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Abstract

The main objective of this paper is to discuss alternative approaches to convert a propositional logic problem into a 0-1 integer
program. The substitution method proposed by Williams and the CNF method is used for modeling and representation of a
logical inference problem. The similarity between the two fields, viz. optimization problems or mathematical programming

and deductive logic are shown.
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1. Introduction

It is well known that the conventional logical methods
have failed to solve large inference problems. Thus, it has
become important to develop an efficient method of
performing deductive reasoning. Significant contributions
have been made by various authors in this field. Cavelier,
Pardalos and Soyster [1] have used mathematical
programming for modeling a propositional calculus problem.
Similarly Yager [2] also suggested means to solve a logical
inference problem via the use of mathematical programming.
Peysakh [3] presented an algorithm for converting any
Boolean expression into CNF. Hooker [4-5] has shown the
application of quantitative methods to logic have led to fast
inference methods. The connection between the methods of
computational logic and integer programming was shown by
Williams [6] in his paper. He used IP model to overcome the
computational problems that arise in logic. Blair, Jeroslow
and Lowe [7] suggested ways to resolve Boolean logical
problems. He related the mathematical programming
methods for Boolean logic or propositional calculus problem
to the Davis- Putnam method for proving theorems. The CNF
method [4, 7], Williams [8] linear 0-1 method and Cavalier
and Soyster [1] were compared with 0-1 polynomial
methods. According to Zangwill [9], any 0-1 polynomial
program can be replaced with a 0-llinear program by
substituting the product of 0-1 variables with a new 0-1
variable.

This paper discusses different approaches to transform a
propositional calculus problem into 0-1 integer programming
using substitution method [8] and CNF method [4, 7]. The
basic modeling approach and solution procedure to a logical
inference problem given by [10] are used in our problem.
Moreover similarity between mathematical programming
and deductive reasoning has also been discussed. The main
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motivation of the paper is to present in such a way that some
applied problem may be attempted for solving.

2. General formulation of a propositional logic and its
transformation

A propositional logic problem of the form: ‘If P; and P,
and --- and B,, then Q’

Prove Q
Given: P;
P,

B, @

where each of Py, P, ..., B, is a disjunction of literals of the
form P, =vD;i €l

One can transform problem (1) into a 0-1 integer program
[11] of the form:

Optimize cx
Subject to Ax<b (2)
x €{01}, forj=1,..,n

The solution to problem (2) will help to resolve problem
(1) and shows whether Q is true given the set of
boolean constraints. Hence the solution to the 0-1 linear
integer program can be used to resolve the issues of problem
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3. Different methods of representation of
inference problem

logical

Here we use the two approaches namely substitution
method and conjunctive normal form (CNF) to formulate a
propositional calculus problem into a 0-1 integer
programming problem and subsequently solve the
mathematical problem to arrive at a solution to the related
logical problem.

4. Substitution method

William [12] suggested a mathematical modeling
technique to convert a boolean logic expression into 0-1
linear program. It is known as substitution method. This
method requires an additional 0-1 variable y. Y = D; A D,
can be converted into a 0-1 form using the following
transformation:

ditd,—y < 1

d1 -y > 0

dy—y > 0 ©)
dl,dz,y = Orl

Similarly, it can be shown that D; v D, is equivalent to

di+d,—y

di—y

d, —y

dq,dyy =

(4)

o NINIV

0
0
0
, 1.

The set of constraints (3) and (4) are basic pillars to convert
any boolean logic into a 0-1 linear form.

5. Conjunctive normal form

Consider another approach using Conjunctive normal
form (CNF) [4, 7]. A boolean expression is expressed as a
conjunction of disjunctions called the conjunctive normal
form (CNF). CNF can be written as:

Aj=1Viep; dis ()

where each d; is either the attribute D; or its negation D;, k
is the number of attribute disjunctionsand p; isthe j-th index
set for j-th attribute disjunction.

For example, Z = (D; V D,V Dy) A (D) A (D; V D3).

Since Z is true then each of the conjunctive clauses must be
true i.e.

d1+(1_d2)+d4 2 1
d1 > 1.

6. An illustrative example [13]

Either taxes are raised or if expenditures increases, then
the debt limit is raised. If taxes are raised, then the cost of tax
collection increases. If an increase in expenditures implies
that the government would have to borrow more money, then
if the debt limit is raised, then interest rates goes up. If taxes
are not raised and the cost of tax collection does not increase,
then if the debt limit is raised, then government would have
to borrow more money. The cost of tax collection does not
increase. Either interest rates does not goes up or the
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government would not have to borrow more money.
Therefore, either the debt limit is not raised or expenditures
do not increase, thus:

D;: Taxes are raised.

D,: Expenditures increases.

Ds: The debt limit is raised.

D,: The cost of tax collection increases.

Ds: The government would have to borrow more money.
Dg: Interest rates go up.

(DyvD;) — Ds

Dy - D,
(D; » Ds) — (D3~ Dg)
DiADy - (D3- Ds)
D,
D: V Dg (6)
D,V Dy

where the horizontal line signifies “therefore”.
Let us introduce additional variables.

6112 :_DIVDZ, d25 = D2—>D5, d36 = D3—>D6, d14 =
D1 /\D4 and d35 = D3 - D5.

The substitution method gives:

Optimize d, Nd;
Subject to dyy; > ds
d1 s d4
dys = dze 7
@14 - dss
dy
ds Vdg
Using (3) and (4)
Optimize
Subject to dz +ds =1

dy+dy —dyp =0
di—dyp <0
dy—dy, <0
dyy—ds <0
dy — d, >0
dy —ds + dys < 1
dy +dps =1
dy — dg +dag < 1
ds + dag >1 ®)
dog—dy =0
dys — d3e =0
di+dy+dyy =21

dy + dys <1
dy + dyy <1
ds—ds+dss <1
ds + das >1
ds—d35 <0
d14_d35 <0
d, <0
ds + dg <1
di =0,1

Let us now converting the problem to CNF.
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Prove: D,V D;

D,V Dy

D,V Dy

D, VD,

D,V D3V Dg 9)
D3V Ds V Dg

D;VD3VD,VDs

D,

Ds V Dg.

Williams [8] compares the two methods and concludes that
on one hand CNF technique requires the propositional

calculus problem to have a special structure on the other hand
substitution method requires additional variables.

The corresponding linear 0-1 form:

Optimize d, +d3 <1
Subjectto d; —d3 <0
dy —d; <0
d, —d; <0
dy —d, <0

d, —ds +dg >0 (10)

ds+ds—dg, <1
dy—ds+d,+ds>0
dy, <0
ds+dg <1

di = 0, 1

Here the minimal value of objective function is 0. It can be
seen that CNF formulation of a propositional problem is
compact as compared to the substitution method. However
this advantage depends on the type of propositional calculus
problem [1].

7. Conclusions

Here CNF method and substitution method have been
illustrated by suitable numerical example. Moreover the
example further emphasize Williams conjecture i.e.
substitution method requires additional variable whereas
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CNF method requires a special structure. But both the
method yields the same result.
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