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On the Relationship between Incidence Systems and Multipartite Graphs.ﬂ=

Passawan Noppakaevv**

Abstract
This article presents the connection between incidence systems and multipartite

graphs by using category theory. There is a fully faithful functor from the category of incidence
systems to the category of multipartite graphs. Therefore, multipartite graphs are good models
representing incidence systems, and vice versa. Due to this connection, some properties of
incidence systems and geometries can be explained by graph theory, and in the same way,
some properties of multipartite graphs can be explained by building theory.

1 Introduction

In general, an incidence system involves a number of geometric objects with
different types and symmetric binary relations which hold between different-type objects.
Thus incidence system is a main concept in combinatorial geometry. By elaborating on Reye’s
work (Reye, 1882: 92-96), the abstract and general notion of an incidence system was firstly
developed by E. H. Moore in 1896 (Moore, 1896: 264-290). Incidence geometry is incidence
system with a given additional property. As incidence geometry is related to the most basic
discrete mathematical structures of geometric configurations, it can be found almost
everywhere in mathematics. Incidence geometry generalizes not only projective and affine
geometry but also the geometries induced on some spaces equipped with some additional
structures, such as a quadratic form. According to the applications of discrete structures in
theories from many fields such as design theory, coding theory, and matroid theory, incidence
geometry interests not only mathematicians but also statisticians, computer scientists,
physicists and engineers.

This article presents the connection between incidence systems and multipartite
graphs by using category theory and investigates the property of multipartite graphs which will
correspond to incidence geometries. The connection shows that multipartite graphs are
convenient models representing incidence systems so that all results of incidence systems
may be entirely presented in the language of graph theory, and in the other way round. In the

same way, incidence systems are models representing multipartite graphs so that all results of
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multipartite graphs may be explored by using the theory for incidence systems which comes

from building theory (Brown, 1988; Ronan, 1989).

2 Incidence Systems and Geometries
In a set theoretical view point, incidence systems and geometries are defined by

(Moore, 1896):

Definition 1 An incidence system over a (usually finite) set | is a set T equipped with a
reflexive and symmetric relation = on I, called incidence relation, and a surjective map

7:I" > |, called type map, such that for each V;,V, €T,

if V*V, and T(V1)=T(V2),then Vi =V,
An incidence morphism $:I', =T, of incidence systems over | is a morphism from I’}
to I', preserving the incidence relation and types, ie., for all V,V, €'}, if V,*V, then

(v, )*9(V,) and the following diagram commutes.

I -1

'

The rank of T is ||

, which is the cardinality of |

In particular, the identity map 1d:T"—T V>V is an incidence morphism on I’
and the composition of any two incidence morphisms 3:I' =>T" and 3":T" ->T", defined
by

G9: I' - r"
v o 9'(9(v))

is again an incidence morphism. Moreover, this composition is associative. Therefore the
incidence systems over | together with their incidence morphisms form a category called the
category of incidence systems over | | denoted by ISys, . However, such a category is
depend on | . In order to be able to construct the category of all incidence systems, the
definition of incidence morphisms is generalized by Noppakaew et al. (Noppakaew et al., 2013)

in 2013. They noticed that, given an incidence system I over | andamap p:l1 ' —1j
the set

pT=11(,T),

iel’
the disjoint union of (,O*F)i = Fp(i) ={V€F‘T(V)=p(i)} (for any I, jel, the sets Fp(i)
and Fp(j) are considered to be distinct and disjoint even though p(i) = p( j) ), together with
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the restriction of the incidence relation of I' to p'T" and the type function p'7:p T —>1",
sending any element Ve(p*r)i to i, forms an incidence system, called the pullback
incidence system of 1" over | " induced by p. From this observation, they then proposed
the definition of incidence morphisms between two incidence systems over the different sets.
Definition 2 Let I'; and T', be incidence systems over |, and |,, respectively. A
generalized incidence morphism ©:I', 5T, over an map p:1, =1, is an incidence
morphism 9: ,D*Fl —> rz- In particular, if 3 is injective (resp. surjective), then so is ® .

When p is the inclusion map, ® may be considered to be a projection of the
incidence system I'; to I',. Noppakaew et al. already explained the projection idea in their
work and gave some examples.

Indeed, an incidence morphism between two incidence systems over | is a
generalized incidence morphism over the identity map id:1 — 1 . Noppakaew et al. proved
that the incidence systems over arbitrary sets together with their generalized incidence
morphisms over arbitrary maps form a category called the category of incidence systemes,
denoted by 1Sys.

Definition 3 Let I' be an incidence system over . A flag F of I' is a set of mutually
incident elements of I and we say that F is of type T(F) = {Z‘(V)|V S F} and of rank

[2(F)|
A residue of a flag F , denoted by ReS(F), is a subset of I consisting of all Vel'—F
such that V*¥V' forall V'e F.

One can easily see that, given a flag F of anincidence system I over | , both F

and ReS( F) are incidence systems over T( F) and | —T( F), respectively.

Definition 4 An Incidence geometry I' over | is an incidence system over | such that
every maximal flag of T is of type | .
As incidence geometries are incidence systems, therefore the incidence geometries

together with generalized incidence morphisms form a category called the category of

incidence geometries, denoted by 1G€0 .

3 Incidence Systems from a Graphical Viewpoint
The most common and familiar incidence systems are the ones of rank 2. They can

«

be viewed as incidence structures between “points" and “lines", each of which can be
uniquely represented by Levi graph (Coxeter, 1950: 413-455). In this graph, points are

represented by black vertices and lines by white vertices. An edge joins a black vertex and a
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white vertex if and only if the corresponding point and line are incident, i.e. the point lies on
the line.

By generalizing this idea, incidence system is conveniently described using graph
theory (Scharlau, 1995; Weiss, 2004; Shult, 2010) and defined by:

Definition 5 An incidence system ©I' over a set | is an undirected || |-portite graph
G (F), i.e., a graph with || |—fold partitions of the vertex set into independent components
so that edges join only two vertices from distinct components. The vertex set Vv (G (r)) is

actually I and the edge set E (G (F)) is determined by the incidence relation of T". An

incidence morphism is then just a type-preserving graph homomorphism.

One can easily see that there is a one-to-one correspondence between the set of all
incidence systems and the set of all undirected multipartite graphs. The category of
undirected multipartite graphs can be constructed in the same manner as the category of
incidence systems. As undirected graphs together with graph homomorphisms form a category
called the category of undirected graphs, denoted by Grph (Lane, 1997), and the
composition of type preserving maps is still type preserving, therefore undirected K -partite
graphs together with type-preserving graph homomorphisms form a category called the the

category of undirected K -partite graphs, denoted by MPGrphk .

Let G be an undirected K -partite graph and p be a map from {1, 2,..., r} to
{1, 2,---,k} . The vertex set V (G) of G is partitioned into disjoint sets V (G)l, V (G)2
oy V (G)k. The graph "G whose the vertex set is

V(p'G)= ][] v(,o*G)i ,
i€fl,2,..r}
where V (,O*G)i =V (G)p(i) , and the edge set is
E(p'G)= E(G)m(V (pG)xv (p*G)),

is an I -partite graph, called the pullback I -partite graph induced by p. The set Vv (p*G)i
and V(,O*G)j are considered to be distinct and disjoint for all I, ] el even though
p(i) = p( j) In particular, if P is injective, then p*G is a subgraph of G . Moreover, if G’
is an undirected K -partite graph and f:Go>G s a type-preserving  graph
homomorphism, then the map ,O*f Zp*G - ,O*G' defined by

=f

()

pf

v(e),, A% (G)p(i) -V (G’)p(i)
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for all ie{l, 2,---,r}, is well-defined and adjacency-preserving because f does. Thus
" T s a type-preserving graph homomorphism. Therefore p* is a functor from the category
MPGrph, to the category MPGrph, .

Definition 6 Let G, and G, be undirected graphs with K and I partites, respectively. A
generalized type-preserving graph homomorphism F IGl —>GZ over a map
P {1, 2,..., r} — {1, 2,..., k} is a type-preserving graph homomorphism f Z,O*G1 —>GZ.
In particular, if fis injective (resp. surjective), then so is F .

if K ZGl —)GZ and F, ZG2 —)G3 are generalized type preserving homomorphisms
of  multipartite  graphs over the maps Z{l, 2,..., r} —){1, 2,...,k} and
foX :{1, 2,..., m} - {l, 2,..., I‘}, respectively, then F,oF :G, = G,, given by

foop fip,) (p*Gl) —G;,
where p," f; :pz*(,o*Gl) — p,'G, and f,:p,'G, >G;, is a generalized type-preserving
graph homomorphism over the map p, o o, . Moreover, this composition is associative.
Therefore, undirected multipartite graphs together with their generalized type-preserving graph
homomorphisms form a category called the category of undirected multipartite graphs,
denoted by MPGrph .

From the construction above, there is the functor setting up one-to-one
correspondence between 1SYS and MPGrph . Let ®:T, =T, be a generalized incidence
morphism over a map P | 1 | ,, where I'; and I', are incidence systems over I 1 and
|2, respectively. Then ® is actually an incidence morphism 32p*F1—>F2. The map
G(S):G(p*rl)ﬁG(Fz), where G(Fi) is the || i|—partite graphs associated to the

incidence systems Fi over | i as defined in Definition 5, given by the commuting diagram

- . G{9) R,
V ((,(l)'[[j)—- V ((_1“_1”
id id
’l'rl 3 r1

is a generalized type-preserving graph homomorphism over the map P | 1 | 5. Therefore

G is a functor from 1SYS and MPGrph .

113



aninermansuazinalulad Veridian E-Journal, Science and Technology Silpakorn University

Uil 3 atiuii 5 Weauiue1eu-nAIAY 2559 Volume 3 Number 5 September— October2016 (ISSN 2408 - 1248)

4 Incidence Systems from a Graphical Viewpoint
The functor G introduced in the previous section is a fully faithful functor. We have

thus obtained the following.
Theorem 7 1Sys = MPGrph.

Therefore, the properties of incidence systems can be studied through investigating
the properties of their corresponding multipartite graphs, and vice versa.

Definition 8 A flag F of an incidence system I' over a set | is a clique G(F), e, a
complete subgraph, of the corresponding undirected || |—partite eraph G (F)

Recall that a maximal clique is a clique that cannot be extended by including one
more adjacent vertex, i.e., it is not a subset of a larger clique. A maximum clique is a clique of
largest size in a given graph G and its size is denoted by CO(G) Therefore a maximum clique
is always maximal. This gives us a concept of graphs corresponding to incidence geometries.
Theorem 9 Let G be a K-partite graph such that @(G) =K. f Aut(G), the set of all

type-preserving graph automorphisms of G, acts transitively on the cliques of the same size,

then G = G(F) for some incidence geometry I" over | such that || |= K.

Theorem 10 Let G be a cycle (or circular) sraph, i.e., the graph consists of a single cycle,

with 2N vertices. Then the symmetric sroup S, acts transitively on the cliques of the same

size of G. Consequencely, G is the bipartite graph corresponding to some incidence

geometry T over | such that || |= 2.
The incidence geometry I' whose the corresponding multipartite graph is a cycle

graph with 2n vertices is known as a geometric configuration, called n-gon.

In particular, if G is a K-partite graph such that a)(G):k and AUt(G) acts
transitively on the cliques of the same size, then the graph structure of G can be realized by

AUt(G) and some of its subgroups. Let C be a maximum clique of G . Then the size of C is
k. Foreach v €C, denote

H, :=Stab,,,q, (v)={g eAut(G)|g-v, =v,}.
Then the set of all left (or right) cosets {gHi lg eAut(G),ie{l, 2,...,k}} and the non-
empty intersection relation on this set correspond to the vertex set \Y (G) and the edge set

E(G), respectively. Therefore all properties of G may be represented in the language of
abstract group theory. The following theorem can be easily proved by using the orbit-stabilizer

theorem in group theory.
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Theorem 11 Let G be a K-partite graph such that AUt(G) acts transitively on the
cliques of the same size. Then deg (vl)zdeg (Vz) if V; and V, are vertices in the same partite,
where deg (V) is the degree of the vertex V in G .

On the other hand, the geometry property of incidence systems can be examined by
considering the size of all maximal cliques of the corresponding multipartite graphs. There are
many algorithms proposed in finding maximal cliques in a graph; one of which is proposed by
Apriani et al. (Apriani et al., 2013). In order to be a geometry, an incidence system over |

must have the size of each maximal clique of its corresponding multipartite graph equal to || |

5 Conclusion

As discussed above, by realizing incidence systems as multipartite graphs, one can
easily determine whether they are geometry by using graph theory approach. And in the other
way round, by realizing multipartite graphs as incidence systems, one can understand their
properties via the theory for incidence systems. This will benefit understanding the correlation

between different areas of Mathematics.
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