree of paral-
lelism.

The main issue of Strassen’s algorithm is its over-
head of extra memory allocation for sub-matrices at
each recursive level, combined with the requirement
of sub-matrices data transferring between each level
of recursion. As a result, too many recursive calls can
degrade the algorithm’s performance.

In our proposed algorithm, we applied AVX512
registers with a new data allocation pattern for ma-
trix B to reduce the number of data accessed from
memory at each loop. Once the data are loaded from
matrix B into the cache, it does not need to reload
them when multiplying with the new items of a; and
as. As a result, not only the computation speed is
increased but also the power consumption of memory
reading is reduced as well.

The reason that our algorithm consumes lower en-
ergy than the Eigen and OpenBLAS comes from three
factors: (i) the utilization of AVX512 reduces the
number of memory read operations by 8 times. Eight
double-precision floating-point data can be read from
main memory using only a single vector read oper-
ation, while each conventional scalar read procedure
can read 64-bit double-precision floating-point data
at a time, resulting in less energy consumption, (ii)
an optimal number of recursive calls reduces the bur-

den of unnecessary memory allocation/deallocation
and data transferring for each level of recursion, and
(iii) the proposed data allocation pattern with two
types of loop unrolling factors (such as UF, and U Fp)
allowing data in the cache to be reused as much as
possible and a new 2D blocking for multiplication ker-
nel, therefore reducing the amount of main memory
access which consumes more energy.

8. CONCLUSION

We have proposed an effective implementation for
matrix-matrix multiplication based on Strassen’s al-
gorithm. Experimental results reveal that our algo-
rithm consumes, on average, 4.25 and 3.67 times
lower energy than the multiplication function pro-
vided by Eigen and OpenBLAS libraries, respectively.
The GFPW performance of our proposed algorithm
is on average 3.78 and 3.47 times higher than that
of Figen and OpenBLAS libraries, respectively.

Our main contributions include:

- The new 2D blocking pattern is proposed to en-
able the data to be reused in the cache as much as
possible, as a result, the number of slow memory ac-
cess is considerably decreased.

- The selection of an optimal number of recursive
calls reduces the burden of unnecessary memory real-
location/deallocation and data transferring for each
level of recursion and it provides the best sub-block
size of the 2D blocking data allocation.

- The utilization of AVX intrinsics not only reduces
the number of instructions to perform on the data but
also reduces the number of memory loads/stores. In
addition, the processing time is reduced due to its
native parallel computation.

- The effect of loop-unrolling increases the utiliza-
tion of all the execution units inside the CPU.

- The performance matrix called GFPW is utilized
to measure the computational performance with the
awareness of power consumption.

From this research, we conclude that the per-
formance and energy consumption of parallel com-
puting is mainly depend not only on the number
of load/stores operations when accessing from main
memory but also on the optimized parallelism of
an algorithm. Therefore, a proposed optimized 2D
blocking multiplication is very useful for all the
energy-aware matrix-matrix calculations on multi-
core architecture.
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