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Abstract 

 

The large amount of wastes generated by the ceramic industry is presently not reused in any significant quantity. Incorporation of these 

wastes into concrete production is a win-win proposition for both the ceramic and concrete industries. However, there are presently no 

mathematical models for predicting the properties of these concretes. While there has been extensive research on the use of ceramic 

wastes as coarse aggregates, there are very limited research data on their use as fine aggregates. In the current study, augmented 

Scheffe’s simplex lattice theory was used to formulate mathematical models for predicting and optimizing the tensile and flexural 

strengths of concrete into which recycled ceramic tiles (RCT) are incorporated as a fine aggregate. Preliminary tests on RCT show that 

it is a suitable fine aggregate material and further testing shows the feasibility of using it in concrete production. It has also been 

established that addition of RCT improves the strength of concrete. The formulated models can predict the mix ratio for desired tensile 

and flexural strengths of RCT concrete and vice versa. Responses from these models are in agreement with corresponding experimental 

data. Adequacy of the models was confirmed using analysis of variance and normal probability plots of model residuals at a 95% 

confidence level. With the model equations, tensile and flexural strength of potential mix proportions of RCT concrete can be monitored 

and optimized. This is especially important for concrete used in pavement, airfield slabs and water retaining structures, among other 

applications. 

 

Keywords: Concrete, Flexural strength, Modelling, Recycled ceramic waste, Scheffe’s theory, Tensile strength 
 

 
1. Introduction 

 

 Concrete has become the most commonly used construction material [1]. Its demand is ever increasing because of its versatility 

and sustainability [2]. Over 33 billion tonnes of concrete are produced annually [3]. However, this is not without huge environmental 

impacts. Concrete consumption has led to a rapid depletion in the natural reserves of conventional materials used as aggregates in its 

production [4]. Given the need for sustainable development in our built environment, incorporation of industrial wastes and by-products 

into concrete has been established as yielding immense benefits [5-7]. These benefits include reuse and recycling, reduction of 

environmental pollution, economic benefits and improved durability of concrete. Recently, ceramic wastes have attracted the attention 

of numerous researchers. There has been growing interest in its use as an aggregate material in concrete production [8-11]. Ceramic 

wastes are waste products from the manufacture of earthen wares, porcelain, ceramic tiles, electrical insulators, sanitary ware and 

bricks, among others. Some of these wastes are generated during manufacture as a result of production errors, glazing faults, cracks, 

off-standard products and size discrepancies [6]. Other losses occur during transportation and distribution to end users. However, the 

greatest percentage of ceramic waste is from construction and demolition wastes [12]. Ceramics are non-biodegradable [9, 13]. 

Thousands of tonnes of these wastes are generated annually all over the world. Currently, they are disposed of in landfills [9, 14] with 

no significant recycling [9, 14, 15]. Thus, incorporating these wastes into concrete production could be a win-win proposition. Doing 

so could aid in solving the environmental problems associated with ceramic wastes in landfills and also lead to more sustainable 

concrete production.  

 Most research on incorporation of ceramic wastes into concrete production are on its use as aggregates [9-18], mainly as coarse 

aggregates. However, the few available data on its use as fine aggregates are encouraging. Awoyera et al. [14] studied concrete 

manufactured with recycled ceramic tile as a fine aggregate. They observed that its split tensile strength was better than that of concrete 

made with conventional aggregates. The difference was directly proportional to the percentage of replacement of conventional 

aggregate with ceramic waste. This was found even with high performance concrete (HPC). Bartosz et al. [18] reported that the split 

tensile strength of HPC with 100% recycled ceramic aggregate was 34.25% higher than that of the same material with conventional 

aggregate. Similar results have been reported by other authors [10, 13].  

 Tensile and flexural strength are very important properties of concrete, although compressive strength is usually considered the 

more important. Tensile strength of a concrete section determines its resistance to cracking. According to Paewchompoo et al. [19], 

the initial corrosion-induced cracking time of concrete is determined by the tensile strength and modulus of elasticity of the section. 



 

 

Hence, this is an important parameter in the design of highways and airfield slabs [20] as well as in design of water retaining structures, 

where crack control is critical. Unreinforced concretes rely on their flexural strength to resist bending. This is typical in unreinforced 

concrete road pavement and runways, which rely on their flexural strength to distribute vehicular loads over a wider area [21]. Mix 

designs for pavement are mostly based on flexural strength data. It is therefore of great importance to estimate the strength properties 

of potential mix proportions of concrete. However, there are presently no models providing such estimations for concrete incorporating 

ceramic waste aggregates. Thus, this study aims to formulate mathematical models for predicting and optimizing tensile as well as 

flexural strength of concrete with partial or full replacement of river sand with recycled ceramic tile (RCT) as a fine aggregate. 

 

1.1 Modelling of concrete strength properties 

 

 Concrete strength is an engineering measure of the ability of concrete members to resist loads. It is of great importance in structural 

applications. Thus, predicting the strength properties of concrete has long attracted the attention of researchers, although most efforts 

have focused on compressive strength. In formulating mathematical models for predicting concrete strength, the use of analytical 

methods [22-24], artificial neural networks [25-27] and empirical methods [28-31] are common. However, the most appealing 

technique is the empirical approach, which makes use of regression equations. The general form of multiple linear regression equations 

used to model concrete strength is given by Equation 1.     

 

𝑌 = 𝑎0 + 𝑎1𝑋1 + 𝑎2𝑋2 + 𝑎3𝑋3 +…+ 𝑎𝑚𝑋𝑚           (1) 

 

 where 𝑎0 − 𝑎𝑛 are regression coefficients and 𝑋1 − 𝑋𝑛  are independent variables that determine concrete strength. This approach 

has been used by many researchers to model concrete strength using several concrete parameters [31]. The deficiency of Equation 1 is 

that the variables are assumed to be linearly related, which does not reflect the true situation with concrete strength. These parameters 

are not always linearly related and they are often interrelated. To overcome this deficiency, a number of non-linear models have been 

adopted. They include logarithmic transformed non-linear correlations [32, 33] and higher degree polynomial regressions. Quadratic 

regression is the most commonly used of the polynomial models, usually taking the form of Equation 2. 

 

𝑌 = 𝑎0 +∑𝑎𝑖𝑋𝑖

𝑚

𝑖=1

+ ∑ 𝑎𝑖𝑗𝑋𝑖𝑋𝑗

𝑚

𝑖=𝑗=1

                                                                                                                                                                             (2) 

           

 In this study, we aim to derive quadratic polynomial regression models for predicting the characteristic tensile and flexural strengths 

of concrete using Scheffe’s lattice simplex theory. The models employ proportions of concrete mix components that are transformed 

into pseudo-components of the simplex factor space. The innovative aspect of the models is the incorporation of both sand and RCT 

as fine aggregates in the mix. 

 

1.2 Scheffe’s simplex lattice theory 

 

 Appropriate design substantially reduces the number of experiments, especially in multi-component systems.  Simplex lattice 

design is an experimental design methodology for modelling response and component relationships. A lattice is an ordered distribution 

of points in a regular pattern, while a simplex lattice is a structural representation of lines or planes joining assumed coordinates or 

points representing components of a mixture [34-37]. Simplex lattice designs are simply referred to as Scheffe’s simplex lattice design 

[37]. According to Scheffe’s theory, if q denotes the number of mixture components, 𝑋1, 𝑋2, 𝑋3, …𝑋𝑞 , in a mixture design and the 

degree of polynomial to be fitted to the design is denoted by n, then each component of the mixture resides on a vertex of a simplex 

lattice in a (q-1) factor space such that a {q, n} simplex lattice consists of uniformly spaced points defined by all the possible 

combinations of (n+1) levels of each component [38, 39]. When q = 2, a straight line represents the lattice simplex. For q = 3, the 

simplex lattice is an equilateral triangle, while for q =4, it is a regular tetrahedron with each vertex representing each of the components.  

 Simplex lattice design is only applicable in experiments of mixtures in which the response depends on the mass or volume 

proportions of individual components and not on their total mass or volume [34, 36, 39, 40]. Properties of concrete depend on an 

adequate mass or volume proportioning of its constituents and not on its total mass or volume. Thus, Scheffe’s optimization theory can 

be used to model and optimize concrete properties. Scheffe introduced polynomial regressions to model responses. The general form 

of the polynomial equation of degree n in a q-component mixture (usually referred to as {q, n} polynomials) is given as Equations 3 

and 4.  

 

In linear form (n = 1): �̂� = ∑ 𝛽𝑖𝑋𝑖
1≤𝑖≤𝑞

                                                                                                                                                     (3) 

              

In quadratic form (n = 2): �̂� = ∑ 𝛽𝑖𝑋𝑖 + ∑ 𝛽𝑖𝑗𝑋𝑖𝑋𝑗
1≤𝑖≤𝑗≤𝑞1≤𝑖≤𝑞

                                                                                                                                 (4) 

            

 where ŷ is the mixture property (response), β values are the polynomial coefficients and X values are the mixture component ratios 

by weight or volume. Properties of a {q, n} simplex lattice design for a multi-variable function, F(𝑋1, 𝑋2, 𝑋3, …𝑋𝑞) are defined when: 

a) The sum of the component proportions are unity and no component has a negative value. Mathematically these can be 

represented as: 

 

𝑋1 + 𝑋2 + …+ 𝑋𝑞 =∑𝑋𝑖 = 1

𝑞

𝑖=1

                                                                                                                                                                                 (5) 

           

0 ≤ 𝑋𝑖 ≤ 1              (6) 



 

 

b) The number of terms in a polynomial equation, which is also the minimum number of design points required to determine 

coefficients of the resulting model, is given as:  

 

𝑁 = 𝐶𝑛
𝑞+𝑛−1

=
(𝑞+𝑛−1)!

(𝑞−1)!(𝑛)!
             (7) 

 

c) Coefficients of the polynomial equations can be expressed as functions of expected responses (yi) at the design and control 

points of the simplex. The general relationship between the two is given as Equation 8. 

 

𝛽𝑖 = 𝑦𝑖  𝑎𝑛𝑑 𝛽𝑖𝑗 = 4𝑦𝑖𝑗 − 2𝑦𝑖 − 2𝑦𝑗            (8) 

 

1.2.1 Interaction of components in Scheffe’s factor space 

 

 Mixture components in Scheffe’s simplex design are evenly distributed in the factor space of the simplex and the proportions 

assumed by each component are n+1 equally spaced levels from 0 to 1 based on Equation 9. Thus, for a second-degree polynomial 

simplex design (n = 2), each component must take the levels: 0, ½ and 1 while for a cubic polynomial (n = 3), the levels are: 0, ⅓, 

⅔ and 1.  

 

𝑋𝑖 = 0,
1

𝑛
,
2

𝑛
, … 1              (9) 

 

 Consider a {4, 2} simplex lattice, as in Figure 1, of which the factor space is a tetrahedron. Each component assumes proportions 

of 0, ½, and 1 based on Equation 9. There are ten design points at the boundaries. The vertices of the tetrahedron correspond to the 

number of terms in Scheffe’s second-degree polynomial in Equation 4 based on Equation 7. The four vertices of the simplex are defined 

by (1,0,0,0); (0,1,0,0); (0,0,1,0) and (0,0,0,1), representing single component mixtures, while the remaining six points each at the 

middle of each of the edges represent binary blends of two component mixtures.  

 

 
 

Figure 1 A {4, 2} Scheffe’s simplex lattice showing pseudo-ratios at design points 

 

1.3 Augmented simplex centroid design 

 

 Simplex lattice design is a saturated design [39, 41] containing just the necessary design points needed to formulate the model 

equations. These design points are only at the vertices and edges of the simplex. Thus, the design does not give any information about 

the inside of the simplex. It is sometimes necessary to augment and improve simplex design by incorporating additional points within 

the simplex. These additional points, referred to as check points, are used in testing the adequacy of a fitted model. Generally, 

augmented centroid design is achieved by introducing additional design points at the centroid and midway between the centroid and 

each of the vertices [4]. Augmented simplex centroid design still maintains the model equation form of a simplex lattice design. 

However, estimated model coefficients differ slightly from those obtained using only simplex lattice design points. These coefficients 

improve the accuracy of model prediction. 

 

2. Materials and methods 

 

2.1 Materials 

 

 Five materials were used in laboratory experiments during this study. Cement and water served as a binder, while river sand (RS) 

and recycled ceramic tiles (RCT) were used as fine aggregates. The coarse aggregate (CA) in the mix was granite chippings.  Portland 

Limestone cement was used with a 32.5R strength class, conforming to NIS 444-1 standard [42]. It was manufactured by United 

Cement Company of Nigeria. River sand was obtained from a mining site at Ikot Ekong, Akwa Ibom State, while granite chippings 

were from a quarry in Akamkpa, Cross River State, also in Nigeria. RCT consisted of recycled floor and wall tiles. These were tiles, 

as shown in Figure 2(a), which were either cracked or broken during transportation and distribution. They were obtained from a dealer 

in Uyo. The tiles were broken into smaller pieces and crushed into the required size using a hammer mill (Figure 2(b)) to obtain a fine 

aggregate. Preliminary tests were done on the aggregates and cement following British standards. These tests included determination 

of their particle size distributions, specific gravity, and bulk density as well as an X-ray fluorescence test.  

 



 

 

 
 

Figure 2 Recycled ceramic tiles before (a) and after (b) crushing  

 

2.2 Methods 

 

 The methodology used in this study involved preparation and characterization of materials, design of experiments, production of 

test samples, testing of samples and finally formulation and testing of Scheffe’s regression models.   

 

2.2.1 Design of experiments 

 

Five design components were used. The data was fitted to Scheffe’s second-degree polynomial. The mixture experiment was 

therefore an augmented {5, 2} simplex centroid design developed with the aid of a commercial statistical software package, Minitab 

16. The design simplex is shown in Figure 3, while the design matrix for the augmented {5, 2} simplex is presented in Table 1. The 

points in the simplex were numbered according to their run order employing randomization and replication. There were 21 design 

points with 27 runs. The 15 design points based on Equation 7 were augmented with additional six design points that included the 

centroid of the simplex and midpoints between each vertex and the centroid. The additional points were all within the simplex and 

served as check points. The experiments were replicated at the five vertices and the centroid. From the design matrix and simplex, the 

five replicated runs that represent the five mixes at the vertices of the simplex were: Run Orders 10 and 22 (Vertex X1), 3 and 4 (Vertex 

X2), 11 and 18 (Vertex X3), 6 and 12 (Vertex X4), then 8 and 13 (Vertex X5). The results at these vertices defined the boundary of the 

simplex and the resulting models. From Equations 5 and 6, summation of the components for each run equals unity. The lower and 

upper boundaries for each component were 0 and 1, respectively.  

 

2.2.2 Pseudo- and actual components 

 

 The points in Scheffe’s simplex lattice design are usually expressed in terms of pseudo-components. To transform the 

pseudo-components to actual concrete mix ratios, the relationship expressed as Equation 10 was used, where X is a column matrix of 

pseudo-components at each run, while Z is a column matrix of real component mix ratios. A is a square matrix of actual concrete mix 

ratios (real components) that correspond to the pure blends at the five vertices of the simplex. These mixes were selected by the 

researchers based upon our experience and a series of trial mixes. 

 

𝑍 = 𝐴𝑋                            (10) 

 

 The selected ratios of water (Z1), cement (Z2), sand (Z3), RCT (Z4) and CA (Z5), representing the pure blends at the respective 

vertices of the simplex were as follows: 
 

X1 [0.6 : 1 : 0 : 1.5 : 3], 

X2 [0.5 : 1 : 1.5 : 0 ; 3], 

X3 [0.65 : 1 : 2.5 : 0 : 4.5], 

X4 [0.4 : 1 : 1 : 0 : 2] and 

X5 [0.45 : 1 : 0 : 1 : 2] 

 

 
 

Figure 3 Augmented {5, 2} Scheffe’s simplex centroid lattice showing design points and run orders 



 

 

Table 1 Design matrix showing pseudo and real components 

 
Run 

order 

Pseudo components Components in real ratios % Replacement 

of sand with 

RCT 
X1 X2 X3 X4 X5 Z1 Z2 Z3 Z4 Z5 

Water Cement Sand RCT CA 

1 0.5 0.5 0 0 0 0.55 1 0.75 0.75 3 50.0 

2 0.5 0 0 0.5 0 0.5 1 0.5 0.75 2.5 60.0 

3 0 1 0 0 0 0.5 1 1.5 0 3 0.0 
4 0 1 0 0 0 0.5 1 1.5 0 3 0.0 

5 0.5 0 0.5 0 0 0.625 1 1.25 0.75 3.75 37.5 

6 0 0 0 1 0 0.4 1 1 0 2 0.0 
7 0 0.5 0 0.5 0 0.45 1 1.25 0 2.5 0.0 

8 0 0 0 0 1 0.45 1 0 1 2 100.0 

9 0.1 0.6 0.1 0.1 0.1 0.51 1 1.25 0.25 2.95 16.7 
10 1 0 0 0 0 0.6 1 0 1.5 3 100.0 

11 0 0 1 0 0 0.65 1 2.5 0 5 0.0 

12 0 0 0 1 0 0.4 1 1 0 2 0.0 
13 0 0 0 0 1 0.45 1 0 1 2 100.0 

14 0.5 0 0 0 0.5 0.525 1 0 1.25 2.5 100.0 

15 0.1 0.1 0.6 0.1 0.1 0.585 1 1.75 0.25 3.7 12.5 
16 0.1 0.1 0.1 0.1 0.6 0.485 1 0.5 0.75 2.45 60.0 

17 0 0 0.5 0 0.5 0.55 1 1.25 0.5 3.25 28.6 

18 0 0 1 0 0 0.65 1 2.5 0 4.5 0.0 
19 0.2 0.2 0.2 0.2 0.2 0.52 1 1 0.5 2.9 33.3 

20 0.2 0.2 0.2 0.2 0.2 0.52 1 1 0.5 2.9 33.3 

21 0 0 0 0.5 0.5 0.415 1 0.5 0.5 2 50.0 
22 1 0 0 0 0 0.6 1 0 1.5 3 100.0 

23 0.6 0.1 0.1 0.1 0.1 0.56 1 0.5 1 2.95 66.7 
24 0.1 0.1 0.1 0.6 0.1 0.46 1 1 0.25 2.45 20.0 

25 0 0.5 0.5 0 0 0.575 1 2 0 3.75 0.0 

26 0 0.5 0 0 0.5 0.475 1 0.75 0.5 2.5 40.0 
27 0 0 0.5 0.5 0 0.525 1 1.75 0 3.25 0.0 

 

Putting these into matrix form, matrix A is: 

 

𝐴 =

(

 
 

0.6
1
0
1.5
3

0.5
1
1.5
0
3

0.65
1
2.5
0
4.5

0.4
1
1
0
2

0.45
1
0
1
2 )

 
 

 and substituting into Equation 10, yields, 

 

(

 
 

𝑍1
𝑍2
𝑍3
𝑍4
𝑍5)

 
 
=

(

 
 

0.6
1
0
1.5
3

0.5
1
1.5
0
3

0.65
1
2.5
0
4.5

0.4
1
1
0
2

0.45
1
0
1
2 )
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𝑋1
𝑋2
𝑋3
𝑋4
𝑋5)

 
 

                                                                                                                                  (11) 

 

 Equation 11 was used to compute components in real ratios. It was employed for sample preparation in laboratory experiments. 

Results of the computations are presented in Table 1 with corresponding pseudo-components. 

 

2.2.3 Preparation of test samples 

 

 Batching of concrete components was by weight using the real component ratios in Table 1. A total of 27 mixes were done, 

corresponding to the 27 runs of the design matrix. Mixing, compaction and curing of concrete samples were in accordance with BS EN 

12390-2 [43]. For each fresh mix, a slump test was done in duplicate, in accordance with BS EN 12350-2 [44]. Concrete prisms with 

dimensions of 500 mm x 100 mm x 100 mm and cylinders with a 150 mm diameter and 300 mm height (Figure 4) were produced for 

each mix. Three replicates were produced for each mix. Samples were demolded after about 24 hours and cured by immersion in water 

for 28 days.  

 

 
 

Figure 4 Concrete beam and cylinder samples  



 

 

2.2.4 Tensile strength test 
 

 Tensile strength was determined using a split cylinder test set-up and the procedures described in BS EN 12390-6 [45]. For each 

test, the respective cylindrical sample was placed on its horizontal axis between the platens of a compression testing machine, as shown 

in Figure 5. Progressive compressive loads were applied along the horizontal axis of the specimens until failure occurred by splitting 

along the Centre line. Split tensile strength was computed using Equation 12, where fst is the split tensile strength in N/mm2, F is the 

load at failure in N, L is length of the specimen in mm and D is diameter of specimen in mm. Three samples were tested for each of the 

27 runs. 

 

𝑓𝑠𝑡 =
2𝐹

𝜋𝐿𝐷
                           (12) 

 

 
 

Figure 5 Loading of sample for split tensile strength test  

 

2.2.5 Flexural strength test 

 

 A centre-point loading bending test set-up (Figure 6) and procedures described in BS EN 12390-5 [46] were used to determine 

flexural strength based on Equation 13, where 𝑓𝑐𝑓 is the flexural strength in N/mm2, L is the distance between the supporting (lower) 

rollers, in mm, b and d are the width and depth of sample respectively. Three samples were tested for each run. 

 

𝑓𝑐𝑓 =
𝐹𝐿

𝑏𝑑2
                           (13) 

 

 
 

Figure 6 Loading of sample for flexural strength test  

 

3. Results  

 

3.1 Material characterizations 

 

Particle size distribution curves of aggregates used in laboratory experiments are presented in Figures 7 and 8, while selected 

physical properties of aggregates are presented in Table 2. The chemical composition of cement and RCT are shown in Table 3. From 

Figure 7, both sand and RCT satisfy the overall grading requirement of BS 882:1992 [20] and are therefore suitable for concrete 

production. Additionally, RCT falls within the coarse grading limits while sand falls within medium grading limits. From Figure 8, CA 

satisfies the grading requirements for coarse aggregate with nominal size 20 to 5 mm according to BS 882:1992 [20] and as such is 

also suitable for concrete production. Values of the uniformity coefficient (Cu) and gradation coefficient (Cc) in Table 2 show that RCT 

has a wider range of particle sizes than sand and CA. It can be classified, as well graded, because its Cu value is greater than 6, while 

its Cc is between 1 and 3. Specific gravity and bulk density values of RCT were observed to be slightly lower than those of sand, 

indicating that RCT is a lighter fine aggregate compared to sand. However, these values are within the range found in the literature 

[11, 20, 47, 48]. 



 

 

 
 

Figure 7 Particle size distribution curve for fine aggregates 

 

 
 

Figure 8 Particle size distribution curve for CA 

 

Table 2 Physical properties of aggregates 

 

Property Sand RCT CA 

Specific gravity 2.61 2.40 2.39 

Bulk density (kg/m3) 1635 1373 1386 

Uniformity coefficient (Cu) 2.85 17 1.84 

Gradation coefficient (Cc) 0.73 1.78 0.87 

 

Table 3 Chemical composition of cement and RCT  

 

Compound % composition by mass 

Cement RCT 

Iron oxide (Fe2O3) 2.25 3.07 

Aluminum oxide (Al2O3) 4.73 17.50 

Silicon dioxide (SiO2) 19.84 66.13 

Calcium oxide (CaO) 70.32 5.70 

Manganese oxide (MnO) 0.01 0.58 

Magnesium oxide (MgO) 1.47 2.14 

Zinc oxide (ZnO)  0.42 

Sulfur trioxide (SO3) 0.03 - 

Sodium oxide (Na2O) 0.08 0.09 

Potassium oxide (K2O) 0.72 1.02 

LOI (Loss of Ignition) 1.01 3.30 

 

3.2 Experimental responses 

 

3.2.1 Workability 

 

 For this study, the workability of each mix was measured in terms of slump height. Averaged results are presented in Table 4. 

Minimum and maximum slump values were 5 mm and 82.5 mm, respectively, representing very low to very high slump values [20]. 

Slump results show that mixes with high RCT contents are characterized by reduced workability compared to similar mixes with little 



 

 

or no RCT content.  This can be seen by comparing the mix in Run Order 4 with that in Run Order 10. The two mix compositions are 

similar in terms of cement, fine aggregate and coarse aggregate content except that the latter uses 100% RCT as a fine aggregate, while 

the former uses 100% sand. However, although mix 4 has a water-cement ratio of 0.5, while the water cement ratio of mix 10 is 0.6, 

the latter has a far more reduced slump (5.0 mm) than the former (60 mm).  

 

3.2.2 Split tensile strength 
 

Experimental responses for characteristic split tensile strengths of RCT concrete samples in the 27 runs are presented in Table 4, 

with values ranging from 1.893 to 3.527 N/mm2. These values define the boundary of the simplex for prediction of characteristic split 

tensile strengths. The results show that replacing river sand with RCT produces higher tensile strength. This could be seen by comparing 

results at Vertex X4 (Run Orders 6 and 12) with those at Vertex X5 (Run Orders 8 and 13). At the same mix ratio of 1:1:2 (cement: fine 

aggregate: coarse aggregate), although the latter has a higher water/cement ratio than the former, its tensile strength was higher than 

that of the former since RCT was used as 100% fine aggregate in the latter mix. 

 

Table 4 Experimental and model responses for characteristics split tensile strengths (fst, 28) and flexural strengths (fcf, 28) 

 
Run 

order 

Real component ratios %Replace

ment of 

sand with 

RCT 

Slump 

(mm) 

Split tensile strength 

(N/mm2) 

Flexural strength 

(N/mm2) 

Z1 Z2 Z3 Z4 Z5 Experimental 

response 

Model 

response 

Experimental 

response 

Model 

response Water Cement Sand RCT CA  

1 0.55 1 0.75 0.75 3 50.0 40.0 2.668 2.789 3.299 3.297 

2 0.5 1 0.5 0.75 2.5 60.0 45.0 2.624 2.873 4.146 4.041 

3 0.5 1 1.5 0 3 0.0 60.0 2.546 2.518 3.420 3.227 

4 0.5 1 1.5 0 3 0.0 60.0 2.448 2.518 3.072 3.227 

5 0.625 1 1.25 0.75 3.75 37.5 47.5 2.137 2.234 3.353 3.206 

6 0.4 1 1 0 2 0.0 75.0 2.583 2.687 3.712 3.791 

7 0.45 1 1.25 0 2.5 0.0 47.5 2.681 2.603 3.234 3.158 

8 0.45 1 0 1 2 100.0 17.5 3.527 3.423 4.128 4.294 

9 0.51 1 1.25 0.25 2.95 16.7 47.5 2.693 2.633 3.206 3.345 

10 0.6 1 0 1.5 3 100.0 5.0 3.182 3.059 3.270 3.366 

11 0.65 1 2.5 0 4.5 0.0 15.0 1.893 2.070 2.865 3.045 

12 0.4 1 1 0 2 0.0 82.5 2.738 2.687 3.834 3.791 

13 0.45 1 0 1 2 100.0 10.0 3.375 3.423 4.429 4.294 

14 0.525 1 0 1.25 2.5 100.0 10.0 3.484 3.532 4.568 4.447 

15 0.585 1 1.75 0.25 3.7 12.5 22.5 2.579 2.343 3.390 3.324 

16 0.485 1 0.5 0.75 2.45 60.0 10.0 3.136 3.144 3.921 4.072 

17 0.55 1 1.25 0.5 3.25 28.6 15.0 2.589 2.747 3.812 3.670 

18 0.65 1 2.5 0 4.5 0.0 20.0 2.166 2.070 3.048 3.045 

19 0.52 1 1 0.5 2.9 33.3 25.0 2.837 2.745 3.709 3.661 

20 0.52 1 1 0.5 2.9 33.3 35.0 2.869 2.745 3.556 3.661 

21 0.425 1 0.5 0.5 2 50.0 5.0 3.055 3.055 4.244 4.043 

22 0.6 1 0 1.5 3 100.0 5.0 3.113 3.059 3.489 3.366 

23 0.56 1 0.5 1 2.95 66.7 15.0 2.900 2.895 3.413 3.700 

24 0.46 1 1 0.25 2.45 20.0 52.5 2.775 2.718 3.642 3.719 

25 0.575 1 2 0 3.75 0.0 10.0 2.254 2.294 3.372 3.136 

26 0.475 1 0.75 0.5 2.5 40.0 40.0 2.918 2.971 3.651 3.761 

27 0.525 1 1.75 0 3.25 0.0 70.0 2.444 2.379 3.323 3.418 

 

3.2.3 Flexural strength 

 

 Table 4 also presents experimental responses for characteristic flexural strengths for the 27 runs with values ranging from 2.865 to 

4.568 N/mm2. These values define the boundary of the proposed flexural strength model. The trend of flexural strength values with 

respect to replacement of sand with RCT is similar to that of split tensile strength. 

 

3.3 Scheffe’s regression equations 

 

 Model calibration was done using the respective experimental responses in Table 4 with the aid of Minitab 16. The models are 

expressed in terms of pseudo-components. 

 

3.3.1 Scheffe’s equation for split tensile strength 

 

Scheffe’s regression polynomial for tensile strength was fitted to the split tensile strength data in Table 4 based on Equation 4. To 

avoid overfitting the model, backward elimination procedure of stepwise regression was used to eliminate insignificant model terms. 

Thus, the resulting number of terms was less than 15, as it is based on Equations 4 and 7. Table 5 shows estimated model coefficients 

for tensile strength with the associated statistics at a 95% confidence level, while Table 6 presents the results of analysis of variance 

(ANOVA). From the ANOVA table, both linear and quadratic sources are significant. Each has a p-value less than 0.05. However, it 

has been a standard practice to select the highest degree model as long as it is significant [4, 49]. Hence, the quadratic model was 

selected. Therefore, if the five vertices of the designed {5, 2} simplex lattice are represented in pseudo-form as X1, X2, X3, X4 and X5 

respectively, then tensile strength model based on Equation 4 is given as: 

 

�̂� = 3.059𝑋1 + 2.518𝑋2 + 2.070𝑋3 + 2.687𝑋4 + 3.423𝑋5 − 1.324𝑋1𝑋3 + 1.162𝑋1𝑋5                   (14) 



 

 

Table 5 Estimated regression coefficients for the split tensile strength model 

 

Term Coeff SE coeff T P 

X1 3.059 0.07699   

X2 2.518 0.06809   

X3 2.070 0.07252   

X4 2.687 0.06809   

X5 3.423 0.07252   

X1 X3 -1.324 0.52378 -2.53 0.020 

X1 X5 1.162 0.52378 2.22 0.036 

S = 0.123513, r2 = 92.74%, r2 (pred) = 70.47%, r2 (adj) = 70.47% 

Legend: Coeff = Coefficients of Terms; SE Coeff = Standard Error; T = t-test value; P = p-value; S = Variance; 

 

Table 6 Analysis of variance for the split tensile strength model 

 

Source DF Seq SS Adj SS Adj MS F P 

Regression 6 3.89900 3.89900 0.64983 42.60 0.000 

Linear 4 3.72053 2.82617 0.70654 46.31 0.000 

Quadratic 2 0.17847 0.17847 0.08923 5.85 0.010 

X1X3 1 0.10338 0.09755 0.09755 6.39 0.020 

X1X5 1 0.07509 0.07509 0.07509 4.92 0.038 

Residual error 20 0.30511 0.30511 0.01526   

Lack-of-fit 14 0.23658 0.23658 0.01690 1.48 0.328 

Pure error 6 0.06852 0.06852 0.01142   

Total 26 4.20411     

Legend: DF = Degrees of Freedom; Seq SS = Sequential Sum of Squares; F = F-value; Adj SS = Adjusted Sum of Squares; Adj MS = 

Adjusted Mean Squares; 

 

3.3.2 Scheffe’s equation for flexural strength 

 

Using the experimental responses for flexural strength in Table 4, Scheffe’s augmented simplex lattice regression equation was 

fitted based on Equation 4. Again, backward elimination procedure of stepwise regression was used. The resulting model estimated 

coefficients and other statistical information at a 95% confidence level, are as presented in Table 7. ANOVA results are presented in 

Table 8. From these results, both the linear and quadratic forms are significant since each has a p-value less than 0.05. Hence, the 

quadratic model was selected and the resulting model for flexural strength is given as: 

 

�̂� = 3.366𝑋1 + 3.227𝑋2 + 3.045𝑋3 + 3.791𝑋4 + 4.294𝑋5 + 1.848𝑋1𝑋4 + 2.469𝑋1𝑋5 − 1.403𝑋2𝑋4                 (15) 

 

Table 7 Estimated regression coefficients for the flexural strength model 

 

Term Coeff SE coeff T P 

X1 3.366 0.10224   

X2 3.227 0.09635   

X3 3.045 0.09041   

X4 3.791 0.10224   

X5 4.294 0.09635   

X1 X4 1.848 0.69577 2.66 0.016 

X1 X5 2.469 0.69652 3.54 0.002 

X2 X4 -1.403 0.69652 -2.01 0.058 

S = 0.163990, r2 = 89.30%, r2 (pred) = 37.94%, r2 (adj) = 85.36% 

 

Table 8 Analysis of variance for the flexural strength model 

 

Source DF Seq SS Adj SS Adj MS F P 

Regression 7 4.2640 4.2640 0.60914 22.65 0.000 

Linear 4 3.6542 2.8968 0.72420 26.93 0.000 

Quadratic 3 0.6098 0.6098 0.20328 7.56 0.002 

X1X4 1 0.1829 0.1896 0.18962 7.05 0.016 

X1X5 1 0.3178 0.3379 0.33795 12.57 0.002 

X2X4 1 0.1092 0.1092 0.10916 4.06 0.058 

Residual Error 19 0.5110 0.5110 0.02689   

Lack-of-Fit 13 0.3452 0.3452 0.02656 0.96 0.556 

Pure Error 6 0.1657 0.1657 0.02762   

Total 26 4.7750     

 

 



 

 

3.4 Test of adequacy and model validation 

 

Adequacy and validation of the models were determined using normal probability plots and ANOVA tables employing lack-of-fit 

testing at a 95% confidence level. Other validation criteria were based on r2, predicted r2 and adjusted r2 values.  

 

3.4.1 Tensile strength model 

 

A normal probability plot of tensile strength model residuals is presented in Figure 9. The plot shows a close distribution of the 

model residuals along a reference line with a p-value of 0.640 (which is greater than 0.05). The null hypothesis was that the data (model 

residuals) follow a normal distribution curve and this hypothesis could not be rejected because the plot’s p-value was greater than 0.05. 

Hence, the model residuals follow a normal distribution curve and this justifies the use of ANOVA. From the ANOVA results in Table 

6, the model’s lack-of-fit has a p-value of 0.328. This value is greater than 0.05. Thus, the model does not show a significant lack-of-

fit. From Table 5, the model has an r2 value of 92.74%, adjusted r2 of 90.57% and predicted r2 of 70.47%. These high values reflect the 

quality of the model. This, in addition to the earlier mentioned points, confirms the adequacy of Equation 14 in predicting characteristic 

tensile strengths of RCT concrete.  

 

3.4.2 Flexural strength model 

 

Again, the normal probability plot in Figure 10 shows a close distribution of model residuals along a reference line. The plot has a 

p-value of 0.154 (which is greater than 0.05). Hence, the null hypothesis cannot be rejected, meaning that the residuals of the model 

follow a normal distribution and this justifies the use of ANOVA. The analysis of variance tables in Table 8 shows an insignificant 

lack-of-fit with a p-value of 0.556. These and other statistical values in Table 7, an r2 value of 89.30%, adjusted r2 of 85.36% and 

predicted r2 of 37.94%, confirm the adequacy of Equation 15.  

 

 
 

Figure 9 Normal probability plot for the split tensile strength model residuals 

 

 
 

Figure 10 Normal probability plot for the flexural strength model residuals 

 

 

 

 



 

 

4. Discussion 

 

The results of preliminary tests on materials used in this study show that RCT is a suitable material that can be used as fine aggregate 

in concrete production. It covers a wide range of particle sizes, is well graded and satisfies the gradation requirements of BS 882:1992. 

However, incorporation of this material as fine aggregate has been found to reduce workability of fresh concrete. This has been 

previously reported [13, 47, 50] and obviously results from its physical properties. Ceramic waste aggregates are usually porous and 

rough textured with high water absorption properties [13]. A combination of these properties along with its usual and irregularly shaped 

particles reduces workability of such fresh concrete mixes. 

Using Scheffe’s simplex theory, polynomial model equations were formulated for predicting tensile and flexural strengths of 

concrete incorporating RCT as fine aggregates. Stepwise regression was used during model formulation. Insignificant variables were 

removed from the model terms to avoid overfitting. This practice improved the resulting model. Its benefits are demonstrated in the 

model statistics shown in Tables 5-8 and Figures 6 and 7. Both model equations show insignificant lack-of-fit, as presented in Tables 

6 and 8. The high r2, adjusted r2 and predicted r2 values in Tables 6 and 8 show the better quality of the models. While r2 and adjusted 

r2 values show how well the models fit their respective data, the high predictive r2 values indicate how well the formulated models can 

predict new responses outside the design points. This validates the models. 

From the formulated models, the maximum predicted tensile strength was 3.560 N/mm2, occurring between vertices X1 and X5 of 

the simplex and corresponding to a mix ratio of 0.5015:1:0:1.1717:2.3434 for water, cement, sand, RCT and CA, respectively. The 

maximal response for flexural strength was 4.534 N/mm2, which also existed between vertices X1 and X5 of the simplex and 

corresponding to a mix ratio of 0.4968:1:0:1.156:2.312. The two mix ratios show that maximum strength values were obtained from 

mixes with 100% RCT as fine aggregate and indicates that replacing sand with RCT improves concrete strength properties. The 

minimum predictable tensile strength was 2.049 N/mm2, between vertices X1 and X3 of the simplex with a mix ratio of 

0.6437:1:2.1837:0.1898:4.3102. The minimum response for flexural strength was 3.045 N/mm2 existing at Vertex X3.  

 

5. Conclusions 

 

This study successfully developed mathematical models for predicting and optimizing the tensile and flexural strength of concrete 

incorporating RCT as fine aggregates. This was achieved using augmented Scheffe’s simplex lattice theory. Results of preliminary 

tests show that RCT is suitable for use as a fine aggregate in concrete production. Responses predicted by the formulated models are 

in good agreement with experimentally observed data. The models were tested using analysis of variance and normal probability plots 

of model residuals. They were found adequate and hence are valid. The quality of the models is also reflected in their high r2, adjusted 

r2 and predicted r2 values. Maximum and minimum predictable tensile strengths were 3.560 N/mm2 and 2.049 N/mm2, while the 

corresponding values for flexural strength were 4.534 N/mm2 and 3.045 N/mm2. It is established that addition of RCT can improve the 

tensile and flexural strength of concrete. 
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