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Abstract 
 

In this work we exanimate, in elastoplastic case, the crack growth in P265GH material, we use eXtended finite element method (XFEM) 

in the Cast3m code. Crack growth in the 3D CT pipe sample is modeled using stress intensity factor and J integral. The comparison of 

the SIFs and the plastic zone size with analytical results validated the elasto-plastic numerical study; we analyzed the effect of loading 

and crack length on J integral. Finally, we analyzed the effect of both temperature and the specimen thickness on the fracture behavior 

of P265GH steel. 
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1. Introduction 

 

 In industrial sectors, pipelines have been used as the most 

economical and safest ways of transporting oil and gas. However, 

the number of accidents has increased considerably with the 

increasing number of their use, the design must take due account 

of all combinations possible of temperature and pressure that can 

produce reasonably foreseeable operating conditions of 

equipment.  

 Fracture is one of the most common forms of damage 

because the stress field at the crack tip takes the important values, 

this plays an important role in the determination of cracks 

initiation/propagation and it contributes to the creation of a 

plastic zone around the crack [1], therefore, it is important to 

know the exact size and shape of the plastic zone at the crack tip. 

The earliest theoretical work on the shape of the plastic zone was 

initiated by Irwin [2] and Dugdale [3]. Irwin estimated the extent 

of the plastic zone at the crack tip. Dugdale obtained the plastic 

zone from experimental tests on thin plates, the Dugdale model 

has been widely used to study plastic deformation near the crack 

tip.  

 In the elastic domain, the stress intensity factor is a robust 

parameter for the characterization of the crack growth but this 

notion is no longer valid in plasticity, for a constitutive law not 

linear, Rice and Rosengren [4] introduced the J integral as the 

variation of the potential energy during the crack propagation. 

They show that this energy release rate is independent of the 

integration contour surrounding the crack tip moreover its 

formulation is applied in the three-dimensional case. 

 The purpose of this study is to examine, in elastoplastic case, 

the three-dimensional crack growth for P265GH steel. For that, 

we used XFEM in the "Cast3M" code [5] and we worked on a 3D 

CT pipe sample: 

 We calculate the critical length of the crack leading to the 

fracture as well as the J integral. 

 We study the effect of the loading and the length of the crack 

on the J integral, we analyzed also the effect of both temperature 

and the specimen thickness on the fracture behavior of P265GH 

Steel in elastic-plastic range. 

 

2. Materials and numerical methods 

 

2.1 Material  

 

 The study considered the P265GH steel at room temperature, 

this material is specially used in pressure equipment, this material 

is supposed to be elastic-plastic with kinematic hardening, with 

the following properties: Young's modulus E=200000 MPa, yield 

stress 𝜎𝑒 =320 MPa, Poisson’s ratio 𝑣 =0.3, breaking stress 

𝜎𝑟=470 MPa, the nominal stress 𝑓 =148 MPa. 

 Hardening modulus H= 200000 MPa. 

 Fields in the vicinity of the crack tip can be represented by 

the HRR solution (Hutchinson Rice Rosengren) [6]. In this 

solution, the law of behavior is of Ramberg-Osgood type: 

 
𝜀

𝜀𝑒
=

𝜎

𝜎𝑒
+α(

𝜎

𝜎𝑒
)𝑛+1       (1) 

 

 n is the coefficient of hardening, 𝜎𝑒 is the elastic limit, 휀𝑒 is 

the limit deformation. 

 The stress field is approached by the following asymptotic 

solution [4]  

 

𝜎𝑖𝑗=𝜎𝑒(
𝐸𝐽

𝛼𝑟𝐼𝑛𝜎𝑒
2)1/(𝑛+1)  𝜎𝑖𝑗(n,𝜃)     (2) 
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Figure 1 Local basis on the crack front 

 

 
 

Figure 2 Dimension of the CT specimen 

 

 

휀𝑖𝑗=
𝛼𝜎𝑒

𝐸
(

𝐸𝐽

𝛼𝑟𝐼𝑛𝜎𝑒
2)𝑛/(𝑛+1)  휀𝑖𝑗(n,𝜃)     (3) 

 

 Where 𝐼𝑛 is an integration constant that depends on n, 𝜎𝑖𝑗 et 

휀𝑖𝑗 are tab 

ulated functions of n and θ. 

 For elastic-plastic behavior of a material with hardening 

effect, the J-integral can be expressed by Eq. (4) : 

 

𝐽 = 𝐽𝑒(𝑎𝑒) + 𝐽𝑝       (4) 

 

 Where 𝐽𝑒 and 𝐽𝑝 are respectively the elastic and plastic part 

of J. 

 

𝐽𝑒 =
𝐾2

𝐸′ 
        𝑤𝑖𝑡ℎ  𝐸′ =

𝐸

(1−𝜗2)
 𝑖𝑛 𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑎𝑖𝑛     (5) 

 

𝐾 = 𝜎𝑖0√𝜋𝑎𝑒            (6) 

 

 Where 𝑖0is the elastic influence function for J-integral. 

 𝑎𝑒  is the corrected crack depth in order to incorporate the 

effect of plastic deformation near the crack tip: 

 

𝑎𝑒 = 𝑎 +
1

𝜋𝛽
(

𝐾(𝑎)

𝜎0
)

2

       (7) 

 

 with a is the crack depth, 𝛽 =2 for plane stress, and 𝛽 =6 for 

plane strain conditions. 

 

2.2 J Integral in extended finite element method (XFEM) 

 

 The J-integral is the energy per unit fracture surface area, in 

a material [7], in this study, J is calculated by the G-Method (Eq. 

(8)), which is implemented in the software Castem [5]. Sukumar 

[8] has used the gradient of the level sets to present the crack, [8] 

has defined this local basis by 𝑒1 = ∇𝜓, 𝑒2 = ∇𝜑  and 𝑒3 =
𝑒1Λ 𝑒2. 

 In XFEM, 𝐽 is expressed in a local basis formed of level set 

functions, 𝐽 is given by Eq. (8) [8]: 

 

𝐽 = ∫ 𝜃𝑖𝑃𝑖𝑗𝑛𝑗𝑑Γ − ∫ 𝜃𝑖𝑃𝑖𝑗𝑑𝑉
𝑉

 
Γ𝑐

+∪Γ𝑐
−       (8) 

 

 Where 𝑃𝑖𝑗  is the Eshelby tensor [9], it is given by Eq. 

 

𝑃𝑖𝑗 = 𝑤𝛿𝑖𝑗
− 𝜎𝑘𝑗휀𝑖𝑘  (𝑖, 𝑗, 𝑘) ∈ {1,2,3}      (9) 

 

 With 𝑤 is the elastic energy density, 𝜎and 휀 are respectively 

stress and strain expressed in the basis(𝑒1, 𝑒2, 𝑒3). 

 𝜃 is a field of displacement parallel to the plane of the crack 

and normal to the front Figure 1. 

 

2.3 Geometry of study model and loading 

 
 We consider a sample CT from a pressurized pipe, the 

specimen contained a crack of an initial length 𝑎0 = 11 mm (𝑎0 / 

w = 0.55), it is solicited in mode I by constant amplitude loading 

at 166 MPa. The value of the critical stress intensity is 𝐾𝑐= 96 

MPa√m, The dimensions of the CT specimen (W = 20 mm, B = 

10 mm w = 2. * B, a = 1.2 * B, f = 1.2 * B, u = 0.5 * B, 𝑊1 = 2.5 

* B, q = 0.65 * B) are taken from the ASTM Standards [10] 

Figure 2. 

 𝑝 is the value of internal pressure for the cylindrical shell, it 

is calculated according to the CODAP (C2.1.4.2) instructions 

[11]: 

 

𝑝 =
2×𝜎𝑓×𝑡×𝑧

𝐷𝑚
      (10) 

 

Where: 

 𝐷𝑚 = 2. 𝑅𝑚 = (𝑅𝑖 + 𝑅𝑒) is the mean radius of the pipe with 

circumferential crack, 𝑧  is the welding coefficient, for an 

exceptional situation of service or resistance test, z = 1. 

 t is the minimum thickness required of the cylindrical shell. 

 𝜎𝑓  is the applied stress in a pipe, 𝜎𝑓  equal to the nominal 

stress𝑓for purely elastic behavior of the material.  

 For the elastic-plastic range, we choose  𝜎𝑓 ≥ 𝜎𝑒 ≫ 𝑓, with 

𝜎𝑒 is the yield stress. 

 (𝑅𝑖  and 𝑅𝑒) are respectively inner and outer radius of thin 

pipe. In this study, we use 𝜎𝑓  as as applied loading. 

 

2.4 Integration strategy and mesh of the CT specimen  

 

 To reproduce the crack advance, we defined the levels sets 

from a domain x Figure 3, the crack mesh Figure 4 as follow. 

 

 
 

Figure 3 Representation of a crack with levels function
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Figure 4 Simplification of definition of level set 

 

 
 

Figure 5 Zone of enrichment 

 

 
 

Figure 6 Loading and boundaries conditions 

 

x𝜖crack⇒     
φ(x) = 0  

ψ(x) ≤ 0 
with (∇ψ|=|∇φ|=1)  (11) 

 

 The propagation is produced by extending the crack meshing 

by the numerical incrementation of its length a; The new crack 

front can be deduced from the previous by a simple translation 

Δa such as 𝑎𝑖+1= 𝑎𝑖+ Δa. 

 We modeled a half of CT specimen using 280 XFEM XC8R 

elements (orange, Figure 5). 

 Moreover, we used for the rest of mesh 10800 elements 

standard CUB8 (red, Figure 5) [12]. 

 

2.5 Loading and boundaries conditions 

 

 For the boundary conditions, the translation and the rotation 

according to the axes 𝑢𝑦 and 𝑢𝑧 are blocked. To ensure elastic 

deformation, we applied a low load 𝜎1  = 166MPa and 𝜎2  = 

183Mpa, then we increased the loading to σ = 330 MPa to have 

the start of plastic zone near the crack tip. 

 The loading is applied on the CT specimen by means of a pin 

in the form of a rigid triangle to avoid any bending or parasitic 

torsion and to ensure that the tensile force is perfectly in the axis, 

the rigid triangle is indicated by the red arrow of the Figure 6. 

 

3. Results and discussion 

 

3.1 Numerical simulation in elastic case 

 

 The validation of the numerical study XFEM is done by 

comparison of the numeric values of SIF (Eq. (5)) with the 

analytical values (Eq. (12)) [13]. 

 

K = 
𝐹

𝐵√𝑤
[29,6 (

𝑎

𝑤
)1/2 -185,5 (

𝑎

𝑤
)3/2 +655,7 (

𝑎

𝑤
)5/2 -

1017(
𝑎

𝑤
)7/2+638,9(

𝑎

𝑤
)9/2]    (12) 

 

 With F: the force applies in N, KI=SIF: stress intensity factor 

in mode I, MPa√m. a: the length of the crack, mm Figure 2. 

 Figures 7-8 presented the evolution of SIF calculated 

analytically and numerically by the two methods for the applied 

stresses 𝜎1 = 166 MPa and  𝜎2 = 183 MPa. 

 The relative error between the two numerical methods 

relative to the theory (Figure 9) is giving in Eq. (13) 

 

𝑒𝐾1= 100.    
(𝐾𝑟𝑒𝑓– 𝐾𝐹𝐸𝑀 )

𝐾𝑟𝑒𝑓
   

𝑒𝐾2= 100.    
(𝐾𝑟𝑒𝑓– 𝐾𝑋𝐹𝐸𝑀 )

𝐾𝑟𝑒𝑓
    (13) 
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Figure 7 Evolution of SIF according to the progress of the crack da (σ = 166 MPa) 

 

 
 

Figure 8 Evolution of SIF according to applied loading and the advanced crack 

 

 
 

Figure 9 Relative error  
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 Figures 7-8 Show that K increases when the crack light and 

loading values increase. The numerical values are comparable to 

the analytic with a relative error between 0% and 2% for XFEM 

so the XFEM is an accurate method [14-17], however for the 

simple geometry the FEM stay useful with a relative error 

between 1% et 8 % (Figure 9). 

 Figure 8 shows also that the value of the critical length of the 

crack advance is 𝑎𝑐= 4 mm, moreover the value of the critical 

length of the crack leading to the break is related to the load, in 

fact below𝑎𝑐 , the crack propagates "slowly", in a gradual and 

stable manner, during loading; Once the critical size is reached, 

the crack propagates abruptly unstable, and very fast, which 

generally leads to rupture. The ductile material undergoes a large 

plastic deformation around the pre-cracked zone before breaking. 

 

3.2 Numerical simulation in plastic case 

 

 The stress field at the crack tip is singular. It tends in theory 

towards infinity. In practice, this means that the threshold of 

plasticity at the crack tip is exceeded. The range of validity of the 

elastic approach is related to the size of the plastic zone created. 

As long as the plastic zone is weak relative to the ligament, the 

elastic domain is always valid, this is called confined plasticity 

(Figure 10), in this case, Irwin proposed a model for calculating 

the plastic zone in plane strain (Table 1. Eq (14)).  

 In the case where the size of the plastic zone becomes large 

relative to the ligament (extended plasticity); Dugdale-Barenblatt 

proposed a model that can be used both in confined and extended 

plasticity (Table 1. Eq (15)). Experimentally, the plasticity is 

confined [18] if: (w-a) >2.5( 
 𝐾𝐶

𝑟𝑝
)2 where (w-a) is the length of 

ligament (Figure 10). 

 
 

Figure 10 Plastic zone 

 

Table 1 Analytical value of 𝑟𝑝 

 

Plastic zone size Irwin model Dugdale model 

𝑟𝑝 1

6𝜋
(

𝐾𝐶

𝜎𝑒
)2   (14) A (

1

cos (
𝜋𝜎

2𝜎𝑒)

− 1)   (15) 

Analytical value 

of 𝑟𝑝 in our study 

4 mm 3.5 mm 

 

 Table 1 shows that the Irwin model gives a value of 𝑟𝑝 

comparable with that given by the Dugdal model; for both 

analytical models we found that the size of the plastic zone 𝑟𝑝 is 

comparable with the ligament (w-a = 20-7 = 13 mm) therefore 

we are well in extended plasticity.

 

 
 

Figure 11 Stress field in crack tip 

 

 
 

Figure 12 Evolution of the values of J integral according to crack advance, σ=330 MPa, T=25 °C. 
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Figure 13 Mechanical characteristics at high temperature [11] 

 

 We calculated the 𝑟𝑝  value numerically by Cast3M using 

XFEM: 

 From a crack length of 2a = 14 mm; We have traced the 

evolution of the normal stresses 𝜎𝑦 (Figure 11) along the x axis 

of the CT specimen (ligament, Figure 6), then we compared with 

the analytical results in Table 1. 
 Figure 11 shows that the maximum stress is focused at the 

crack tip, the numerical length of the plastic zone 𝑟𝑝  in the 

elastoplastic behavior is 𝑟𝑝2  = 4.2 mm whereas in the elastic 

behavior 𝑟𝑝1= 2 mm; So we verified the Irwin model where 𝑟𝑝2 

= 2 𝑟𝑝1; 

 Then the numerical results of 𝑟𝑝  are comparable to the 

analytic values, which proves the numerical study with XFEM in 

elastoplastic case. 

 

3.3 The J integral  

 

 We incremented numerically the crack length of a step of 1 

mm, the initial length of the crack is 14 mm, we applied the 

loading σ = 330 MPa. 

 Figure 12 shows that the values of J integral increases when 

the crack size increases, also the numerical values of J integral, 

calculated with FEM are comparable with the value given with 

FEM, which approve more the numerical study. 

 
3.4 The effect of temperature on J integral 

  

 If the products are intended to be used at a temperature above 

ambient temperature, the corresponding characteristics must be 

defined by the product specification. 

 However, if the specification does not give the values of 

characteristics of hot traction, the value of the elastic limit to be 

taken into account for the calculation can be determined by the 

formula [11]: 𝑅𝑃 0.2
𝑡  = Y 𝑅𝑝 0.2 Y is given in Figure 13, which can 

only be used for a calculation temperature at most equal to      

110° C. 

 Figure 14 presents the evolution of the value of J integral 

according to the crack advance and the temperature. The value of 

J integral increases when crack size and the value of temperature 

increase for T<50 °C the values of J integral are comparable, that 

to say at home temperature, the temperature doesn’t influence the 

J integral. for T> 50°C, J integral is affected by the temperature 

and it attaints his high value for a high value of temperature 

(110°C). 

 

3.5 The effect of thickness and temperature on J integral 

 

 To know the effect of thickness on J integral, we varied the 

thickness and the temperature and presented the variation of J 

integral. Thickness takes the value 5, 7, and 10mm and the 

temperature is varied within the range 25 and 110 °C. 

Figure 15 shows that the value of J integral decreases when the 

thickness of the specimen. 

 

4. Conclusion 

 

 In this work XFEM is used to study, in elastic-plastic case, 

the three-dimensional crack growth for P265GH material, for 

that, we used the “Cast3M” code and we worked on a 3D CT pipe 

sample; The crack growth is modeled by the stress intensity 

factor in elastic case and the J contour integral in plastic case. 

 We checked the importance of the stress concentration at the 

crack tip, we have also determined the effect of temperature and 

the thickness on J integral values. The results show that the values 

of J integral increase when the load and the temperature increase, 

J integral decrease when the thickness increases, also the effect 

of temperature is noticeably remarkable on J integral for high 

values of temperature (T> 50 °C). 

 

 
 

Figure 14 Evolution of J integral according the temperature and the crack advance. 
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Figure 15 Evolution of J integral according the temperature and the thickness of the specimen. 
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