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Subalgebras of algebras determined by polymorphisms of unary central
relations or by polymorphisms of non-trivial equivalence relations
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Abstract
The set of all clones on an arbitrary set forms a complete lattice under the set

inclusion. Its co-atoms are called maximal clones. All maximal clones on a finite set are
classified by I. G. Rosenberg into 6 classes by 6 types of relations. Two of them are non-trivial
equivalence relations and central relations. Consider a finite algebra that all fundamental
operations are polymorphisms of non-trivial equivalence relations. We describe all subalgebras
of such an algebra. Moreover, all subalgebras of a finite algebra that all fundamental

operations are polymorphisms of unary central relations are investigated.
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Introduction and Preliminaries

For each  N-ary operation f on aset A and each h-ary relation p on A, we

say  that f preserves  p(or f is a polymorphism of  p) if
(f(all,...,aﬁ),..., f(a{‘,...,aﬁ,‘))ep whenever (a,-l,...,aih) e p forall 1<i<n.Foraset Q

of relations on a set A, the set of all polymorphisms of all relations in Q is denoted by

Pol, Q. It is clear that Pol, Q = 1 Pol{p}.
peQ

The set of all finitary operations on a set A is denoted by O, and the set of all
projections on a set A is denoted by J,. A clone on a set A is a subset of Op which is
closed under composition and contains all projections. Then an arbitrary intersection of clones
is a clone. For any subset F of Oy, the clone on A generated by F, denoted by < F >, is

an intersection of all clones that contain F . The set of all clones on a set A is denoted by
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Clone(A) . It forms a complete lattice under the set inclusion where the greatest element is
O, and the least element is J,. The co-atoms of the lattice (CIone(A);g) are called
maximal clones. A subset C of O, is a clone on A if and only if C=Pol,Q for some set
Q of relations on A; see Pdschel (1980). I. G. Rosenberg (1970) classified all maximal clones
on a finite set into 6 classes of 6 types of relations. Two of them are non-trivial equivalence
relation and central relation.

A binary relation p on a set A is said to be an equivalence relation if it is reflexive,
symmetric and transitive. The diagonal relation A, :={(a,a)|ae A} and the universal
relation V= Ax A are equivalence relations and said to be trivial. An h-ary relation p on
a set A is said to be totally reflexive if it contains a set {(@,...,a,) € A" | ‘{al,...,ah }‘ <h}.
An h-ary relation p is said to be totally symmetric if for any permutation s on {1,...,h}, we
have (8y,...,&,) € p if and only if (ayqy,.--,85n)) € 0. A center C(p) is a set of all ae A
such that (a, az,...,ah) ep forall a,,...,a, A. We say that a relation p on A is a central
relation if it is totally reflexive, totally symmetric and ¢ # C(p) < A. In the case that p is a
unary relation on A~ p is a central relation if ¢# p < A; see Lau (2006).

An algebra A=(A; FA) is a pair consisting of a nonempty set A and a set FA of
operations on A. The set A is called the universe of A and each element in F2 is called a
fundamental operation of A. The clone on A generated by F2 is called a clone of term
operations denoted by T (A), and its elements are called term operations of A. A nonempty
subset B of A is a subuniverse of A if it is closed under all fundamental operations of A. If
B is a subuniverse of A, then Ez(B;FB), where FB is the set of restrictions of all
operations in F2 to B, is called a subalgebra of A. The set of all subuniverses of A
together with empty set is denoted by SUb(A) and it forms a complete lattice under set
inclusion; see Denecke and Wismath (2002).

The complete lattice (Sub(A);<) is a useful tool to check a categorical
equivalence of clones; see Koppitz and Supaporn (2013). A categorical equivalence of clones
was introduced by Denecke and Luders (1995). It is developed from a categorical equivalence
of varieties by consider the clone of term operations of an algebra that generates a variety.
Two varieties are categorical equivalence if there is an equivalence functor between them.
Many algebraic properties are preserved by an equivalence functor; see Davey and Werner

(1983).
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Main Results

In this section, we describe all subuniverses of a finite algebra A where
T(A)=Pol,Q such that Q is a set of unary central relations on A and a set of non-trivial
equivalence relations on A, respectively.

The first theorem was appeared in Koppitz and Supaporn (2013) but with a short
proof. The full proof of this theorem is allowed by the journal to be republished and it is
shown as follows.

Theorem 2.1 Let Q be a set of unary central relations on a finite set A. If A=(A;F2) is an
algebra where T (A)=Pol, Q, then Sub(A) ={A}y{N 3| B <Q}.

Proof Let S € SUb(A) where ¢#S < A. Then there is a€ A\S . Assume that S
is not a subset of B forall BeQ. Let f: ASl _5 A be defined by

X X X k= S
For each BeQ and each X,ee e Xg) € B, we have {Xl,...,)(13|}g B. Then {Xl,...,x15|}¢S,
thus f(X,....Xg) =% €B . These imply that f preserves B for all BeQ . Hence
f e Pol, Q. By the definition of f, we have that S is not closed under the term operation
f of A because ae f(S®) but a¢S. So S is not a subuniverse of A. This is a
contradiction. Then there is BeQ such that S B. Thus {B|BeQ and S < B}# ¢ and
Sc(¥B|BeQ and Sc B}

Assume that Sc(KB|Be€Q and Sc B}. Then there is be(¥B|BeQ and

ScB}butbegS. Let g: A — A be defined by

X ,{xl,...,><15|}¢ S.

For each geQ and each X;,..., Xg e B, we have {Xl,...,)(15|}g§. If X, X} = S, then
g(Xl""vX18|)=X1€§ I, Xg=S , then ScB and g(X,---, X)) =b , thus
9(X,--+1 X)) e({B|BeQ and ScB}<= B . These imply that g preserves B for all
geQ‘ Hence g € Pol, Q. By the definition of g, we have that S is not closed under the
term operation g of A because be g(S®!) but beS. So S is not a subuniverse of A. This
is a contradiction. Then S=({B|BeQ and S < B}. Thus Sub(A) c{A} {N S| <Q}.

For each BeQ, we have f preserves B forall f e FA Then B is closed under
all fundamental operations of A, thus B is a subuniverse of A. These imply that
Q = Sub(A). Then {AF B B = Q}< Sub(A) .

Therefore, Sub(A) ={A}{f| S <Q}.
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Example 2.2 Let Az{a,b,c,d,e, f} and Q={{a,b,c},{c,d,e},{a,e}}. By the definition
of Pol,Q, an n-ary operation f on A is an element of Pol, Q if and only if f preserves
all elements in Q ; ie. f({a,b,c}n) g{a,b,c} , f({c,d,e}”) g{c,d,e} and
f({a, e}n)g{a, e}. By Theorem 2.1, we get Sub(A)={¢, A,{a,b,c},{c,d,e},{a,e},{c},
{a} {e}}.

The last theorem, we describe all subuniverses of a finite algebra A where
T(A)=Pol,Q such that Q is a set of non-trivial equivalence relations on A. The result
surprised us that the set SUD(A) does not depend on a number of non-trivial equivalence
relations.

Theorem 2.3 Let Q be a set of non-trivial equivalence relations on a finite set A. If
A=(A;F%) is an algebra where T(A) = Pol, Q, then Sub(A) ={¢, A}.

Proof Clearly, {¢, A} = SUb(A). Let S € SUb(A). Assume that S#¢ and S = A.
Then ¢#S c A. Thus there is ae A\S. Let f:A— A be defined by f(x)=a for all
X e A. Foreach @ €Q and each (X,y) €8, we have (f(X), f(y))=(a,a) €. These imply
that f preserves @ forall @€Q . Then f € Pol, Q. By the definition of f , we have that S
is not closed under the term operation f of A because ae f(S) but agS.So S isnota
subuniverse of A. This is a contradiction. Then S =¢ or S = A. Therefore, SUb(A) ={¢, A}.
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