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Estimation of the Natural Periods of Shear Wall-Frame Structures 
 

Panatchai Chetchotisak*1) 
 
 

Abstract 
 

In this paper, an approximate solution of the natural periods of a wall-frame structure is presented. 
The wall-frame structure is modeled as an equivalent continuum structure consisting of a cantilever beam with 
spring supported at another end. To simplify the analysis, the lateral stiffness of shear wall is considered to be 
equivalent to bending stiffness of equivalent cantilever beam. Similarly, the lateral stiffness of frame and the 
axial stiffness of columns are equivalent to the spring constant. The lateral free vibration problem of the model 
was then solved. Simple formula is given to calculate the fundamental period of vibration of the building 
structure. The applicability and accuracy of the method was demonstrated by a numerical example, in which 
the approximate solution is compared to a 3-D finite element model of a 30-story wall-frame building. 
Keywords: Approximate Analysis/ Tall building / Natural periods/ Shear wall 
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ก���B���D�E����9�T�ก������FG�
CHC����
9�w�UPA�;���B���ZV�ก����9���JG7CCกM��C����
=L�����MOE�>��FG� RS�H��ก���B���DF>LGT�!��Q� 98E�   
ก���B���D=��
LCกB�G�>V�����ZZ�=�C����=E�Hx    
RS� H������HE�!MTJ�J>�ก��>9�N �  M=EC� ������
�T�>9�TP�C��IH9�P�CH �ก��F>L�B�OT
CH�=�[9��
CH
<��H��L�H��U� ��D�<>!9�U�J<��H��L�HC���������
����R��RLC�C!E�H<��H
LCM
NH�E��ก��O��H���M�H9�PC� 
(Goel MTJ Chopra, 1998) �B�G���ก��V8LM�� B�TCH   
F[F�=79C9T9��=7<>!C���!9��P�CH�C�U��9=C�7V�ก��
��J��TOT��A�WPC�E�VGLOTT�UQ7���M�E�!B�����X> MTJ��V8E���H
���!XEH!�ก G�PC���E�V8L E�!�IH��ก98E�V�C>�= M=E�B�G���

�A �=C�9�PA C H=L�
CHก��CCกM��C����  �� ��ก�
OIL C C กM � ���A �  !� H F�E � � �� 
 �� > 
C H CH �7 C� � � �           
ก����9���JG7>L�!�C�U��9=C�7C� ��V8EG���H����J>�ก 
>�H��A�  SH=LCH��ก����9���JG7<��H��L�H>L�!��Q���J��D 
��AH��H�W�=!���=�7MTJUT���=�7 9UP�CG�
��>
CHCH�7
C����=E�HxV�9�PACH=L� MTJ9TPCก�I�M��<��H��L�H���
9G��J������X> MTL� SH�B�ก���� 9���JG7CCกM��
�A�
��!TJ9C�!>V�
�A�=C��X>�L�!>L�!�C�U��9=C�7 C�ก��AHก��
��9���JG7<��H��L�H>L�!��Q���J��D��A� �����WV8L9�w�
M����H=�� �C�������9G=XOT
CHOTT�UQ7���F>L �ก
ก����9���JG7>L�!<��Mก���C�U��9=C�7 �B�VGL����ก�
OILCCกM������������V V�OTT�UQ7��ก
SA� 

ก���B���D�E����9�T�ก������FG�<>!V8L
M�� B�TCH����=EC9�P�CH (continuum model) 9�w�ก��
��9���JG7>L�!��Q���J��DC�ก��Q�G�S�H���VGLOTT�UQ7���>�MTJ
C!IEV��I�M�����HE�! RS�H��GT�กก��UPA�;���PC ก�� B�TCHVGL
<��H��L �HC!IE V��I�M��
CH���!P��  <>!���X=� VGL
�XD����=�=L�����M�H>L��
L�H
CHO��H���M�H9�PC� MTJ
<��H
LCM
NH��A�9��!�9�E�ก���XD����=�=L�����ก��>�> 
MTJก��9�PC�
CH���!P��=��TB�>�� RS�H�����WU�F>LV�
������
CH Stafford Smith MTJ Crowe (1985)  Li 
MTJ�DJ (1994) Zalka (2001) Potzta MTJ Kollar 
(2003)  Tarjan MTJ Kollar (2004)  Wang MTJ Wang 

(2005) MTJ������TE��X>
CH Dym MTJ Williams 
(2007) 

��������A�B�9��C��H9TPCกVG�E�B�G���ก��
�B���D�E����9�T�ก������FG�
CH<��H
LCM
NH�E��ก��
O��H���M�H9�PC� <>!V8LM�� B�TCH����=EC9�P�CH��J9K�
���-����HRS�HU���� �กM�� B�TCH��H�W�=!���=�7
CH 
MacLeod (1990) RS�H�����X=�;��M=ก=E�H �ก���������
กTE����V�
�A�=L��PC ก�� B�TCHVGL<��H��L�HWIกM�����
>L�!���!P�����������H�CH�������T�!C�ก>L��G�S�H MTJ
���X=�VGL�XD����=�=L�����M�Hก�J�B�>L��
L�H
CHO��H
���M�H9�PC�9��!�9�E�ก���XD����=�=L�����ก��>�>
CH
���!P�� V�
DJ����XD����=�=L�����M�Hก�J�B�>L��
L�H

CH<��H
LCM
NH��A�F>LWIก���X=�VGL9��!�9�E�ก���E��H���
CH
����H �B�VGLM�� B�TCH��A�C!IEV��I�M����� 9��!�HE�! 
C!E�HF�กN=�� M�� B�TCH���-����H
CH MacLeod 
(1990) ��AC� �������T�>9�TP�C�F>L�IHWSH�LC!TJ 30 
9�P�CH �ก��F>L�B�OTก�J��
CHก��!P>G>=��=��M��Mก�

CH9����U� ��D� >�H��A�V���������A  SHF>L9U���9=��
OTก�J��
CHก��!P>G>=��=��M��Mก�
CH9��9UP�CVGLF>L
M�� B�TCH���������WIก=LCH��ก
SA� MTJF>L�B�9��C
=��C!E�Hก���B���D MTJก���>�C�����WIก=LCH
CH
M�� B�TCHC����<��H
LCM
NH�E��ก��O��H���M�H9�PC�    
30 8�A� <>!�B�ก���Sก:�WSHOTก�J��
CHC�=���E��        
�=�[9��
CHO��H���M�H9�PC�=EC�=�[9��
CH<��H
LCM
NH 
OTก�J��
CHC�=���E���=�[9��
CH9��=EC�=�[9��   

CH��� ���WSHOTก�J��
CHก��!P>G>=��=��M��Mก�

CH9�� �����=EC�E������T�>9�TP�C�
CHM�� B�TCH   
<>!�B�OTT�UQ7���F>L�� �กM�� B�TCH���-����H��A��
9���!�9��!�ก��OTT�UQ7 �กM�� B�TCHF[F�=79CT�9��=7  
3 ��=� 
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<��H��L�H��J9K�<��H
LCM
NH�E��ก��O��H���M�H
9�PC� 3 ��=� �����T�ก:DJ����=�=ECก�����M�H>L��
L�H 
�����WT>
��>
CH<��H��L�HTHVGLC!IEV��I�M��
CH
<��H��L�HV��J���F>L>�H�I���� 1 <>!���X=�VGL<��H
LCM
NH
98P�C�=�>ก��O��H���M�H9�PC�����T�!��
CH<��H��L�H>L�!

LC=ECM
NH (MacLeod,1990) >�H��A������W B�TCHVGL
�J��<��H��L�H��AHG�>C!IEV��I�M��
CH���!P�������
�XD����=����B�9��CMTJ�H���=TC>�����IH <>!������H
�CH�������T�!�� RS�HV������A���X=�VGL����=L�����ก��>�>

CH���!P�� 9��!�9�E�ก���XD����=�=L�����M�Hก�J�B�
>L��
L�H
CHO��H���M�H9�PC� wEI  V�
DJ����E��H���
CH
����H bk ��A�F>LU��I �7 �ก����=L�����ก��9�TP�C����
>L��
L�HK�!V=LM�Hก�J�B�M�� X>����T�!��
CH<��H   

LCM
NH>�H��A    
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i  �PC B����8E�H���RS�H ���E� 1, 2,.., n �B�G��� E  �PC     
C�T��=�ก<�>IT�� icI MTJ ibI  �PC<�9��=7����9�P�C!
CH
9�� MTJ���M=ETJ8E�H=��TB�>�� �E�� iL MTJ h �PC 
����!��8E�H���M=ETJ8E�H MTJ�J!J�����IH�JG�E�H8�A�
=��TB�>�� 

V���������AF>L��!������H������E��H��� ak <>!
U��I �7 �ก����=L�����ก��!P>G>=��=��M��Mก�
CH
9�� G�PC����=L�����ก��UT�ก���B�
CH<��H
LCM
NH
K�!V=LM�Hก�J�B�M�� X>����T�!�� RS�H�����WM�>HF>L
>�H��A 
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<>!��� icA �PCUPA����G�L�=�>
CH9��MTJ id �PC�J!J        
V�M������JG�E�H X>�I�!7WE�HC����ก��9��M=ETJ=L�     
9�P�C����E��H���
CH����H bk MTJ ak 9
L�>L�!ก�� JF>L9�w�
�E��H��� fk >�H��A 

abf kkk

111
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��ก�� ก���	B�����E��B�ก���ก��F"��ก���
���C���  

 ��ก�� ก��9�TP�C����
CH�J�����-����H
�����W9
�!�F>LV�T�ก:DJ98E�9>�!��YZG�ก������C���J

CH�������F�>�H��A    
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dz
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<>!��� 
wEI

m 2
4 ω

λ =                                  (6) 

9�P�C m MTJω  �PC��T9�T��!=EC�����IH MTJ�E�����W��
Q���8�=�
CHC����=��TB�>�� �B�G����B�=C�V��I�M��
����F�
CH��ก����� 5 �����W9
�!�F>L>�H��A 

1 2 3
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( ) sinh cosh sin

cos

y z C z C z C z

C z

λ λ λ

λ

= + +
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               (7) 
9�P� C  1C WS H  4C �PC  �E ��H���  �E ���K��J
C�9
=���
�C>�TLCH
CH<��H��L�H�PC �J!Jก��9�TP�C���� MTJ����
T�>8������T�!TE�H���E�9�w��I�!7 V�
DJ���<�9��=7>�> 
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MTJM�H9�PC�����T�!�����E�9�w��I�!7 RS�H�����WM�>HF>L
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M����ก����� 7 THV���ก�����  8  JF>L 13 CC −= , 

24 CC −=  MTJ�J����ก�� homogenous >�H��A 
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w=β           (11) 

��ก����� 7 MTJ�J����ก����� 9 ��A J���B�=C�F>L
9 �P� C 0=D RS� H  J F >L � � ก � � T� ก : D J  B � 9 U � J 
(characteristic equation) >�H��A 

( ) [ ]3
cos cosh 1

3
sin cosh cos sinh 0

H H H

H H H H

β
λ λ λ

λ λ λ λ

+

+ − =

         

       (12) 
��ก����� 12 ��AF�E�����WG��B�=C� Hλ V�

�I�M�����M�E�C�F>L  SH=LCHV8L��Q�ก���B���D98�H=��9T
   
G��B�=C� C!E�HF�กN=���B�=C�
CH Hλ ��A��F>LF�E B�ก�>
�E� M=EV������A JU� ��D�9�U�J�E�=�B�����X>RS�H�B�F��IE    
ก���B���D�E�����W��Q���8�=� ω MTJ�E����ก��     
����FG�UPA�;��T >�H��A 

 

( )
m

EI

H

H w
2

2λ
ω =  MTJ 

ω
π2

=T         (13) 

�B�G����B�=C�
CH Hλ ��AF>LM�>HF�LV�K��O��ก 
   

G
 � �  
 � � �B �ก � �� � �� �	 � �� HD ก G� � � � � �
���A!�B�� 

<��H��L�HC����=��C!E�H����B����>�C���A9�w�
C�����C�ก��=9����9GTNก 30 8�A���J9K�<��H
LCM
NH
�E��ก��O��H���M�H9�PC� �ก������
CH Zalka (2001) 
M�>HV��I����  2 �E���XD����=�
CH<��H��L�HM�>H>�H
=���H���  1 RS� H V������A <��H��L � H=��C!E� H��T� ก:DJ
9G�PC�ก����AH�CH�����H >�H��A������WU� ��D�
<��H��L�HF>LV������H9>�!�  JF>L wEI = 9.352 x 107 
kN-m2. MTJ�B���D�E� bk = 1.496 x 103 kN/m. ak = 
1.890x 103 kN/m.  �ก��ก����� 1 MTJ 3 =��TB�>�� MTJ
 �ก��ก����� 4 �B���D�E� fk = 8.351 x 102 kN/m. 
MTJF>L β = 0.46 M���E�V���ก����� 12 F>L Hλ = 2.463 
>�H��A� JF>L�E����ก������FG� T 9�E�ก�� 4.384 ������   
 �ก��ก����� 13 

�B�G���=���H��� 2 M�>HOTก���B���D�E����
ก������FG�UPA�;�� �ก��������A RS�H�B���9���!�9��!�
ก�� Zalka (2001) MTJ M�� B�TCHF[F�=79CT�9��=7 3 ��=�
<>!V8L<��Mก���B�9�N �I� ETABS Version 8 U��E�OTก��
�B���D��AHG�>���E�VกTL9��!Hก�� 
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G�����E� 1 �XD����=�
CHC�������V8L�>�C�M�� B�TCH 
��!ก�� ��ZT�ก:D7 �����D G�E�! 

�����IH
CH
C���� H  90 m. 

�����IH�JG�E�H
8�A� h  3 m. 

����!��8E�H
��� L  5 m. 


��>9�� - 
0.35 x 
0.35 

m. x m. 


��>��� - 
0.35 x 
0.50 

m. x m. 


��>O��H���
M�H9�PC� 

- 
0.35 x 
4.00 

m. x m. 

��T=EC�����IH
C���� m  25.48 

kN-
s2/m./m. 

C�T��=�ก<�>IT�� E  25 GPa 
 

G�����E�  2 ����#$%��ก������������-��� �

���'���('��ก�������������)� 

������
9���!�9��!� 

���ก������FG�
UPA�;�� 
 (������) 

�E������T�>
9�TP�C� 

ETABS 4.537 - 
��������A 4.384 -3% 
Zalka (2001) 4.484 -1% 

 

�B�G���ก���>�C�����WIก=LCH
CHM�� B�TCH
V���������A  F>L V8L
L C�IT<��H��L �H=��C!E�H 9>�� 
�B�ก���Sก:�WSHOTก�J��
CHC�=���E��
CH�=�[9��
CH
O��H���M�H9�PC� =EC�=�[9�� 
CH<��H
LCM
NH β (M��O��
�E � <� 9 � � =7� � � �9 �P� C !
 C H O�� H �� �M � H 9�P C � wI ) 
OTก�J��
CHC�=���E��
CH      �=�[9��
CH9�� =EC 
�=�[9��
CH��� α  (M��O���E�<�9��=7����9�P�C!
CH
��� bI �E ��  <� 9��=7����9�P� C!
CH 9��  cI ��A �
กB�G�>VGL�H���) MTJOTก�J��
CHก�� !P>G>=��=��

M��Mก�
CH9�� �����=EC�E������T�>9�TP�C�
CH
M�� B�TCH Err% RS�HV������AกB�G�>VGL 

%100% ×
−

=
FEM

FEM

T

TT
Err          (14) 

<>!��� FEMT �PC�E����9�T�ก������FG� RS�H�B���D>L�!
M�� B�TCHF[F�=79C9T9��=7 �B�G���OTก���Sก:�V�ก�D�
����� F>L�B�OT
CHก��!P>G>=��=��M��Mก�
CH9��         
��U� ��D�( ∞=ak ) M�>HV��I���� 3 U��E� 9�P�C
C�=���E�� β  ���E�=�B� �9
L�VกTL�I�!7 M�� B�TCH������
�T�>9�TP�C��IH M=E 9�P�CC�=���E�� β ���E�9U����IH
SA�        
�E������T�>9�TP�C� J���E�T>=�B�TH ���M��<�L��H��� 
�B�G���OTก�J��
CHC�=���E�� α U��E�9�P�C α ���E�
9U���
SA� �E������T�>9�TP�C� J���E�T>=�B�TH98E�ก��      
RS� HVGLOT����C>�TLCHก��M�� B�TCH���-����H��H
�W�=!���=�7
CH MacLeod (1990) MTJ�B�G���V��I���� 4 
M�>HOTก���Sก:�V�ก�D�����B�OT
CHก��!P>G>=��V�
M��Mก�
CH9����U� ��D� ( ∞≠ak ) U��E�           
�E������T�>9�TP�C�
CHM�� B�TCH J���E�T>=�B�TH �ก
ก�D�M�ก MTJ!�HU��E� 9�P�CC�=���E�� β ���E���ก�E� 0.1 

SA�F� �����T�>9�TP�C� J���E��H���F�E9ก���LC!TJ  3 
�B�G����Xกx �E�
CHC�=���E�� α  
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�LC��� �Bก����������A!�B�� 
ก�D����C�=���E�� β  ���E��IH��A� 9�w��K��J���

����H������CEC�9�P�C9��!�ก�� wEI  �B�VGLU�=�ก���ก��
9��!�I�
CH�J�� 9�w�F�V�T�ก:DJVกTL9��!Hก�����!P�� 
(bending mode) RS�H9�w�T�ก:DJก��9��!�I�
CHO��H���
M�H9�PC�98E�ก�� MTJ!�HU��E� 9�P�C β ���E��IH Hλ  J��
�E�9
L�VกTL 1.875 (>I�I���� 5) RS�H9�w��B�=C�
CH Hλ 
CH
���!P�� (Clough  MTJ Penzien, 1993) V���HกT��ก��
G�ก β  ���E�=�B� ����H J������Mก�EH�IH9�P�C9��!�
ก�� wEI  �B�VGLU�=�ก���
CH�J�� �TL�!ก�������J9K� 
Propped Cantilever RS�H9�w��I�M�����=E�HF� �ก
U�=�ก���
CH<��H
LCM
NH�E��ก��O��H���M�H9�PC� �K�U
��AM�� B�TCH SH���E������T�>9�TP�C��IH 

�B�G���ก�D����C�=���E�� α  ���E��IH G��!WSH 
�=�[9��
CH9����A����E���กก�E���� �B�VGL����T�!9��M=E
TJ8�A����� �กก��!S>��AH �ก��� <��H
LCM
NH J��
T�ก:DJ�TL�!9��!P�����M�H>L��
L�H  RS�H�C>�TLCHก��
�I�M��ก��9��!�I�
CHO��H���M�H9�PC� V���HกT��ก�� 
G�ก α  ���E�=�B� �=�[9��
CH�����A����E���กก�E�9�� RS�H
�K�U��A 9��M=ETJ8�A� JWIก!S>��AH����T�!>L�!��� �B�VGL
9ก�> X>>�>กT��กT�H9��MTJ��� <��H
LCM
NH��T�ก:DJ
9�w� Shear mode (Chopra, 1995) RS�HF�E�C>�TLCHก��
�I�M�� ก�� 9�� !�I�
C HO�� H ���M�H 9�P C�  �K�U ��A
M�� B�TCH SH���E������T�>9�TP�C��IH �B�G���ก���B�
OT
CHก��!P>G>=��=��M��Mก�
CH9����U� ��D�V�
�I�M�� ak  ��A� �B�VGLก���B���!U�=�ก���
CH<��H     


LCM
NH���������I�D7
SA� �EHOTVGL fk ������WIก=LCH
��ก
SA� RS�H �ก�I���� 4  JU��E�V�ก�D���A α  M�� JF�E��
OT=EC�E������T�>9�TP�C� 

ก��V8LM�� B�TCH���-���� H V��K��J���
C�=���E�� α MTJ β ���E��IH��A  �Cก �ก J������
�T�>9�TP�C�=�B�MTL� !�H�C>�TLCHก��
LCกB�G�><>!����F�

CHก��CCกM��<��H��L�HC�����IH��J9K�<��H
LCM
NH 
�E��ก��O��H���M�H9�PC�=L�����M�HT�MTJMOE�>��FG�   
�����กกB�G�>VGL�E��=�[9��
CHO��H���M�H9�PC��IHก�E��E�
�=�[9��
CH<��H
LCM
NH (Ghosh MTJ Domel, 1992) 
MTJกB�G�>VGL �=�[9��
CH9���IHก�E��=�[9��
CH��� 
(strong column - weak beam) =�� ACI-02 (ACI 
Committee 318) 

 

��M� 

��������A�B�9��Cก���B���D�E����9�T�ก��
����FG�
CH<��H��L�HC�����IH��J9K�<��H
LCM
NH�E��ก��
O��H���M�H9�PC�>L�!��Q���J��D <>!V8LM�� B�TCH���-
����H ก���>�C�����WIก=LCH
CHM�� B�TCHRS�HV8L
=��C!E�HC�����C�ก��=9����9GTNก 30 8�A� <>!�B�OTT�UQ7
��9���!�9��!�ก��M�� B�TCHF[F�=79C9T9��=7 3 ��=� 
U��E� M�� B�TCH�������T�>9�TP�C�=�B�MTJ��M��<�L�
�H��� 9�P�CC�=���E��
CH�=�[9��
CHO��H���M�H9�PC�=EC 
�=�[9��
CH
CH<��H
LCM
NH MTJC�=���E��
CH�=�[9�� 

CH9�� =EC �=�[9�� 
CH
CH������E��IH MTJ!�HU��E� 
ก���B�OT
CHก��!P>G>=��=��M��Mก�
CH9����
U� ��D� �B�VGLM�� B�TCH�������T�>9�TP�C�T>TH 

 

��ก��������C� 

ACI Committee 318. 2002. Building Code Requirements 

for Structural Concrete (ACI318-02) and 

Commentary (ACI318R-02). Detroit: American 
 Concrete Institute.  

Chopra, A.K. 1995. Dynamics of Structures: Theory 

an Application to Earthquake Engineering.  

Englewood Cliffs New Jersey: Prentice-
Hall.   
 



����!78�!  98:;7<8=���ก>�? 
 

8 

Clough, R.W. and Penzien, J. 1993. Dynamic of  

Structures. Singapore: McGraw-Hill, Inc.  
Computers and Structures Inc. 2002. ETABS Version  

8-User Interface Reference Manual. 
Berkeley California. 

Dym, C.L. and Williams, H. E. 2007. Estimating  
Fundamental Frequencies of Tall Buildings. 
Journal of Structural Engineering, ASCE. 
133, 10: 1479-1483. 

Ghosh, S.K. and Domel, A.W. 1992. Design of  

Concrete Building for Earthquake and Wind 

Force. Illinois: Portland Cement  Association. 
Goel, R.K. and Chopra, A.K. 1998. Period Formulas 

for Concrete Shear Wall Buildings. Journal 

of Structural Engineering, ASCE. 124,        
4: 426-433. 

Li, Q.S., Hong, Cao, H., Li, G., 1994.  Analysis of Free  
Vibrations of Tall Buildings. Journal of 

Engineering Mechanics, ASCE, 120, 
9:1861-1876. 

MacLeod, I.A. 1990.  Analytical Modeling of Structural 

Systems. New York: Ellis Horwood Ltd. 
Potzta, G., Kollar, L.P. 2003.  Analysis of building 

structures by replacement sandwich beams. 
International Journal of Solids and 

Structures. 40:535�553. 
Stafford Smith, B., Crowe, E., 1985.  Estimating Periods 

of Vibration of Tall Building. Journal of 

Structural Engineering, ASCE. 112, 5: 
1005-1019. 

Tarjan, G., Kollar, L.P., 2004.  Approximate analysis of 
Building Structures with Identical Stories 
Subjected to Earthquakes.  International 

Journal of Solids and Structures. 41:1411-
1433. 

Wang, Q. and  Wang, L. Y. 2005. Estimating Periods of 
Vibration of Buildings with Coupled Shear 
Walls. Journal of Structural Engineering, 

ASCE. 131, 12: 1931-1935. 
Zalka, K.A.  2001.  A Simplified Methods for Calculation 

of the Natural Frequencies of Wall-Frame 
Buildings. Engineering Structures. 23:1544-
1555. 
 

L�	���ก :  ก���C�	����a	
� Hλ A�กก��b
���L�c 

  �ก��ก����� 12 �����WG��B�=C� Hλ

>L�!ก���B���D98�H=��9T
 RS�HM�>H>�H�I���� 
5  
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