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ABSTRACT

A completed model of the probabilistic distribu-
tion of the drain current’s random variation of the
nanometer multiple input floating gate MOSFET
(MIFGMOSFET) is proposed in this work. The mod-
elling process has taken the dominant physical level
causes of the drain current’s variations into account.
Unlike its predecessor, the proposed model consid-
ers both N-type and P-type nanometer MIFGMOS-
FET. Moreover, the formerly neglected parasitic cou-
pling capacitances have also been taken into account.
The obtained modelling results, which are based on
the derived drain current’s equations of nanometer
MIFGMOSFET, are very accurate. They can pre-
dict the probabilistic distributions of the candidate
N-type and P-type nanometer MIFGMOSFETs ob-
tained by using Monte-Carlo simulations with 99%
confidence and higher accuracy than that of the previ-
ous work. We also perform a comparative robustness
study of the nanometer MIFGMOSFET of both types
and demonstrate various interesting applications of
our modelling results.

Keywords: MIFGMOSFET, N-type, Nanometer,
P-type, Probabilistic Modelling, Variability Aware
Design

1. INTRODUCTION

The Floating gate MOSFET (FGMOSFET) has
been adopted in many electronic circuits [1]-[11]
where such devices at the nanometer level have also
been applied. The efficiencies of these FGMOSFET
based circuits can be deteriorated by the circuit level
variations caused by the physical level nonidealities
such as the random dopant fluctuation (RDF) and
the line edge roughness (LER) etc. For both MOS-
FET and FGMOSFET, the key circuit level parame-
ter is the drain current (ID). The variations in other
parameters can be obtained from the variation in ID
(∆ID). As a result, the modelling attempt of ∆ID
of MOSFET was derived in [12] where the nanome-
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ter level MOSFET was the focus. For the FGMOS-
FET, the analyses and modelling of variations in cir-
cuit level parameters have been previously performed
using specific FGMOSFET based circuits [10], [11].
These previous results are not generic as they can
be applied only to their dedicated circuits. Later,
the probabilistic modelling of ∆ID of a single FG-
MOSFET, which is therefore generic, was proposed
in [13] and [14]. However, the results of these works
are inapplicable to the FGMOSFET at nanometer
regime because they have assumed above 100 nm
CMOS technology. Recently, the probabilistic mod-
elling of ∆ID of the nanometer FGMOSFET has
been proposed in [15] where the sub 100 nm CMOS
technology and the FGMOSFET with multiple input
namely MIFGMOSFET, have been assumed. Unfor-
tunately, only the N-type device has been taken into
account. There exists P-type nanometer MIFGMOS-
FET which employ different physical and device level
characteristics including carrier type and noise immu-
nity, thus a different probabilistic modelling is neces-
sary. Moreover, the effects of the parasitic coupling
capacitances, which are unavoidable in practice, have
also been ignored.

Hence, the probabilistic modelling of ∆ID of the
nanometer MIFGMOSFET has been revisited in this
work. Unlike [15], the formerly ignored P-type device
and effects of the parasitic coupling capacitances have
now been considered. The enhanced model’s results
are more detailed and complete. The aforementioned
dominant physical level causes of the circuit level vari-
ations, such as RDF and LER, have been taken into
account. The modelling results which are based on
the parasitic coupling capacitances, including equa-
tions of ID of nanometer MIFGMOSFET, have been
found to be very accurate as they fit the probabilis-
tic distributions of the candidate nanometer MIFG-
MOSFETs of both types obtained by using the 90 nm
SPICE BSIM4 based Monte-Carlo simulation with a
very high level of confidence (99%). Higher accu-
racy than that of [15] was achieved. We also perform
the comparative studies of the robustness to physical
level nonidealities of the nanometer MIFGMOSFET
of both types. Moreover, we also demonstrate in-
teresting applications of our modelling results such
as the variability aware design involving nanometer
MIFGMOSFET.

In the subsequent section, an overview of MIFG-
MOSFET will be given. The equations for ID of
nanometer MIFGMOSFET will be derived in section
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3. The proposed modelling is described in section
4. The verifications of the modelling results are pre-
sented in section 5. Applications are presented in
section 6. Finally, the conclusion will be drawn in
section 7.

2. THE OVERVIEW OF MIFGMOSFET

The MIFGMOSFET is a special MOSFET with
multiple inputs and an additional gate isolated within
the oxide entitled the floating gate. A cross sec-
tional view, a symbolic diagram, and an equivalent
circuit with parasitic coupling capacitances of an N-
type with N inputs MIFGMOSFET can be depicted
as in Fig. 1-3. The parasitic coupling capacitances
was not assumed in [13]-[15]. Cfb, Cfd and Cfs de-
note the parasitic coupling capacitance between float-
ing gate and substrate, the parasitic coupling capac-
itance between floating-gate and drain terminal, and
the parasitic coupling capacitance between floating-
gate and source terminal respectively. Ci and Vi de-
notes the input coupling capacitance between any ith

input and the floating gate and the voltage at any ith

input where {i} = {1, 2, 3, . . . , N}.
From Ci’s, Cfb, Cfd and Cfs, the coupling ratio of

any ith input (ki) can be defined as given by (1) which
is unlike the previous definition [15]. This is because
Cfb, Cfd and Cfs have been taken into account.

ki =
Ci

N∑
i=1

[Ci] + Cfb + Cfd + Cfs

(1)

Similarly to ki, we can define the coupling ratio
of the bulk (kfb), the drain terminal (kfd) and the
source terminal (kfs) as follows:

kfb =
Cfb

N∑
i=1

[Ci] + Cfb + Cfd + Cfs

(2)

kfd =
Cfd

N∑
i=1

[Ci] + Cfb + Cfd + Cfs

(3)

kfs =
Cfs

N∑
i=1

[Ci] + Cfb + Cfd + Cfs

(4)

3. THE PARASITIC COUPLING CAPAC-
ITANCES INCLUDED DRAIN CUR-
RENT EQUATIONS OF NANOMETER
MIFGMOSFET

Based on the coupling ratios given by (2)-(4) and
the α-power law model [12][16], the equations of ID
with parasitic coupling capacitances for the nanome-
ter MIFGMOSFET can be derived by simply re-
placing the gate to source voltage term, VGS , with

N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS , where VB ,

VD and VS stand for the body, drain, and source ter-
minal voltages of the MIFGMOSFET. Therefore ID
of the nanometer MIFGMOSFET operated in triode
and the saturation region can be respectively given
by:

ID = β

[
VDS

VDS,sat
− 1

2

(
VDS

VDS,sat

)2
]

(
N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt)α

(5)

ID =
β

2
(

N∑
i=1

kiVi+kfdVD+kfsVS+kfbVB−VS−Vt)α

(6)

Fig.1: A cross sectional view of MIFGMOSFET
[13]-[15].

Fig.2: A symbolic diagram of MIFGMOSFET [13]-
[15].

where Vt, β and VDS stand for the threshold volt-
age, the current factor and the voltage dropped across
drain and source terminals respectively. Moreover,
VDS,sat and α denote VDS at saturation and veloc-
ity saturation index where 1 ≤ α < 2 [15]. These
equations of ID are more detailed than those of [15]
because the effects of Cfb, Cfd and Cfs have been
taken into account.
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Fig.3: An equivalent circuit model of MIFGMOS-
FET.

Obviously, ID is unintentionally altered by phys-
ical level nonidealities. Therefore the operating effi-
ciency of FGMOSFET is deteriorated as mentioned
above because such nonidealities alter the parameters
of ID. In particular, the RDF causes the variation
Vt and the LER causes the variation in the channel
length, which in turn causes the variation in β. As a
result, the unwanted variation in ID occurs and the
operating efficiency of FGMOSFET is deteriorated.
For illustration, ID of a dual input N-type satura-
tion region operated FGMOSFET has been simulated
against V1 assuming V2 = 0 = 0 V as depicted in Fig.
4 and 5 which show that ±5% variations in Vt and
β (which are respectively caused by RDF and LER)
cause the variation in ID.

Fig.4: The ID of FGMOSFET with variation in
Vt which is causes by RDF: -5% variation (red), no
variation (green), +5% variation (blue).

4. THE PROPOSED MODELLING

Similarly to [13]-[15], the proposed model has been
derived as the probability density function of the nor-
malized ∆ID. A normalized ∆ID i.e. ∆ID/ID, can
be defined with equation 7.

∆ID
ID

=
IDf − ID

ID
(7)

Fig.5: The ID of FGMOSFET with variation in
β which is causes by LER: -5% variation (red), no
variation (green), +5% variation (blue).

IDf denotes the fluctuated drain current which oc-
curs when the physical level nonidealities have been
taken into account. In this context, ID stands for the
ideal drain current where such nonidealities have been
neglected [15]. On one hand, ∆ID/ID of the N-type
nanometer MIFGMOSFET denoted by ∆IDN/IDN
can be analytically given in terms of its physical level
and device level parameters by equation 8.

∆IDN
IDN

=
α[2φF + C−1

ox

√
2qNa(2φF + VS − VB)εs − (Vt − VFB)]

N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS

(8)

Na, VFB , VB , εs and φF denote accepter doping con-
centration, flat band voltage, body voltage, dielec-
tric constant of Si, and Fermi potential respectively
[15]. Similarly to the equation of ∆ID/ID proposed
in [15], (8) can describe ∆ID/ID of both triode and
saturation region operated N-type nanometer MIFG-
MOSFETs, but in a more detailed manner. This is
because kfb, kfd and kfs have been included.

On the other hand, ∆ID/ID of the P-type nanome-
ter MIFGMOSFET which has not been derived in
[15], denoted by ∆IDP /IDP , can be analytically given
by equation 9.

∆IDN
IDN

=
α[2|φF |+ C−1

ox

√
2qNa(2|φF |+ VS − VB)εs − (Vt − VFB)]

VS + Vt −
N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB

(9)

Nd denotes donor doping concentration. Similarly
to (8), (9) can describe ∆ID/ID of both triode and
saturation region operated P-type nanometer MIFG-
MOSFETs. At this point, it can be seen that the
differences between N-type and P-type devices have
been taken into account in the modelling process by
using the different carrier related, Na and Nd, the
different polarities of VB and VS , and the different
Fermi potential terms φF and |φF |, in (8) and (9).

Based on the often cited and up-to-date Takeuchi’s
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model of the variation in scaled CMOS devices
[17], the probability density functions of ∆IDN/IDN
and ∆IDP /IDP , fN (δIDN/IDN ) and fP (δIDP /IDP ),
which are our modelling results, can be respectively
given by equation 10 and 11.

fN (
δIDN
IDN

) =

N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt

α(2Na(2φF + VS − VB)εs)0.25

√
3WLCoxCinv

2πq1.5

exp

−
1.5WLCoxCinv(

N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt)2(
δIDN
IDN

)2

(2Na(2φF + VS − VB)εs)0.5q1.5α2


(10)

fN (
δIDP
IDP

) =

N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt

α(2Na(2φF + VS − VB)εs)0.25

√
3WLCoxCinv

2πq1.5

exp

−
1.5WLCoxCinv(

N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt)2(
δIDP
IDP

)2

(2Na(2φF + VS − VB)εs)0.5q1.5α2


(11)

W , L, δIDN/IDN , δIDP /IDP and Cinv de-
note the channel width, the channel length, the
sample variable version of ∆IDN/IDN , that of
∆IDP /IDP , and the inversion layer capacitance re-
spectively. Of course, the derived fN (δIDN/IDN )
and fP (δIDP /IDP ) can be respectively applied to the
N-type and P-type nanometer MIFGMOSFETs oper-
ating in both triode and saturation regions due to the
operating region independent validities of the formu-
lated ∆IDN/IDN and ∆IDP /IDP .

5. THE ACCURACY VERIFICATION

Accuracy verification of fN (δIDN/IDN ) and
fP (δIDP /IDP ) has been performed based on 90 nm
level CMOS process technology with necessary pa-
rameters extracted by Predictive Technology Model
(PTM). The nanometer dual input MIFGMOSFETs
of both N-type and P-type with the input coupling
ratios given by 0.617 and 0.283 for the 1st and 2nd
input respectively have been chosen as our devices un-
der test. These selected values of coupling ratios en-
sure that C1 and C2 are adequately large compared to
Cfb, Cfd and Cfs in order to guarantee the proper op-
eration of the candidate MIFGMOSFETs. It should
be mentioned here that assuming adequately large
Ci’s has been performed in many previous works on
MIFGMOSFET [6]-[8]. Since our candidate MIFG-
MOSFETs is a dual input device, we let N = 2 in
both fN (δIDN/IDN ) and fP (δIDP /IDP ). We also as-
sume k1 = 0.617 and k2 = 0.283. For the simulation
with SPICE, such candidate MIFGMOSFETs have
been modelled based on the MIFGMOSFET’s equiv-
alent circuit where the core nanometer MOSFETs of
the devices have been modelled using BSIM4.

Similarly to [15], the convergence problem solving
methodology presented in [18] has been adopted and

L = 90 nm, W/L = 4/3, and α = 1.072 have also
been chosen. A supply voltage of 1.1 V has been as-
sumed. Here, we also perform the verification in both
qualitative and quantitative manners. In the qual-
itative aspect, fN (δIDN/IDN ) and fP (δIDP /IDP )
have been graphically compared to their benchmarks,
gN (δIDN/IDN ) and gP (δIDP /IDP ), obtained from
the Monte-Carlo simulation of the candidate devices.
Also similarly to [15], 3000 runs have been chosen
for the simulation because sufficiently detailed results
with acceptable computational effort can be obtained.
For the verification in the quantitative sense, the Kol-
mogorovSmirnof goodness of fit test with confidence
level of 99% has been performed based on the sim-
ulated data. See the appendix for details on the
Kolmogorov-Smirnof test.

Since fN (δIDN/IDN ) and fP (δIDP /IDP ) are ap-
plicable to both triode and saturation region operated
nanometer MIFGMOSFET of their respective types,
their accuracies must be verified for both of these re-
gions. In the qualitative aspect, fN (δIDN/IDN ) and
gN (δIDN/IDN ) were graphically compared as respec-
tively depicted in Fig. 6 and 7 for triode and satura-
tion region operated nanometer N-type MIFGMOS-
FETs where ∆IDN/IDN which is dimensionless, has
been expressed in percentage. Strong agreements be-
tween fN (δIDN/IDN ) and gN (δIDN/IDN ) were ob-
served. In the quantitative aspect, the resulting test
statistic for the triode device can be found as KS =
0.01832. For the saturation one, KS = 0.01941. Both
of them are lower than the critical value given by c =
0.0297596. This means that fN (δIDN/IDN ) is accu-
rate with 99% confidence for both regions of opera-
tion. Higher accuracy can be achieved for the triode
region operated device. Moreover, it has been found
that these KS values are lower than those of previous
modelling results [11] of KS = 0.024671 and KS =
0.026817 for N-type triode and saturation region op-
erated nanometer MIGMOSFETs respectively. Our
result is more accurate. It should be mentioned here
that the higher accuracy of our result is caused by
the inclusion of Cfb, Cfd and Cfs in the modelling
process.

For the P-type nanometer MIFGMOSFET on the
other hand, the comparative plots of fP (δIDP /IDP )
and gP (δIDP /IDP ) were graphically compared as
respectively depicted in Fig. 8 and 9 for triode
and saturation region operated devices. Similarly
to the qualitative verification of fN (δIDN/IDN ),
the strong agreements between fP (δIDP /IDP ) and
gP (δIDP /IDP ) were also observed. This qualitatively
verifies the accuracy of fP (δIDP /IDP ). Moreover,
the KS for the triode region device is KS = 0.01866.
For the saturation one, it is KS = 0.01891. Both are
lower than c = 0.0297596. Therefore fP (δIDP /IDP )
is accurate with 99% confidence for both regions
of operation. Again, higher accuracy can also be
achieved for the triode region operated device.
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Fig.6: The comparative plot of triode region
based fN (δIDN/IDN ) (line) and gN (δIDN/IDN ) (his-
togram).

Fig.7: The comparative plot of saturation region
based fN (δIDN/IDN ) (line) and gN (δIDN/IDN ) (his-
togram).

Fig.8: The comparative plot of triode region
based fP (δIDP /IDP ) (line) and gP (δIDP /IDP ) (his-
togram).

Fig.9: The comparative plot of saturation region
based fP (δIDP /IDP ) (line) and gP (δIDP /IDP ) (his-
togram).

Before leaving this section, it should be men-
tioned here that the P-type nanometer MIFGMOS-
FET has been found to be more robust to the phys-
ical level nonidealities than its N-type counterpart
for both triode and saturation regions. This is be-
cause ∆IDN/IDN is more widely distributed than
∆IDP /IDP as can be seen from Fig.4-7. Therefore
the ID of the N-type nanometer MIFGMOSFET suf-
fers a more severe physical level nonidealities induced
fluctuation. The physical reason behind this is a
higher degree of RDF of N-type device which yields
more variation in Vt.

6. THE APPLICATIONS OF THE MOD-
ELLING RESULTS

6.1 Analytical determination of the statistical
parameters of drain current variations

By using fN (δIDN/IDN ) and fP (δIDP /IDP ), the
statistical parameters of ∆IDN/IDN and ∆IDP /IDP
can be analytically determined with the aid of the
conventional statistical mathematics. Analytically
obtaining these statistical parameters has been found
to be beneficial to the nanometer MIFGMOSFET in-
volved variability aware design as will be shown in
the next subsection. It should be mentioned here
that only the averages and variances of ∆IDN/IDN
and ∆IDP /IDP will be treated in this section as the
average and variance are the often cited statistical
parameters. The derivations of other parameters, the
probabilities related to ∆IDN/IDN and ∆IDP /IDP
and some worthy of mentioned issues including the
mathematical proof of certain existence of ∆ID will
be presented in the appendix.

The average of ∆IDN/IDN and that of ∆IDP /IDP
can be mathematically defined by equation 12.

∆IDj
IDj

=

∞∫
−∞

δIDj
IDj

fi(
δIDj
IDj

)d(
δIDj
IDj

) (12)

j can be either N or P depending on the type of the
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device under consideration.
After applying fN (δIDN/IDN ) and fP (δIDP /IDP )

to (12), we have ∆IDN
IDN

= ∆IDP
IDP

= 0.

On the other hand, the variances of ∆IDN/IDN
and ∆IDP /IDP , σ2

∆IDN/IDN
and σ2

∆IDP /IDP
can be

mathematically defined by equation 13.

σ2
∆IDj
IDj

=

∞∫
−∞

(
δIDj
IDj

− ∆IDj
IDj

)2

fj(
δIDj
IDj

)d
δIDj
IDj

(13)
By applying fN (δIDN/IDN ) and fP (δIDP /IDP )

to (17), we get equations 14 and 15.

σ2
∆IDN
IDN

=
q1.5α2

√
2Na(2φF + VS − VB)εs

3WLCoxCinv(
N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt)2

(14)

σ2
∆IDP
IDP

=
q1.5α2

√
2Na(2|φF | − VS + VB)εs

3WLCoxCinv(

N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt)2

(15)
It can be seen that σ2

∆IDN/IDN
6= 0 and σ2

∆IDP /IDP

6= 0.

6.2 The nanometer MIFGMOSFET involved
variability aware design

As promised, the usage of the statistical param-
eters and probabilities derived in the previous sub-
section in the variability aware design involving the
nanometer MIFGMOSFET which refers to the appli-
cability of fN (δIDN/IDN ) and fP (δIDP /IDP ) them
self, will be demonstrated at this point. First of all,
the minimization of ∆ID which is an important part
of such variability aware design, will be considered.
From (14) and (15), we get equations 16 and 17.

σ2
∆IDN/IDN

α
1

WL
(16)

σ2
∆IDP /IDP

α
1

WL
(17)

Equations (16) and (17) state that lowering the
device area of the nanometer MIFGMOSFET of any
type causes an increasing in its ∆ID as a penalty.
The similar observation can also be obtained from
the above 100 nm MIFGMOSFET [14]. Due to its
penalty, such area lowering must be performed with
caution. By using (14)-(17), we found equations 18
and 19.

WL ≥
q1.5α2

√
2Na(2φF + VS − VB)εs

3CoxCinv(
N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt)2σ2
∆IDN/IDN ,max

(18)

WL ≥
q1.5α2

√
2Na(2|φF | − VS + VB)εs

3WLCoxCinv(

N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt)2σ2
∆IDP /IDP ,max

(19)
σ2

∆IDj/IDj ,max denotes the maximum acceptable value

of σ2
∆IDj/IDj

. Both equations 18 and 19 must be sat-

isfied for any variability aware design involving the
nanometer MIFGMOSFET for ensuring an accept-
able level of ∆ID. Moreover, since σ2

∆IDj/IDj
is di-

rectly related to the level of ∆ID, the objective func-
tions in equations 20 and 21 where 2 σ2

∆IDN/IDN
and

σ2
∆IDP /IDP

serve as the basis, have been found to be

useful.

min[σ2
∆IDN/IDN

] (20)

min[σ2
∆IDP /IDP

] (21)

Now the computationally efficient variability aware
simulation of the nanometer MIFGMOSFET based
circuit, which is also important to its variability aware
design, will be considered. Since ∆ID’s of the MIFG-
MOSFETs within the circuit exhibit no spatial cor-
relations [14], the variance of the random variation in
the key parameter of any nanometer MIFGMOSFET
based circuit (∆X) i.e. σ2

∆X , can be determined by
using equation 22.

σ2
∆X =

M∑
m=1

[
(
IDmS

X
IDm

)2
σ2

∆IDm
IDm

] (22)

IDm, SXIDm
and σ2

∆IDm/IDm
stands for the ideal

drain current of an arbitrary mth nanometer MIFG-
MOSFET in the circuit, the sensitivity of the circuit’s
key parameter (X) with respect to IDm, which mea-
sures the amount of change inX with respected to the
change in IDm, and the variance of the per-unit ∆IDm
of any mth MIFGMOSFET. It should be mentioned
here that there exist no correlation terms in (22) due
to the lack of the special correlations as stated above.

By using either σ2
∆IDN/IDN

or σ2
∆IDP /IDP

depend-

ing on the type of such mth device, σ2
∆IDm/IDm

can

be predetermined. After obtaining all σ2
∆IDN/IDN

’s,

σ2
∆X can be numerically determined in a computa-

tionally effective manner by using (22) and a small
signal analysis based simulation [14][19]. With such
methodology, the whole set of SXIDm

’s can be evalu-
ated via the sensitivity analysis in which the circuit
under consideration requires only one calculation for
obtaining its solution [14] [20]. Therefore the con-
sumed computational effort can be significantly re-
duced from that of the traditional Monte-Carlo sim-
ulation which may require hundreds or thousands of
runs.

Apart from using the simulation, the amount
of ∆X can also be analytically determined by us-
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ing σ2
∆IDN/IDN

and σ2
∆IDP /IDP

. This means that

fN (δIDN/IDN ) and fP (δIDP /IDP ) can be applied to
such analytical determination of ∆X, which is also
an important part of the nanometer MIFGMOSFET
involved variability aware design beside those afore-
mentioned. In order to do so, the mathematical def-
inition of SXIDm

defined according to the definition of
sensitivity [21] as given by (23), which is different
from the aforesaid meaning of SXIDm

assumed in the
simulation for determining σ2

∆X stated above, must
be adopted.

SXIDm
=
IDm
X

∂X

∂IDm
(23)

For convenience, we will determine the amount of
∆X in terms of the variance of its per-unit value,
σ2

∆X/X . By using the above mathematical definition

of SXIDm
, we get equation 24

σ2
∆X
X

=

M∑
m=1

[

(
IDm
X

∂X

∂IDm

)2

σ2
∆IDm
IDm

] (24)

As an illustrative example, let X be the out-
ward current (Iout) of the nanometer MIFGMOSFET
based summing squarer [9] depicted in Fig. 10. By
assuming that weighted sum of inputs is nonnegative,
Iout can be given by [9] equation 25.

Iout = AIIDN + IDP (25)

AI , IDN , and IDP are the gain of the current mirror,
ID of Q1, which is of N-type, and ID of Q2, which is
a P-type device respectively.

Fig.10: The nanometer MIFGMOSFET based sum-
ming squarer [9].

By using (25), we get equations 26 and 27.

∂Iout
∂IDN

= AI (26)

∂Iout
∂IDP

= 1 (27)

As a result, σ2
∆Iout/Iout

can be obtained in terms of

σ2
∆IDN/IDN

and σ2
∆IDP /IDP

as seen in equations 28.

σ2
∆Iout
Iout

=

(
AIIDN

AIIDN + IDP

)2

σ2
∆IDN
IDN

+

(
IDP

AIIDN + IDP

)
σ2

∆IDP
IDP

(28)

IDN and IDP can be determined by using (6) with N
= 3. This is because both Q1 and Q2 operate in the
saturation region [9] and employ 3 inputs as can be
seen from Fig. 10.

7. CONCLUSIONS

The probabilistic modelling of ∆ID of nanometer
MIFGMOSFET has been performed by taking the
physical level nonidealities into consideration. Unlike
[15], the formerly ignored P-type nanometer MIFG-
MOSFET and effects of Cfb, Cfd and Cfs have also
been considered. The modelling results which are
based on the derived equations of ID of nanometer
MIFGMOSFET, can accurately predicts their bench-
marks obtained from the 90 nm SPICE BSIM4 based
Monte-Carlo simulation of the candidate devices with
99% confidence where higher accuracy than that of
[15] can be achieved as can be seen from the lower KS
of the results of this work. This accuracy improve-
ment is caused by inclusion of Cfb, Cfd and Cfs in
the modelling process. We have also found that the
P-type nanometer MIFGMOSFET is more robust to
the physical level nonidealities than its N-type coun-
terpart for both triode and saturation regions of op-
eration due to its lower degree of RDF.

Motivated by the thorough analysis of the above
100 nm device [14], many helpful statistical pa-
rameters and probabilities related to the nanometer
MIFGMOSFET have been derived. In addition, the
certain existence of ∆ID of nanometer MIFGMOS-
FET has been mathematically proved. These inter-
esting issues have been presented in the appendix.
Moreover, the application of our results to the vari-
ability aware design involving the nanometer MIFG-
MOSFET have been pointed out. Therefore this work
is highly beneficial to the analysis and design of any
electronic circuit constructed based on the nanometer
MIFGMOSFET.
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APPENDIX

Overview of Kolmogorov-Smirnof goodness of
fit test

According to [22], the concept of the KolmogorovS-
mirnof goodness of fit test (KS-test) is to compare the
KS-test statistic (KS) and the critical value (c) where
it can be stated that the accuracy of each modelling
result is satisfied if and only if KS ≤ c and the ac-
curacy is inversely proportional to the KS. In the
context of this work, KS can be mathematically de-
fined with equations A1, A2 and, A3.

KS = max
δIDj/IDj

[|Gj(
δIDj
IDj

)| − |Fj(
δIDj
IDj

)|] (A1)
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Fj(
δIDj
IDj

) =

δIDj/IDj∫
−∞

fj(x)dx (A2)

Gj(
δIDj
IDj

) =

δIDj/IDj∫
−∞

gj(x)dx (A3)

Generally, c depends on the confidence level. For
the 99% confidence level has been assumed in this
work, c can be given by [22] equation A4.

c =
1.63√
n

(A4)

n denotes the number of runs of the Monte-Carlo sim-
ulation. Since we choose n = 3000, c = 0.0297596 can
be obtained.

Analytical determination of other statistical
parameters and useful probabilities of drain
current variations

By using fN (δIDN/IDN ) and fP (δIDP /IDP ),
other interesting statistical parameters of δIDN/IDN
and δIDP /IDP beside their averages and variances
can be determined. Firstly, the median values of
δIDN/IDN and δIDP /IDP can be obtained by solving
equation A5.

mj∫
−∞

fi(
δIDj
IDj

)d
δIDj
IDj

=
1

2
(A5)

As a result, we have mN = mP = 0.

Since ∆IDN
IDN

= ∆IDP
IDP

= 0 as mentioned above,

the second moments of δIDN/IDN and δIDP /IDP can
be mathematically defined with equation A6.

(
∆IDj
IDj

)2

=

∞∫
−∞

(
δIDj
IDj

)2fi(
δIDj
IDj

)d
δIDj
IDj

(A6)

As a result, we get equations A7 and A8.

(
∆IDN
IDN

)2

=
q1.5α2

√
2Na(2φF + VS − VB)εs

3WLCoxCinv(

N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt)2

(29)

(
∆IDP
IDP

)2

=
q1.5α2

√
2Na(2|φF | − VS + VB)εs

3WLCoxCinv(
N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt)2

(30)

Moreover, the moment generating functions of
∆IDN/IDN and ∆IDP /IDP can be defined as shown
in equation A9.

Mj(t) =

∞∫
−∞

exp(
δIDj
IDj

)2fi(
δIDj
IDj

)d
δIDj
IDj

(A9)

Therefore we get equations A10 and A11.

MN (t) = exp

 q1.5α2
√

2Na(2φF + VS − VB)εs

6WLCoxCinv(

N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt)2


(31)

Mp(t) = exp

 q1.5α2
√

2Na(2|φF | − VS + VB)εs

6WLCoxCinv(

N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt)2


(32)

Apart from these statistical parameters, many
probabilities of those events related to δIDN/IDN and
δIDP /IDP can be analytically determined by apply-
ing fN (δIDN/IDN ) and fP (δIDP /IDP ). This is be-
cause these probabilities can be given in terms of the
cumulative distribution functions [23] and survival
functions [24] of δIDN/IDN and δIDP /IDP which
in turn can be determined by using fN (δIDN/IDN )
and fP (δIDP /IDP ). Similarly to those statisti-
cal parameters, these probabilities has also been
found to be helpful to the variability aware design.
The cumulative distribution functions of δIDN/IDN
and δIDP /IDP , fN (δIDN/IDN ) and fP (δIDP /IDP ),
which have been mathematically defined by (A2)
can be obtained after applying fN (δIDN/IDN ) and
fP (δIDP /IDP ) as shown in equations A12 and A13.

FN (
δIDN
IDN

) =
1

2

1 + erf


N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt

α(2Na(2φF + VS − VB)εs)0.25

√
3WLCoxCinv

2πq1.5
(
δIDN
IDN

)




(33)

FP (
δIDP
IDP

) =
1

2

1 + erf


N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt

α(2Na(2φF + VS − VB)εs)0.25

√
3WLCoxCinv

2πq1.5
(
δIDP
IDP

)




(34)

erf() denotes the error function which can be math-
ematically defined in terms of an arbitrary variable,
y, as [23] does with equation A14.
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erf(y) =
2√
π

∫ y

0

exp(−u2)du (A14)

On the other hand, the survival functions of
δIDN/IDN and δIDP /IDP i.e. SN (δIDN/IDN ) and
SP (δIDP /IDP ), which can be mathematically defined
with equation A15.

Sj(
δIDj
IDj

) =

∞∫
δIDj/IDj

fj(x)dx (A15)

j can be either N or P up to the type of the device
under consideration, can be obtained by applying our
fN (δIDN/IDN ) and fP (δIDP /IDP ) as shown in equa-
tions A16 and A17.

SN (
δIDN
IDN

) =
1

2
− 1

2
erf


N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt

α(2Na(2φF + VS − VB)εs)0.25

√
3WLCoxCinv

2πq1.5
(
δIDN
IDN

)


(35)

SP (
δIDP
IDP

) =
1

2
− 1

2
erf


N∑
i=1

kiVi + kfdVD + kfsVS + kfbVB − VS − Vt

α(2Na(2φF + VS − VB)εs)0.25

√
3WLCoxCinv

2πq1.5
(
δIDP
IDP

)


(36)

After obtaining FN (δIDN/IDN ), FP (δIDP /IDP ),
SN (δIDN/IDN ) and SP (δIDP /IDP ), many probabil-
ities of those interesting events related to δIDN/IDN
and δIDP /IDP can be obtained as stated above.
First, the probability that δIDN/IDN lie within a cer-
tain predetermined range given by [a, b], and that
of δIDP /IDP i.e. Pr{a ≤ δIDN/IDN ≤ b} and
Pr{a ≤ δIDP /IDP ≤ b}, can be respectively obtained
by using FN (δIDN/IDN ) and FP (δIDP /IDP ) as given
by equations A18 and A19. This is because Fj(x)
is equivalent to the probability that δIDj/IDj ≤ x
where x can be arbitrary value of δIDj/IDj .

Pr{a ≤ ∆IDN
IDN

≤ b} = FN (b)−FN (a) (A18)

Pr{a ≤ ∆IDP
IDP

≤ b} = FP (b)−FP (a) (A19)

By using Pr{a ≤ ∆IDN/IDN ≤ b} and Pr{a ≤
∆IDP /IDP ≤ b}, the probability that the magnitudes
of ∆IDN/IDNdoes not exceed its allowable maxi-
mum value and the similar probability of ∆IDP /IDP
i.e. Pr{|∆IDN/IDN | ≤ |∆IDN/IDN |max} and
Pr{|∆IDP /IDP | ≤ |∆IDP /IDP |max}, can be deter-
mined. This is because |∆IDj/IDj | ≤ |∆IDj/IDj |max

is equivalent to −|∆IDj/IDj |max ≤ ∆IDj/IDj ≤
|∆IDj/IDj |max. So, we get equations A20 and A21.

Pr{
∣∣∣∆IDNIDN

∣∣∣ ≤ ∣∣∣∆IDNIDN

∣∣∣
max
}

= Pr{−
∣∣∣∆IDNIDN

∣∣∣
max
≤ ∆IDN

IDN
≤
∣∣∣∆IDNIDN

∣∣∣
max
}

= FN (
∣∣∣∆IDNIDN

∣∣∣
max

)− FN (−
∣∣∣∆IDNIDN

∣∣∣
max

)

(37)

Pr{
∣∣∣∆IDPIDP

∣∣∣ ≤ ∣∣∣∆IDPIDP

∣∣∣
max
}

= Pr{−
∣∣∣∆IDPIDP

∣∣∣
max
≤ ∆IDP

IDP
≤
∣∣∣∆IDPIDP

∣∣∣
max
}

= FP (
∣∣∣∆IDPIDP

∣∣∣
max

)− FP (−
∣∣∣∆IDPIDP

∣∣∣
max

)

(38)

In contrast to Pr{a ≤ ∆IDN/IDN ≤ b} and
Pr{a ≤ ∆IDP /IDP ≤ b}, the probability that
∆IDN/IDN lies outside [a, b], and the similar one
of ∆IDP /IDP which can be respectively denoted
by Pr{(∆IDN/IDN < a) ∨ (∆IDN/IDN > b)} and
Pr{(∆IDP /IDP < a) ∨ (∆IDP /IDP > b)} where ∨
stands for the or operator, can be obtained using
SN (δIDN/IDN ) and SP (δIDP /IDP ) as given by equa-
tions A22 and (A23. This is because Sj(x) is equiva-
lent to the probability that ∆ID/IDj > x.

Pr{(∆IDN
IDN

<a)∨(
∆IDN
IDN

>b)}=1+SN (b)−SN (a) (A22)

Pr{(∆IDP
IDP

<a)∨(
∆IDP
IDP

>b)}=1+SP (b)−SP (a) (A23)

Similarly to obtaining Pr{|δIDN/IDN | ≤ |δIDN/
IDN |max} and Pr{|δIDP /IDP | ≤ |δIDP /IDP |max}
from Pr{a ≤ δIDN/IDN ≤ b} and Pr{a ≤
δIDP /IDP ≤ b}, the probability that |δIDN/IDN | >
|δIDN/IDN |max and that of |δIDP /IDP | > |δIDP /
IDP |max i.e., Pr{|δIDN/IDN | > |δIDN/IDN |max}
and Pr{|δIDP /IDP | > |δIDP /IDP |max}, can be
respectively obtained by using Pr{(δIDN/IDN <
a) ∨ (δIDN/IDN > b)} and Pr{(δIDP /IDP <
a) ∨ (δIDP /IDP > b)} . This is because
|(δIDj/IDj | > |(δIDj/IDj |max is equivalent to either
having δIDj/IDj < −|δIDj/IDj |max or δIDj/IDj >
|δIDj/IDj |max. Therefore Pr{|δIDN/IDN | > |δIDN/
IDN |max} and Pr{|δIDP /IDP | > |δIDP /IDP |max}
can be respectively given by equations A24 and A25.
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Pr{
∣∣∣∆IDNIDN

∣∣∣ > ∣∣∣∆IDNIDN

∣∣∣
max
}

= Pr{(∆IDNIDN
<−
∣∣∣∆IDNIDN

∣∣∣)∨(∆IDNIDN
>
∣∣∣∆IDNIDN

∣∣∣
max

)}

= 1 + SN (
∣∣∣∆IDNIDN

∣∣∣
max

)− SN (
∣∣∣∆IDNIDN

∣∣∣
max

)

(39)

Pr{
∣∣∣∆IDPIDP

∣∣∣ > ∣∣∣∆IDPIDP

∣∣∣
max
}

= Pr{(∆IDPIDP
<−
∣∣∣∆IDPIDP

∣∣∣)∨(∆IDPIDP
>
∣∣∣∆IDPIDP

∣∣∣
max

)}

= 1 + SN (
∣∣∣∆IDPIDP

∣∣∣
max

)− SN (
∣∣∣∆IDPIDP

∣∣∣
max

)

(40)

Apart from determining Pr{|δIDN/IDN | > |δIDN/
IDN |max } and Pr{|δIDP /IDP | > |δIDP / IDP |max

}, we can mathematically prove that the existence
of ∆ID of nanometer MIFGMOSFET of both types
is absolutely certain by using Pr{(δIDN/IDN <
a) ∨ (δIDN/IDN > b)} and Pr{(δIDP /IDP < a) ∨
(δIDP /IDP > b)}. A similar prove for the above 100
nm device have been proposed in [14]. In the context
of this research, it can be stated that the existence of
∆ID is equivalent to having either |δIDN/IDN | > 0
or |δIDP /IDP | > 0 depending on the device type.
Therefore the probability that ∆ID occurs is equal to
either Pr{|δIDN/IDN | > 0} or Pr{|δIDP /IDP | > 0}.
Since |δIDj/IDj | > 0 is equivalent to having either
δIDj/IDj < 0 or δIDj/IDj > 0, we get equations A26
and A27.

Pr{
∣∣∣∣∆IDNIDN

∣∣∣∣>0}=Pr{(∆IDN
IDN

<0)∨(
∆IDN
IDN

>0)} (A26)

Pr{
∣∣∣∣∆IDPIDP

∣∣∣∣>0}=Pr{(∆IDP
IDP

<0)∨(
∆IDP
IDP

>0)} (A27)

By respectively applying equations A23 and A23
to equations A26 and A27, we have found that
Pr{δIDN/IDN > 0} = 1 and Pr{δIDP /IDP > 0}
= 1. This means that the probability that ∆ID of
the nanometer MIFGMOSFET of any type occurs is
equal to 1. Therefore it can be stated that the ex-
istence of ∆ID has been found to be absolutely cer-
tain for the nanometer MIFGMOSFET of both types.
This emphasizes the unavoidability of ∆ID and thus
emphasizes the necessity of our work.

Apart from using Pr{(δIDN/IDN < a) ∨
(δIDN/IDN > b)} and Pr{(δIDP /IDP < a) ∨
(δIDP /IDP > b)}, the certain existence of ∆ID of
nanometer MIFGMOSFET can also be mathemat-
ically proved in an alternative manner. According
to [19], the probability that δIDN/IDN is equal to

x, which is an arbitrary fixed value, and the similar
probability of δIDP /IDP , Pr{δIDN/IDN = x} and
Pr{δIDP /IDP = x}, can be given by equations A28
and A29.

Pr{∆IDN
IDN

= x} = FN (x)−FN (x−) (A28)

Pr{∆IDP
IDP

= x} = FP (x)−FP (x−) (A29)

x− denotes the value of either δIDN/IDN or
δIDP /IDP just before reaching x.

By such definition of x−, we have found that
Fj(x) and Fj(x

−) are almost equal. Therefore both
Pr{δIDN/IDN = x} and Pr{δIDP /IDP = x}are
extremely low. Since x can be any value includ-
ing 0, it can be seen that Pr{δIDN/IDN = 0} and
Pr{δIDP /IDP = 0}, which are equal to the proba-
bility of obtaining ∆ID = 0, are also extremely low.
This means that the inexistence of ∆ID is practically
impossible, which implies that ∆ID certainly exists.

As mentioned above, these probabilities have been
found to be beneficial to the nanometer MIFGMOS-
FET involved variability aware design similarly to the
statistical parameters. As an illustration, we consider
|δIDj/IDj | > |δIDj/IDj |max, which means that ∆ID
exceeds the acceptably maximum level, as it is an
undesirable event. For avoiding such event, the ob-
jective functions in equations A30 and A31 must be
satisfied.

min[Pr{|∆IDN/IDN | > |∆IDN/IDN |max}] (A30)

min[Pr{|∆IDP /IDP | > |∆IDP /IDP |max}] (A31)

In addition, we often need ∆ID to be within
an acceptable limit that is we need |δIDj/IDj | >
|δIDj/IDj |max. Therefore such a desired event will
occur by satisfying the objective functions given in
equations A32 and A33.

max[Pr{|∆IDN/IDN | > |∆IDN/IDN |max}] (A32)

max[Pr{|∆IDP /IDP | > |∆IDP /IDP |max}] (A33)

Similarly to the statistical parameter based objec-
tive functions, these probability based objective func-
tions can be satisfied by tuning the controllable pa-
rameters mentioned previously as well.
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