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A safety-based evaluation of strut-and-tie methods for shear design of RC deep beams
in accordance with international concrete codes
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Abstract

On the basis of strut-and-tie models (STMs) in accordance with international concrete codes such as ACI 318-14, AASHTO
LRFD, CSA A23.3, Eurocode2 and fib MC 2010, a safety-based evaluation of shear design methods for RC deep beams was
performed and is reported in this paper. The variability in load actions and member resistances consisting of uncertainty in
material characteristics, fabrication tolerances and modeling uncertainties were taken into account as random variables. Using
Rackwitch-Fiessler’s procedure with typical ranges for normal and high strength concrete and an extensive range of live-to-
dead load ratios, the reliability or safety indices used to measure the safety level were investigated. It was found that the deep
beams made from normal strength concrete and designed using STMs following the international concrete codes considered
here provided a satisfactory safety level. Finally, for each of the STMs for design of deep beams, probability-based reduction

factors are suggested to fulfill the target reliability index by greater than 3.5.
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1. Introduction

Reinforced concrete (RC) deep beams have been used as
structural members to transmit loads in buildings, bridges
and many types of construction. Owing to the differences in
behavior of deep and slender beams, the approaches for
analysis and design of these two types of beams are
significantly dissimilar. As the shear span- to- depth ratio
(a/d) of a deep beam is smaller than about 2, the strut-and-tie
action governs its shear strength, i.e., the loads can be
transmitted from the applied points to the supports directly.
Accordingly, a simple and rational approach, i.e., strut-and-
tie model (STM), has been specified in international concrete
codes of practice for designing deep beams. The concept of
the STM is described briefly below. The compressive and
tensile stress paths in an RC deep beam subjected to two
point loads can be represented by the STM as shown in
Figure 1. It contains diagonal compression struts and tension
ties, connected together at nodal zones. Struts and ties are
designed as compression and tension members in a truss
structure  Numerous  researchers have  conducted
experimental programs [1-4] and have proposed the STMs
[5-9] to describe the behavior of RC deep beams for more
than half a century. Moreover, The STM approach is also
applied for analysis and design of other RC members with
discontinuity regions [10-12]. Continuing interest is
demonstrated in this research area.
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From an extensive literature search, only a few
researchers [7-8] have examined the safety of RC deep
beams designed according to ACI 318-08 and AASHTO
LRFD. In particular, most of the existing understrength
factors for the shear design of deep beams using the STM
according to current concrete code provisions have not been
achieved using a probability-based procedure, i.e., reliability
analysis, but have been taken equal to the factors specified
for the shear design method for slender beams.
Consequently, it is questionable whether the use of these
understrength factors for the design of RC deep beams
provides an appropriate safety level. Currently, reliability
analysis has been applied to evaluate the safety level of
structural members and develop their understrength factors,
as well as other applications in civil engineering. Numerous
research studies have been performed in this subject area,
such as developing the reliability methods [13], target
reliability [14], reliability of concrete structures [7, 8, 15-18],
and code calibration [19-20].

To further extend the previous work by Chetchotisak et
al. [7-8] so that it is more reliable and rational, a database for
developing model uncertainties was greatly extended. The
safety levels of the STM for design of deep beam according
to ACI 318-14 [21], AASHTO LRFD [22], CSA A23.3 [23],
Eurocode2 [24] and fib MC 2010 [25] were investigated, and
probability-based strength reduction factors are also
recommended.
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Figure 2 Flow diagram for design of RC deep beams

2. Strut-and-tie model for shear design of reinforced
concrete deep beams

An STM consisting of diagonal concrete struts, tension
ties and nodal zones is used to idealize the load transfer
mechanism of an RC deep beam, as shown in Figure 1.
Concrete struts and tension ties are used to represent the
concrete portions in compression and steel reinforcement,
respectively. Guidance for the design of RC deep beams and
other D-region members using STM is shown in Figure 2.
From the equilibrium condition, a diagonal force in a
concrete strut C and a tension force T'in a tie member can be
computed as:

C =V/sinfg 1)
T=H=V/tanf (2)
where V and H are the vertical and horizontal forces. 6 is

the inclined angle of the diagonal compression strut with
respect to the horizontal plane, and can be obtained from

Engineering and Applied Science Research April —June 2020;47(2)

_.Jd
0, = tan 1; 3)

where a is the shear span while jd represents the flexural
lever arm, i.e., the distance between the resultants of
compressive and tensile forces, expressed as:

jd=h—wy/2—h./2 4)

where w; is the effective depth of the concrete tie at the
lower nodal zone (LNZ) and h, is the depth of the upper
nodal zone (UNZ), which will be described later. To
determine the nominal shear strength of an RC deep beam,
in general, the minimum strength among struts, ties and
nodal zones is considered to be the strength of the entire
member. With reference to the code-based STMs, the
capacity of a concrete strut F,¢, nodal region F,, as well as
steel tension tie F,,; can be expressed as:

Fus = feeAstr (5)
Ein = feeAnz (6)
Fpe = fyAts (7)

where f, is the yield strength of the steel reinforcement,
while f., represents the effective strength of a compression
strut or nodal region provided by each of the concrete codes,
i.e., ACI 318-14, AASHTO LRFD, CSA A23.3, Eurocode2
and fib MC 2010, as summarized in Table 1. A, A4,,, and
Ay are the cross-sectional areas of a compression strut, nodal
region and steel tie, respectively. Due to a relatively high
certainty in strength prediction of RC beams failing in
flexure and a low variability in material properties of steel
reinforcement, this study is limited to only the shear design
of RC deep beams. According to Egs. (1) and (5), the shear
strength of an RC deep beam, 1}, can generally be assumed
to be governed by the load-carrying capacity of the diagonal
compression strut, and can be expressed as

Vo = feeAstr sin O (8)

Next, considering the dimensions of UNZ and LNZ in
Figure 1, A, can be calculated as:

At = min(wg cos 85 + wy, sin by, h, cos 65 + wy, sin 65)b,,
)

where b,, is the width of the deep beam, w,,;, and w,,, are the
width of bearing plate at support and loading points,
respectively. Additionally, w, and k. can be computed based
on Eq. (6), i.e., 4, = b,,w, for LNZ and A,,, = b, h for
UNZ.
3. Reliability analysis
3.1 Load and resistance factor design

In the case of only dead and live loads, the general design

format in load and resistance factor design (LRFD) can be
expressed as:

(;bRn 2 YDDn + YLLn (10)
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Table 1 Effective strengths of concrete struts and nodal
zones used in conjunction with STMs

Code/Standard Effective strength

Prismatic strut:
fee = 0.8508,f2,

Bs=1.0
ACI ‘
318-14 Bottle- shaped strut:

Bs = 0.60

Nodal Zone: f., = 0.858,.f;
CCC: B, =10

CCT: B, = 0.60

. — fc ’
AASHTO- Strut: f., = oB+170%, < 0.85f;,

LRFD £ = & + (&5 + 0.002)/tan?6;

and Nodal Zone:
CSA A23.3 CCC: f., = 0.85f/
CCT: f., = 0.65f,
Strut without transverse tension:
fee = ORd, max — 0.85fck
Strut with transverse tension:
Jee = ORd, max — 0.6(1-f1./250) - fex
Nodal Zone
CCC: fee = 1.0-(1-f¢re/250) * fere
CCT: foo=0.75-(1—f1c/250) * fure

fee = kefer
1/3

Nfe = (E) < 1.00

Diagonal Strut

kc = 0557’]}(‘5
Nodal Zone:

CCC: k, = 1.00n4,
CCT: k. = 0.757¢,

Eurocode2

fib MC2010

fex = f¢ — 16 =characteristic cylinder strength [26]

&, denotes transverse tensile strain of the diagonal strut
&, denotes tensile strain in the tension tie

CCC node = nodes bounded by compression or bearing
CCT node = nodes anchoring one tie

Table 2 Partial safety factors used for different design
methods

Code/Standard Yp YL 0]
ACI318-14 1.2 16 0.75
AASHTO-LRFD 1.25 1.75 0.70
CSA A23.3 "1.25 15 0.65
Eurocode2 1.35 15 0.67
fib MC2010 1.35 15 0.67

* for only dead load considered, y, = 1.4

where R,,, D,and L,, are the nominal values of the shear
strength, dead load and live load, respectively. Additionally,
¢, yp and y;, are the strength reduction factor, the dead and
live load factors, respectively. These partial safety factors are
applied to control unforeseeable variability in load effects
and shear strength of members, and listed for each of the
codes of practice in Table 2.

3.2 Safety index

To assess the safety level of a structural design approach,
the safety index § was employed using reliability analysis.
The reliability analysis technique is also used to develop the
load factors and understrength factors. As is well-known, the
safety index has an inverse relation with the probability of
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failure (pg). It is defined as the likelihood that a structural
member will be unsafe, as follows:

B=—0""(pp) (1)
pr=Pr(g<0) (12)

where ®~! is the inverse standard normal distribution
function. The term, g= R — Q, represents the limit state
function explaining the margin of safety of a structural
component. R and Q are random variables of resistance and
load effect, respectively. However, for this investigation,
only dead D and live loads L were taken into account, (Q =
D + L). For the linear limit state function based on the safety
margin concept, i.e., the resistance minus the applied load
and the assumption of no significant correlation, the
reliability index g can be defined as:

_ Hr—Hp —HL
p _,/az + 02+ o? ()
R T 0p tOop

where ug, up and p; are the mean value of resistance,
applied dead and live loads, respectively, while oz, o5, and
o are their corresponding standard deviations. In Eq. (13),
the mean value, being a product of bias factor and nominal
value, can be used as follows: up = AgRy, up = ApD,, and
U, = AL, where Az, 1p, and A, are bias factors (i.e.,
ratios of mean to nominal value) of resistance, dead load and
live load, respectively. Additionally, the standard deviations
in Eq. (13) are obtained as products of means and the related
COVs: Op = #R6R7 0p = HD6D and g, = HL5L'

3.3 Member resistance model

According to Nowak and Collins [27], the member
resistance, R can be taken into account as a product of the
nominal member resistance, R, and three uncertainty
factors: material variability, M, variability in fabrication
tolerances, F, and modelling error, P as:

R=R,MFP (14)

The first two factors are based on the statistical data
shown in Table 3, and were obtained by Monte Carlo
simulations (MCS). Since the precision of MCS is well
known to depend strongly on the number of samples used
[27-28], a larger sample size performs better than a small
one. For example, Ang and Tang [28] and Baji and Ronagh
[29] showed that the use of 100,000 samples is appropriate
for MCS. Therefore, this study was performed with such a
sample size. The last factor, i.e., the modeling error used to
measure the level of precision and consistency of a design
method, is expressed in terms of statistical parameters and
probabilistic distribution of the ratios of experimental- to-
nominal predicted capacity without any understrength
factors.

A database of 573 tests of RC deep beams extended from
Chetchotisak et al. [7-8] (408 test data) and further
assembled from Reineck and Todisco [30] and Todisco et al.
[31], was utilized in this analysis. Using the Kolmogorov-
Smirnov goodness-of-fit test at the 5 percent significance
level, the bias value 4, and the COV &, as well as the type
of probability distribution of the modeling uncertainty were
obtained. Here, some commonly used distributions, e.g.
Gaussian, Lognormal, Weibull and Gumbel distributions,
were applied.
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Figure 3 CDF for the K-S goodness-of-fit test of modeling
error of deep beam design methods: (a) ACI 318-14;
(b) AASHTO-LRFD; (c) CSA A23.3; (d) Eurocode2 and
(e) fibo MC2010
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Table 3 Random variable data used in this study

Random variable Bias COV  Typeof
A 9 distribution
*Dead load 1.05 0.10 Normal
*Live load 1.00 0.18  Normal
Modeling error - Following Fig. 3 -------
*f!=20 MPa 1.38 0.155 Normal
*f!=30 MPa 1.25 0.135 Normal
*f!=40 MPa 118 0.120  Normal
*f!=50 MPa 111 0.11  Normal
*f!=60 MPa 1.10 0.11  Normal
*f!=80 MPa 1.08 0.11  Normal
by 1.01 0.04  Normal
“d 0.99 0.04  Normal

“Rakoczy and Nowak [32], “Applied from the properties of RC
beams from Nowak et al. [33]

Figure 3 shows comparisons between the cumulative
probability distribution function (CDF) of observations (S,,,
circles) and the assumed lognormal distribution achieved by
best fit (dashed curve) of the modeling error. The statistical
parameters A, and &, are also shown. It was found that no
probability models fitted by lognormal distributions were
rejected at the 5% significance level. Therefore, it can be
concluded that the selected parameters and the lognormal
distributions were appropriate for all design methods.
Additionally, on the basis of the central limit theorem [27],
the bias factor A1z and COV, 6y of the resistance are given

by:
Ar = AypAp (15)

8r = /625 + 62 (16)

where Ay and 8y, are bias factors of material-fabrication
and the related COVs, respectively. These statistical
parameters were obtained from MCS as previously
described. It should be noted that each of the random
variables used for this analysis had different probability
distributions, e.g., Gaussian and lognormal distributions, etc.
However, the equivalent normal distribution approach, e.g.,
Rackwitch-Fiessler’s method [27], can be applied.

4. Reliability analysis results
4.1 Safety evaluation and calibration

In this study, the criterion applied to assess and calibrate
a structural design method in terms of safety or reliability is
that such a design method should have satisfactory and
consistent safety, covering the usual range of design
parameters [34]. Here, a safety index of 3.5 (equivalent to an
approximate probability of failure of 1/5,000) is used as an
indication to ensure an acceptable level of safety for
structural concrete that is susceptible to failure in shear [22,
35] At first, a concrete strength of 30 MPa for the case of
normal strength concrete (NSC) and 60 MPa for the case of
high strength concrete (HSC) was used. A live-to-dead load
ratio L/D of 0.3 and safety index, 8, obtained for various
code-based STMs for shear design of RC deep beams were
investigated, as shown in Figure 4. The statistical parameters
employed are described above.

As shown from this figure, it was found that all STMs
made from NSC had relatively greater safety indices
compared to those made from HSC. As aresult, it can be



Engineering and Applied Science Research April — June 2020;47(2)

141

6
[l NSC
[THSC
- !,Target Reliability Index, 3
5 4 /
¥ 7
25} — — — — — — ] | — — p—
=
RS
g
T 2
7 2}
0 | T T T
ACI318-14 AASHTO CSA EC2 fib
LRFD A23.3 MC2010
Figure 4 Safety indices evaluated for various design methods
6 6
@ | ] NSC | HSC (b) NSC HSC
3 B e i ? ) eyt
% 4 ------ ----— - e S— = d .t _.-:- — — e—
£ T = e ——
2 & 2
g 2 g2 o =070 0.70
= —_— =073 —_ =075 & — =0 — =0
2 =063 — s ——0 =063 —— 0= 063
N — O =060 e o =060 | o ¢=060| e @ = 0.60
0 1 2 0 1 2 3 0 1 2 0 1 2 3
L/D L/D
T NSC st ‘T @ NSC HSC
Q] .- iy g e Ll P ek ks
= P o
= "—';';. — — e e — - Jum——
L=
82 &2
& —0|=10.6 — =065 & —|=0.67 —_— = 0.67
—— 9 =10.60 —_— 0= 0.60 —— 0 =10.60 —— o= 0.60
ol o =055 e d|=0.55 ol Q=037 e o= 0.57
1 1
0 1 2 0 1 2 3 0 1 0 1 2 3
L/D L/D
6
o == ©
E 4 E:;;’:-‘.“—":‘I;‘:‘:
E NSC HSC
o
2
2 2
& —_ = 0.67 —_ = 0.67
—— 0= 10.60 —— = 0.60
o4 Q=057 |- ¢|=10.57
0 1 0 1 2 3
L/D

Figure 5 Variation of load ratio on safety indices with various ¢ values for five shear design methods: (a) ACI 318-14,
(b) AASHTO-LRFD, (c) CSA A23.3, (d) Eurocode2 and (e) fib MC2010

concluded that the code-based STMs for deep beams made
from NSC result in a greater degree of safety than those made
from HSC. This seems to agree with the findings of
Chetchotisak et al. [15] in the case of punching shear design
methods. Additionally, as described by Zhang and Hsu [36],
Kaufmann and Marti [37] and Zwicky and Vogel [38], the
strength of a concrete strut decreases with increasing
concrete compressive strength. Among concrete codes

considered here, Eurocode2 and fib MC 2010 consider the
strength of a concrete strut as an inverse relationship between
the concrete compressive strength and the strength of
concrete strut, while other codes do not. Therefore, the North
American codes are insufficient in terms of safety when
using HSC, while the European codes are more reasonable.
This is consistent with the previous work of Ismail et al. [4].
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Table 4 Proposed strength reduction factors for various
design methods

Code/Standard NSC HSC
ACI 318-14 0.75 0.60
AASHTO-LRFD 0.70 0.60
CSA A23.3 0.65 0.60
Eurocode? 0.67 0.67
fib MC2010 0.67 0.67

4.2 Sensitivity of the safety index to the design parameters

According to Szerszen and Nowak [19], the ratio of live-
to-dead load (L/D) is considered to be the most important
design parameter affecting the safety index, and is selected
for this study. Figure 5 shows the effect of L/D ratio on the
safety indices for an RC deep beam designed according to
various codes. For this case, a concrete cylinder strength of
30 MPa was assumed. In general, the safety indexes are
found to increase with the L/D ratio, and are relatively
uniform when the L/D ratio is larger than about unity.

Additionally, due to variation in the material properties
of concrete [32-33], the strength of concrete is another
significant parameter influencing the safety index. The
sensitivity of the safety indices with the change in concrete
strength according to different codes was also investigated.
This was based on the statistical data for construction
materials proposed by Rakoczy and Nowak [32], as shown
in Figure 6. These results suggest that the safety indices
increase with a decrease in the compressive strength of the
concrete. This is mainly attributed to the fact that concrete
materials with a lower cylinder compressive strength provide
a higher bias value in their strengths [32-33].

4.3 The new proposed understrength factors

STMs in accordance with international concrete codes
have been used practically for the design of RC deep beams
and other D-region members for several decades. However,
the partial safety factors for the code-based STMs for shear
design have not been developed using a probabilistic method
as mentioned before. Taking into account the safety indices
computed for various STMs for shear design of deep beams
in Figures 5 and 6, and based on the target safety indices of
3.5 for all and 3.8 for Eurocode2 and fib MC 2010, new
understrength factors are recommended in Table 4.

5. Conclusions

A safety assessment of RC deep beam shear design
approaches in accordance with international concrete code
provisions is presented in this paper. The uncertainties in
load demand and member strength of RC deep beams arising
from variability in material properties and fabrication
tolerances, as well as error of design methods, have been
considered. A database of 573 deep beam test results having
concrete strength varying from 14 to 120 MPa and shear
span-to-depth ratios from 0.27 to 2.5, was used in this study.
A safety index was used as an indication of the safety level
of the design approach. Based on the analysis results
obtained in the present study, the principal findings are
summarized as follows:

1. All code-based STMs considered here provide a
sufficient level of safety for design of RC deep
beams made from NSC. Alternatively, by applying
an inverse relationship between concrete strength
and the strength of diagonal struts, only designs
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using Eurocode?2 and fib MC 2010 satisfied the target
level of safety in the case of both NSC and HSC.
From the usual ranges of NSC and HSC, the ratio of
live-to-dead load varying from 0 to 3 and the target
safety index of more than 3.5, the strength reduction
factors are recommended as exhibited in Table 4.
The authors recommend that for the case of HSC, the
strength reduction factors specified in the concrete
code provisions such as ACI 318-14, AAHTO
RLFD, and CSA A23.3 should be revised to 0.60.
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