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Abstract

We analyze geodesics (trajectories of free-falling bodies) in the geometry created by a
Reissner-Nordstrom black hole. Bound and unbound radial orbits are obtained first in the
superextremal case, then in the extremal and subextremal cases where geodesics penetrate a
horizon, inside of which an outside observer cannot see. We determine the location of geodesics
in conformal (Penrose) spacetime diagrams. We also deduce that the “river model”, a useful idea
to explain the behavior of Schwarzschild black holes, fails in the case where electric charge is

present.
Keywords: Reissner-Nordstrém, Black hole, Geodesic, Penrose diagram

Introduction

The solution of Einstein’s field equations for a spherically symmetric mass distribution was
found by Karl Schwarzschild in 1916 [1], leading to the theoretical possibility of black holes. The

spacetime geometry created by a static, non-rotating black hole with mass m and electric charge q

was determined independently by Hans Reissner in 1916 [2] and Gunnar Nordstrém in 1918 [3]."2

The geometry created by such a charged black hole is determined by the metric

2

2m dr?
ds? = —<1 ——+q—2>dt2 +
T T

Sy —— +12d6? + (rsin)2d¢? .

! Geometrized units where G =c¢ =1 are used in this paper, so that mass and charge have units of length.

These quantities can be converted to units of length by multiplying by the conversion factors

G/c? =743 x107%8m/kg

VG /Ameyc* = 8.62 x 107 m/C

2 We investigate only the case of static (eternal), spherically symmetric, non-rotating black holes. Black holes

created at a finite prior time (by stellar collapse or some other means) are not considered.
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This is not a vacuum solution since the geometry is determined by both the mass and the electric

field with energy density E?/8m = q?/8nr*.

Reissner-Nordstrom black holes receive cursory treatments in the text literature [4,5] or are
introduced as exercises [6,7]. This can be attributed to circumstances and hypotheses which suggest
that the phenomena associated with charged black holes are likely to be unphysical.® Notwithstanding
this, the Reissner-Nordstrom solution has intrinsic interest and shares features of the Kerr solution

for rotating black holes.

Useful Formulas and ldentities

We establish several elementary results which will be used repeatedly.

A. Notation

dt, denotes proper time along a geodesic. When there is no possibility of confusion, we will write dr.

dt, denotes proper time for a stationary shell observer S, located at radius r.

A dot i always denotes differentiation with respect to proper time along a geodesic: 7 = dr/dt,,.

B. Shell observer speed

We consider metrics of the form

2

,  d
=—f(r)dt +f(r)

+12d0?% + (rsin0)?d¢? . (D

We assume f() =1, so the spacetime geometry is asymptotically flat. In the case of radial

motion (df = d¢ = 0) the metric simplifies to

2

s?2 = —f(r)dt? +f(r)'

A shell observer §,, who is stationary on the sphere of radius r, measures the speed of an

object in (timelike) motion in his frame of reference:

_ proper length ds|

=

at=0

proper time 1/—dsz|

ax=0

8 Such as the cosmic censorship conjecture, mass inflation instability, and the sheer amount of excess charge
needed for the inner event horizon radius to reach the Compton wavelength of an elementary particle or even
the Planck length.
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Therefore

, _dr?/f(r) dr?/dt? 1 dr

U= Fmae T o . YT rma @)

We choose the positive square root in (2) so that v, has the same sign as dr/dt when f(r) > 0.4

The proper time element dt, for a shell observer §, is

= J—ds? | Fr)dt. 3)

Therefore, by (2) and (3):

1 dr 1 dr d‘rgd'rr_f”\/l—vrz\/f(r)_f\/l—v,?
U SF@dt ferdrdr, dt . f() CR

Solving for v2:

U,? =W. (4)

It follows that |v.| <1 if and only if f(r) > 0.

C. Geodesic motion

Timelike geodesic trajectories in the equatorial plane 8 = m/2 satisfy the equations of motion:®
.4
¢=73
- ©
f@)

4 f(r) < 0 corresponds to a black or white hole; see (37) and Figure 13. Along a timelike path in such a
region, dr never changes sign — dr <0 in a black hole — but dt can be positive, negative or zero. Thus

“ingoing” objects (dr/dt < 0) and “outgoing” objects (dr/dt > 0) both move in the direction of decreasing r.

5 A straightforward generalization of the derivation given by Dray [8] (pp. 21-23) for Schwarzschild geometry.
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where e and £ are constants of the motion.® For a geodesic that starts from rest at infinity, the
third equation in (56) shows that e? = f(o) = 1.

For a radial geodesic, ¢ = 0 implies £ = 0, whence 72 = e? — f(r). Inserting this into (4) yields

two useful relations (taking e > 0):
T
Ur = ; (6)

v, =1——+ )

From (7) we may deduce that e is the ratio of total energy E to mass M of a free-falling
object measured by a distant, stationary observer.” We verify this as follows. In a potential energy
field U the total energy is E = yM + U, where y = (1 —v?)"Y2 and U are both functions of position.

Hence:

(L)ZZ(E)Zzl_UZ=1_<1_f(r))=f(r).

e? e?

Thus (E-U)/M =e/\/f(r). Letting r - co we obtain E/M =e.

Henceforth all geodesics will henceforth be assumed to be radial.

Preliminaries

The Reissner-Nordstrém metric is given by (1) with

f(r)=1—27m+§=1—w (8)
where B = q?/2m. The radial equation of motion along a geodesic is given by (8):
r'2=ez—<1—2m(:—2_'8)). ©
For an object that starts from rest at infinity, e = 1, so its equation of motion is
72 = w (10)

¢ ¢ is the angular momentum per unit mass.

7 Al test “objects” are assumed to be uncharged, and therefore do not interact with the electric field.
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Since the trajectory is ingoing, we conclude:

P Zm(: =B . (11)

We see that the object comes to a stop at r =8 and moves no closer to the singularity.

A shell observer &, measures the object’s speed from (6):

s 2m(r — B)
Ur—g——i‘r (12)

Since a shell observer cannot observe an object with nonzero mass traveling with speed |v,.| =1, it

must be that

2m(r — B)
T<l

2m(r - B)
72

o 0<1- =f(r) © P =r’-2mr+q*>>0.

P(r) has discriminant 4(m? — q?), so there are three distinct scenarios:

(i) If |q| >m, then P(r) has no real zeros and |v.| <1 for all . This is a superextremal

singularity.

(i) If |g| <m, then P(r) =0 at ry =m £, m?—q2 In the region . <r <r, we find f(r) <O0.
In this region |v.| > 1 so no shell observers can exist. The radii — and r, are the inner

and outer event horizons. This case is called subextremal.

(i) If |qgl =m, then P(r) =0 at r =m. There is only a single horizon, which separates regions

where P(r) > 0. This case is called extremal

We consider these cases separately.

Superextremal Singularities
A. Geodesics originating from r =

In the superextremal case, f(r) >0 for all r, so by (4) we have |v.| <1 for all B <r < oo.
This is apparent in Figure 1, which shows v, given by (12) for various values of q. The curves for

g >m =1 correspond to superextremal singularities; the other curves will be referenced later.

73



\-\ﬂma"ﬂaﬂfﬂjﬂ Thai Journal of Physics

Vol. 38 No. 2 (2021) 69-98

o

'
N

I ¢ = 0 (Schwarzschild)

W
—

I
I
|
|

Figure 1 Shell-observer speed v, for a free-falling object starting from rest at infinity.

q > 0 is Reissner-Nordstrém geometry; q = 0 is Schwarzschild geometry. ¢ >m (m = 1)

corresponds to a superextremal singularity.®
The trajectory is obtained by integrating

_dr 2m(r — B)
dr r

to obtain

1
2

:Ji (9m) Jr=Ba+2p)+cC.

V2m(r —p)

(13)

(14)

Choosing € =0 is equivalent to the condition r=p at t=0. €gn. (14) can be inverted to obtain

the trajectory r(t).

Free fall times. A freely falling object starting from rest at infinity falls from r=R to r=p

in finite proper time:

N~

( )J—(R+2ﬁ)

8 We choose m =1 in all figures in this paper.

(15)
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The time to fall from R to B measured by a far-away observer (or a shell observer) is also finite.
By (2):

LTS et r[?s])\/Zm(r B

SO

ridr

R
ac= | .
J (2 = 2mlr — pDV2mG = B

This integral can be evaluated in elementary functions but is messy. When r is close to B the
integrand is = B/ /2m(r — B) which is integrable over an interval g <r < B + €. Hence, At < .

To find At, we use (2) and (3) to obtain

dr _dr dt _m
a, drar, VDo

so that

ridr

R
At = 2! \/rz —2m(r — B)\/Zm(r -B) =

B. Dynamics at r=p8

Once an object that falls from infinity comes to rest at r = (or assuming an object starts
from rest at r =), the equation of motion is given by (10); however, the direction of motion is

now outgoing. To verify this, differentiate (10):

27 = M . (16)

7"3
At r =8 we have ¥ =0, so (16) is not informative. However, since 7 # 0 for all r# B, we let r >

to deduce that #(8) = m/B? > 0. Therefore, the object is accelerating outward at r = g (the singularity

is repulsive).” Therefore, the equation of motion is given by (10) with the positive square root:

;= —Zm(: B a7

° This refers to the spatial acceleration #. The four-acceleration X=0o0na geodesic.
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The trajectory is just the reverse of the ingoing geodesic (14):

N[ =

rdr ( 2 )
T = —_ | — T — r+ 2 +C 18
| (g VT +2B) (18)
and has the asymptotic behaviors:

- p . _\2m(r—B) _mt?
T~ﬁ. T~T = 7"(‘[)~2—ﬁ2+ﬁ

r > f: x> \/? = r(@)= <9Tm) 72/3 (19)

Figure 2 shows joined-up ingoing and outgoing trajectories for various values of gq.

[T

4‘1 ‘z o| 2 4

‘ ‘ T

Figure 2 Trajectory r(t) of a geodesic starting from rest at infinity, for ¢ = 0.5,1, 1.5, 2.

C. Geodesics starting from r=p >

Suppose an object starts from rest at radius p > B. From (9):

_2m(p—B)

e?=1 e

so the equation of motion is

o _2mr—B) 2m(p—pB) _ 2mlp—p)
r= 72 p? - p2r?

=)

(r—p)(r—p_ﬁ
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-2 P e -pe-w (20)

where w = pB/(p — B).

The variables p and w and their properties. Note that  vanishes at r=p and r = w.

Solutions to (20) exist under the following conditions:
(i) p>pB : when r lies in the interval between p and w.
(i p=p: when r=p.
(i) p<pB: when r=p (since w<0).

Only case (i) interests us now. Case (ii) has already been solved, and case (iii) will be examined
later. Note that pw = (p + w)B, which represents a conjugacy between p and w. We record some

useful identifies for later use:

pw = (p+w)p
2
pp_ﬁ=%‘)=p+w (21)
pB
Z—P—ﬁ

Using the second identity in (21) we can rewrite the equation of motion (20):

e
The following relationships will be useful to observe (see Figure 3):
If  2B8<p then B <w<2B (in particular, w < p)
If  p=2p then w=p
If B<p<2B then 2B < w (in particular, p < w)
If 0<p<§p then w<0, p+w<0,and |w|>p (23)

Note that:
p—oo = wlpB (the geodesic that starts from rest at infinity)

plpB = w — o (the geodesic that starts from rest at r =p)

77



\-\“mﬂ"ﬁaﬂﬂ“”(—-f Thai Journal of Physics Vol. 38 No. 2 (2021) 69-98

g

o \

w=f

9

p=F
A

P

Figure 3 Relationship between p and w(p) pB/(p —B).

Trajectory starting from p. In which direction does the object begin to move from r = p?
Differentiating (20) with respect to t gives (16) again. As before, we need to be a little careful since
7 =0 at p, the starting point. Since 7 vanishes only at p and w, we can let r - p to deduce that
#(p) = m(28 — p)/p®. Hence

_m@f-1 24

is valid for all r > 0. Therefore:'°
(i) If p> 2B, the motion is ingoing, since # < 0 (which agrees with w < p).
(i If B<p<2B, the motion is outgoing, since ¥ > 0 (which agrees with p < w).
(i) If p=2pB, there is no motion (* = constant = 0), since # =0 (which agrees with w = p).

The object therefore travels in a periodic orbit between r =p and r = w. Figure 4 shows r plotted
against r for various values of p > 2B. The black trajectory is the ingoing geodesic starting at p and

ending at w. The green plot is the outgoing geodesic starting at p and ending at w. For B <p < 2B
the orbits are the same with p and w reversed.

10 We will see that in the subextremal case, r = 2f lies in a black hole region where 7 < 0. Hence the initial
condition 7(p) = 0 does not apply in this case.
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Figure 4 Radial speed v (vertical axis) for geodesic trajectories starting from rest
at p =6,10,15,20,30, (8 = 2).

-0:5

The equation of motion (22) can be integrated to obtain the trajectory:

= ﬂ_+ p+wf rdr 25)
T ) - —w)

The integral in (25) can be evaluated explicitly:

T=iﬁi3{@—mv—m+F+

a)] . <p+w—2r) +c 26
oy arcsin P —w (26)

and inverted to obtain r(7).

Figure & shows part of an orbit given by (26) with outer turning point p = 6 and inner turning
point w =3. (Here m =1 and by necessity f = pw/(p + w) = 2, corresponding to q =/2mB =2.) The

constants of integration have been chosen so that r(0) = p.
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r=aw

T

Figure & Periodic orbit r(t) between r =3 and 6 (B = 2). The period is 27m/\2 = 60.

The period T of the orbit is

2[r(w) —7(p)] = F(p +w)¥2.

D. Geodesics in Penrose spacetime diagrams

Radial geodesics appear in Penrose diagrams as worldlines connecting i~ (past timelike infinity)

' Pigure 6 illustrates unbound and bound geodesics.'®> The unbound

and it (future timelike infinity).
orbit (left) reaches a minimum radius B =2. The bound orbit (right) oscillates between p =3 and
w =2, so here B =pw/(p+ w)=1.2, corresponding to q = \/W ~ 1.549. The oscillations have been
exaggerated in this illustration: in an accurate diagram the bound geodesic would lie imperceptibly
close to the worldline r = 3, since it oscillates with period T = 25. Only intense magnification around

i~ or it would reveal the oscillation. Penrose diagrams can be misleading since they compress

infinite volumes of spacetime into the corners.

""" A Penrose (or conformal) diagram is a spacetime diagram using maximally-extended coordinates (e.g., Kruskal-
Szekeres coordinates for a Schwarzschild black hole) where the metric has been conformally rescaled to include
the points at infinity. See Misner, Thorne and Wheeler [6] (§34.2) for a general discussion of Penrose diagrams,
and Hawking and €llis [4] or D’Inverno [9] for a detailed discussion of Penrose diagrams for Reissner-Nordstrém
black holes.

2 In both examples we choose m = 1. Different values of f are assumed for illustrative purposes.
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Figure 6 Penrose diagram for the superextremal case. Left: unbound orbit (8 = 2).
Right: bound orbit between p =3 and =2 (B = 1.2).

€. Geodesics starting from r=p < g

€Equation of motion. Consider an object which starts from rest at radius p < . We analyze
the motion as above. From (9):
2m(fp —
e? =1+ #. 27
Thus, the potential energy increases without bound as p — 0, so the singularity is infinitely repulsive.

The equation of motion is given by (22):

([ 2m A\ =) - w)
r _(_p+w) r? (28)

where it is remembered that p < implies w <0 and p+w <0, so that 72 >0 for r> p.

To confirm the direction of motion, we use (24) to find #(p) = m(28 — p)/p® > 0. Since p is
the only point where 7 vanishes, the direction of motion is always outgoing. Accordingly, we take

the positive square root in (28) and obtain
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.| 2m JOo-p)r-ow)
;= f : (29)
o + w] r

We will see below that the orbit is unbounded (as in the case p = g).

Shell speeds. It is convenient to return to (20) for the equation of motion, expressed in

terms of B and p:

o _2mG=p) _2m(p—p)

72 PE

which we re-write (since p < B):

e = (30)

_ JZm(ﬁ—p)_Zm(ﬁ—r)
The object accelerates outward from p and passes shell observer S with radial speed 7(B) =
V2m(B — p)/p, which > o as p - 0. However, Sp sees the object pass by with speed

LB _ B =p)
7 e [pr+amB-p)

<1.

Therefore, as p - 0 we find that #(8) —» o but vz - 1! This disparity is not caused by curvature at
r = B; in fact, spacetime here is actually flat. It is because e — o as p—>0. As p - 0 the object’s

acceleration and speed increase, and time dilation separates dr, and dr,.

Generalizing the last observation: as p —» 0 we find by (30) that + - o everywhere in the

interval p <r < B. However, a shell observer §, in this interval sees the object traveling with speed

2mB —p) 2m(B —r1) >
F \/ p? B 2 \/zm([g —p)— 2mp*(B —1)

r2

v, = g - - a . 31)
- Zm(gz_ 0) Vp*+2m(B —p)

Figure 7 shows v, for various values of p. Note when p=p8, (31) gives v, = 2m(r — B)/r, which
agrees with (17).
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p=0.01
p=0.2

0 0 15 2

|

Figure 7 Shell speed v, for geodesics starting at rest from p = 0.01,0.2,0.4,0.6.

Blue curve is the geodesic starting from rest at = B =0.72 (q = 1.2).

Remarks:
(i) lirrév, =1 for all r (@ consequence of e - ).
p-
(i) v, attains a maximum at r = 2.

(i) For p<pB and r>»0:

o (s VL
r¥ v omB—p) 2m(B — p) _\/HTlp—l—wl'

Thus, geodesics that start from p < g behave differently at large r than geodesics that start at p =
B. When p < B,v, trends down to a constant as r - o; while for p =, v, falls off like 1/+/r (see
the second equation in (19)). This is not apparent in Figure 7 but becomes clearer if the plot is
rescaled with the r-axis logarithmic (Figure 8). The reason for this is clear. From (9) an object
starting from rest at f has e =1, which is also the energy of an object that falls from rest at
infinity. But when p < B, (27) shows that e > 1. Hence, the situation is analogous to a projectile

leaving the €arth with a speed exceeding the escape velocity: if p < B the object travels to infinity

with excess kinetic energy e = 1.
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1071 10" 10! 10° 10° 10t 7
Figure 8 The same plot as in Figure 7 except the r-axis is logarithmic. When p = f the
trajectory is the reverse of an object in free fall from rest at infinity (e =1). When p < 8,

e > 1 and the object travels to infinity with a surplus of kinetic energy.

Geodesic trajectories. Outbound trajectories can be determined by integrating (29):

T=fﬂ= |P+w|f rdr (32)
7 2m ) - p)r—w)

which yields

T= ’Ip;nwl{ [(r=p)r - w) - |P;w|1n(2,/(r—p)(r—w) +2r+ |p—|—w|) +C. (33)

Figure 9 shows the trajectory r(tr) for various values of p. The constants C have been
chosen so that r(0) =p for each curve. The approximately linear behavior of r(r) for r>» g is
apparent in the curves with p <. The curve in blue is the outgoing geodesic starting from rest at
p =B, given by (18). For p=p, the curve r(r) grows like T2/ when r>» B (see (19)), which is not
apparent in the Figure 9 since the inflection point occurs at r =2B. The shape of the curve would

be revealed if the axes were rescaled.
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0 1 2 T

Pigure 9 Trajectories r(t) of a geodesic starting from rest at r = p for p =0.5,1,1.5,1.9 (8 = 2).

Blue curve is the geodesic starting at rest from p = f3, and grows « 2/3 for r >» B.

F. River speed

“River speed” is a concept intended to convey the “speed of space” and provide an intuitive
basis for geodesics in curved spacetime ([10]). Recall that for a Schwarzschild black hole, the metric
is given by (1) with f(r) =1—-2m/r and the equation of motion for a radial geodesic is 72 =e? —
(1 —-2m/r). An object that falls freely from rest at infinity (e =1) satisfies r':vr:—\/m—/r. The
speed |v.| =0at r =00 and increases to |v.| =1 (light speed) at r =2m. After crossing the event
horizon r = 2m, the speed |v.| > ©as r - 0. We think of a freely falling object as being carried
along this geodesic as if floating on a river with current speed vr=—\/m, referred to as the

“river speed” (or “waterfall speed”).

For a Schwarzschild black hole, shell observers cannot exist at r < 2mwhere |v.| = 1. In

fact, the following are equivalent:

i f@)<o.
(i) vl > 1
(iii) The unit vector f points in a timelike direction. (34)

Proof: (i) & (ii): Follows from (4). (i) & (iii): From the metric (1), if f(r) <0, then along the worldline
t = constant (dt = 0) we have ds? = dr?/f(r). Hence f(r) <0 < ds? < 0. (Similarly, along the worldline
x = constant (dx = 0) we have ds? = —f(r)dr?, so f(r) <0< ds? >0, which means the unit vector
t points in a spacelike direction.) Note that the inequalities in () and (i) can be replaced with

equality if in (iii) “timelike” is replaced with “lightlike”.
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An object in free fall (starting from rest at infinity) is seen by a shell observer §, to be

traveling with speed given by (11):

p=l= Y2 H) (35)

which vanishes at r =8 and is not defined (or imaginary) for r <. Figure 1 illustrates v, for

Schwarzschild and Reissner-Nordstrém black holes.
We ask two questions:
(1) For r =B, can v, defined by (35) be sensibly interpreted as river speed?
(2) Can we define river speed in the region 0 <r < g?

The foregoing analysis enables us to respond as follows:

Question (1): An object starting from rest at r =28 does not move, since # =0=7=0.
Hence the river speed at 28 should be zero, whereas (35) gives v,p = —\/Wz —m/q, which is
where |v,| attains its maximum value! Similarly, an object starting from rest at r = is accelerated
outward, hence the river speed at g should be positive, but we have vg = 0. Therefore, the answer

is no: v, fails to provide a sensible representation of river speed for radii smaller than = 2p.

Question (2): Geodesics that start from p < B travel outward to infinity. Therefore, intuitively,
space should be accelerating outward. From (31) a shell observer &, in the region 0 <r <p sees
v, > 1 as p—> 0 (see Figure 7). This is a consequence of the infinite repulsion of the singularity: as
the initial position p - 0 we require e » o, propelling the object outward at a speed v, » 1. Note

that shell observers are admissible everywhere since f(r) > 0.

Which starting point p shall we choose to define the geodesic that corresponds to river
speed? Intuitively, we seek a geodesic that starts from rest (# =0) at a point of unstable equilibrium
where the acceleration is zero (¥ =0), such as r = co. But there are no such places with r < 8. The
radial velocity #=0 only at g, and #=0 only at 28. One may be tempted to try the geodesic
starting from p =0, but this geodesic has v, =1 for all r, which is not what we want. Hence, there
is no sensible or consistent way to define river speed for r < B. The river model breaks down when

f(r) has local extrema.

Subextremal and Extremal Black Holes

The superextremal case is convenient for developing the essential features of geodesics
without the additional complications present in the subextremal and extremal cases. However,

superextremal singularities are probably unphysical for several reasons. First, the amount of charge
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q equivalent to a stellar mass is enormous, and such a highly charged mass would quickly become
neutralized by attracting opposite charge from its environment.'® Second, the weak cosmic censorship
conjecture asserts that nature does not permit “visible” or “naked” singularities. A “visible” singularity
means that there exists a lightlike path from the singularity to 4% (future null infinity) that does not

cross an event horizon.'®

Our analysis and results in the superextremal case carry over to the subextremal and
extremal cases since the equations of motion (5) are based on proper (geodesic) time. However,
there will be changes in the measurements made by shell observers §, and the far-away observer

who measures all dynamical variables using r-t coordinates.

A. Location of geodesic turning points

In the region . <r <7, we have r2f(r) =r?2—2mr +q?> <0 and therefore |v.| =1 by (4).

This region is a black hole where no shell observers can exist.

The following fact is useful. Algebra (or Figure 10) shows that |g| > 0 implies:

B <r. <2B<r (subextremal case)

B <r.=28=m (extremal case) (36)

Hence, r = B lies strictly within the inner horizon. This is not surprising since 7(8) = 0, which cannot
occur inside the black hole. Furthermore, r = 28 lies between the horizons. By (24), #(28) =0, so
that an object placed at rest at r =28 remains at rest. While this would be true in the superextremal
case, it cannot be true in the subextremal case since r =2f lies inside a black hole. There is no

paradox; the initial condition 7#(28) =0 is not a valid assumption.

We may obtain some perspective on the black hole by considering its dimensions for various
values of 0 <|q| <m, as shown in Figure 10 (where we take m = 1). Except when the black hole
is nearly extremal, the inner horizon lies very close to B, so an ingoing object in free fall decelerates
rapidly between 28 and B. For small |q]|, the black hole region r. <r <r, occupies nearly the entire

interval [0,2m]. The interior region 0 <r <r_ is consequently very narrow.'®

'3 An electric charge g equivalent to the mass of the sun GMg/c? =1,477 m has charge q = 1,477 + 8.62 X
107 m/C = 1.71 x 10%° C = 1.07 X 103° elementary charges. This is approximately the number of electrons

(or protons) in 4 trillion kg of iron, equal to a cube of iron 798 meters wide.

4 See Penrose [11] and Wald [12].
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Outer horizon 7 = r,

/
/ .
” ’_:Qﬂl/ Inner horizon 7 =7
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/ 4 Tumnaround point r = f
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0 05 1 115
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Figure 10 Variation (with q) of the radius of the outer horizon r =r,, inner horizon r =r_,

turnaround point r = 8, and “zero acceleration” point r = 2.

Figure 11 shows the relationship between the turning points p and w = pB/(p — B). Note

that for geodesic motion starting from rest at r = p outside the black hole:
i If p>ry, then w<r.
(i) f Bp<p<r, then w>r,.

Thus, the turning points of the geodesic always lie outside the black hole, as they must. When
p < B we have w <0, which signals that there is no opposite turning point — the trajectory is

unbounded (r increases to infinity).

'S Por small q/m, the inner horizon 1. = m[l —J1- (q/m)z] ~ q?/2m. For a 10Mg black hole
(m = 14.77 km) with q/m = 10712 (= q = 1.7 X 10° C) we find that 7. = 7.4 X 10721 m. This is so close to

the singularity that any object would be destroyed by tidal forces (or extreme deceleration).

Conversely, the charge required for = = £p (the Planck length) is q = /2m¥p. For a 10Mg black hole this is
q= \/2(14,770)(1.6 x 10735) = 6.87 x 1071 m ~ 80 C. A star formed from neutral gas may have a positive

charge up to = 100 C per solar mass (see [13]), so the inner event horizon of a charged black hole is unlikely

to be significantly larger than a few multiples of the Planck length.
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BIACK{HOLE!

FPigure 11 Relationship between p and w(p) = pB/(p —B). The turning points w and p lie
outside the black hole when p>r, or p<r.. When p <p the trajectory is unbounded.

B. River speed (revisited)

The river-speed model was partly motivated to provide an intuitive explanation why motion
inside a Schwarzschild black hole is always toward the singularity (namely v, < —1 means that the
inward “flow of space” is faster than the speed of light). In the superextremal case there is no
black hole, while in the subextremal case there is a black hole in the spherical annulus . <r <.
(In the extremal case there is a single horizon at r =m, but the region r <m appears as a “black

hole” to an outside observer.)

Does the river model stand up any better in the subextremal or extremal cases? No: the
model fails in the Reissner-Nordstrom metric due to the effective potential having both repulsive
and attractive characteristics, which is reflected in the local extremum of f(r), not the number of
zeros of f(r).'® Since the geodesic trajectories parameterized by proper time are the same in all
cases (superextremal, extremal, subextremal), the arguments of the previous section concerning “river

speed” remain valid, with one minor exception discussed below.

16 Recall from (7) that v.=1— f(r), so we can infer from Figure 1 that f(r) has a single extremum.
Alternatively, from (8) we can compute directly: f'(r) = 2m(r — B)/r3, which implies that f(r) has a local

maximum at r = .
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Since |v,| =1 inside the black hole region . <r <r,, the river model provides the same
intuitive explanation why motion is toward the singularity as with the Schwarzschild metric. But the
model breaks down for the same reasons as given in the superextremal case. €gn. (36) shows that
r =2B (where # changes sign) is located inside the black hole. Therefore, the previous demonstration
that the model fails at r = 28 must be modified slightly, since it is impossible for an object to start
from rest inside the black hole. Instead, we imagine releasing an object at r =28 with a small
(inward) velocity. The object would initially accelerate very slowly because #(8) = 0. However, we
still have v,z = —m/q, which approaches —o as q — 0. Thus, we conclude again that v. cannot be

interpreted as the “speed of space.”

C. Free fall times

The dynamics of an object in free fall from infinity are the same as in the superextremal
case. €gn. (10) gives the equation of motion 7= +.2m(@ —B)/r, so the object falls through both
event horizons and turns around at r = B. Trajectories are given by (14) and (18) and appear as

in Figure 2. Behavior at the turnaround point becomes more cusp-like as - 0 (8 — 0).

The proper time to fall from any finite r =R to r = is given by (15). Hence, an object in
free fall crosses both event horizon(s) in finite proper time. In the extremal and subextremal cases,
the role of the outer horizon is like the event horizon of a Schwarzschild black hole. In particular,
the far-away observer who measures all dynamical variables in r-t coordinates never sees a free-

falling object reach r =r,. The verification is straightforward. Write

NWJ___%_Q:Q&:Q, 37)

7"2
From the t-equation of motion (), dt/dt, = 1/f(r). Hence the far-away observer measures the time
to fall from r=R to r=rn:
T+

ridr

[a[ e[| s
VIO ") O T ame—p -0

At

r3dr

f J2mG =P - -r)

(38)

since the integrand behaves like constant/(r —r,) in a neighborhood of r,.

This also implies that a shell observer §, never sees an object reach r=r. From (3) we

have 1, =/ f(p)dt. Hence §, measures the time to fall from r=R to r=r,:

p

Q0
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by the same calculation as in (38).

D. A paradox

The previous result presents a paradox. §, sees an ingoing object in free fall toward the
black hole approaching — but never reaching — the outer horizon r,. However, in finite proper
time the object crosses both horizons, turns around at r =pf, crosses both horizons again, and
travels outward along the same radial line — to collide with itself outside of r,. in full view of §,!
The explanation is provided by the maximally-extended geometry for a subextremal Reissner-

Nordstrém black hole.

€. Penrose diagram for subextremal black hole

Figure 12 illustrates the Penrose diagram for the subextremal case. (Hawking and Ellis [4]
and D’Inverno [9] discuss Penrose diagrams for all three cases of Reissner-Nordstrém black holes:
superextremal, extremal and subextremal.'”) The trajectory in purple shows the bound orbit of an

object in free fall starting from rest at p > r,. The trajectory can be described as follows:
1. The object starts from rest at r =p in Our Universe and begins to accelerate inward.
2. At r=r, it enters the black hole, where it cannot be seen by outside observers.
3. At r =2p the object stops accelerating inward and begins to decelerate.
4. The object exits the black hole at r =r_ and enters Our Wormhole: the region 0 <r <r..
5. At r =w the object comes to a stop and begins moving outward.

6. Between . <r<r it travels through a white hole (accelerating until r=28 and

decelerating afterward).

7. At r =r, the object emerges into Our New Universe.

7 Por a Schwarzschild black hole, a spacetime diagram using maximally-extended (Kruskal-Szekeres) coordinates
reveals a parallel space or universe, which also has an event horizon bordering the black hole. Only a spacelike
trajectory can traverse the black hole from one universe to the other, so no object (including a photon) can
travel between the two universes. In the Reissner-Nordstrom case, the black hole occupies the region - <r <
.. Interior to the black hole (r <r.) is a wormhole in which the singularity ¥ = 0 lies. The singularity is
timelike (unlike the Schwarzschild singularity, which is spacelike) and therefore need not lie on the timelike

worldline of an object passing through the wormhole.
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To outside observers in Our Universe, the object approaches r, asymptotically as t - oo. To outside

observers in Our New Universe, the object has been emerging from r, since t = —oo.

THEIR NEW UNIVERSE OUR NEW UNIVERSE

t = constant 2

W

A
%

£\

‘Nuy

1 = constant

Figure 12 Penrose diagram for a subextremal Reissner-Nordstrém black hole. The purple
trajectory is a bound geodesic starting at r = p in Our Universe. An unbound orbit would

start at i~ in Our Universe and finish at it in Our New Universe.
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Finding the right wormhole. Figure 12 shows the geodesic passing through Our Wormhole
and into Our New Universe. However, timelike trajectories into Their Wormhole and Their New
Universe are also possible. To see why the geodesic must follow the trajectory shown in Figure

12, note the directions in which the t-coordinate increases and decreases in the various regions,
shown in Figure 13.

,.77;7,,

WHITE HOLE [

Figure 13 Penrose diagram showing directions of increasing t-coordinate.

If an ingoing trajectory, originating in Our Universe and passing through the black hole, were
to enter Their Wormhole, then somewhere inside the black hole dt must change from negative to
positive (the worldline has a vertical tangent). Therefore, dt =0 somewhere along the trajectory.
However, the t-equation of motion (&) says dt = [e/f(r)]dz, so dt <0 everywhere inside the black
hole; in particular, dt # 0. Therefore, the geodesic must enter Our Wormhole. A similar argument

applies inside the white hole to guarantee that the geodesic enters Our New Universe.
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Using thrusters to influence the trajectory, a spaceship inside the black hole can traverse
the t-coordinate forwards (right) or backwards (left) and enter either Our Wormhole or Their
Wormhole. Likewise, inside the white hole a spaceship can steer a course into either Our New

Universe or Their New Universe. Figure 14 illustrates several such trajectories.

3
THEIR NEW UNIVERSE K R 0

> <

A
\
A

OUR
WORMHOLE

"
1,’(///
* ‘1’// (BLAGK O X
N 4
\\ 7\
N A
@

r=0

Figure 14 Penrose diagram showing various non-geodesic trajectories.

As an aside, it is possible to navigate within the black and white holes and wormholes using
geodesics. A spaceship captain lost in one of these regions can follow photons coming from Our
Universe. The worldline of an ingoing photon from Our Universe passes through the black hole at

a 135°%angle in the Penrose diagram, enters Our Wormhole, and “reflects” off the singularity r = 0.
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(The photon actually passes through the singularity and changes from an ingoing photon to an
outgoing photon.) The photon continues at a 45°-angle through the white hole and enters Our New
Universe. Hence, a spaceship can locate Our New Universe by stationing a source of recognizable
photons at his point of departure (for instance, an antenna sending radio waves transmitting

Beethoven’s Fifth Symphony), and then follow these photons into Our New Universe.'®

F. Extremal black holes
Infinite distance to the horizon. In the subextremal case, a shell observer §, outside the

black hole uses (1) to measure the proper length between two shells of radius r and r + dr:

|dr| B r|dr|
@ Jo—r)-r)

Therefore, S, measures the distance from r =R to the outer horizon r,:

R R

f J (r—r+)(r—r)<°°

S, measures a finite distance to the outer horizon, even though he never sees a falling object reach

it. (In the superextremal case, we also have Al < oo, since f(r) >0 everywhere.)

In the extremal case, however, r, =r_.=m where 1/f(r) has a double pole. Therefore

rdr

J‘Jf(r f
Thus, the horizon is invisible, being infinitely far away.

Behind the horizon. In the extremal case there is a single horizon ry =m bounded by
regions where f(r) > 0. Hence, there are no black or white holes where £ points in a timelike
direction (see [4] or [9] for the relevant Penrose diagram). In Our Universe this is a “future horizon”,
since ingoing objects are observed to reach the horizon at t = o0, just as with subextremal and

Schwarzschild black holes.

'8 This is somewhat fanciful. The inner horizon is considered unstable in the presence of any mass or energy.
An infinite blueshift at the inner horizon was first pointed out by Penrose [14] who suggested this would
destabilize the geometrical structure. This instability was analyzed by Poisson and Israel [18] who termed it
“mass inflation”; see also [16]. We are assuming the black hole is “empty”, meaning empty of charge, matter,

or radiation (but not of a static electric field) except at the singularity.
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An ingoing object crosses the horizon and enters a wormhole, in which all timelike paths
lead to a New Universe. It departs the wormhole through another horizon — a “past horizon” in
the New Universe, in which the object appears to have been emerging since t = —o (as with white
holes). The region r <m in Our Universe is a “black hole” in the sense that nothing which falls
into the region can ever get out, but not in the sense where f(r) <0 and f points in a timelike
direction. The region r <m is the connecting region (wormhole) between two universes: the black
and white holes which are present in the subextremal case have been sqgueezed out of existence
as the inner and outer horizons merge into one. Similarly, the region r <m could be called a “white

hole” in the New Universe in the sense that no timelike path from the New Universe can enter it

Whether or not the wormhole should be termed a “black hole” in Our Universe and a “white
hole” in the New Universe is somewhat academic, since the horizons are invisible to outside
observers, as shown above. Therefore, their presence would be difficult to detect. Moreover, an
extremal “black hole” would be unstable, since the addition of the smallest amount of charge would

make it either superextremal or subextremal. (But then the situation would no longer be static.)

Conclusion

We have shown that the Reissner-Nordstrém metric

ds? = — <1 —27m+ z—j> dt? + — ch/li c7r T+ (rsin6)?dg?
gives rise to a variety of interesting behaviors with respect to timelike geodesics (the trajectories of
uncharged particles with positive mass). Examining only radial geodesics, we found that the singularity
has a gravitationally repulsive character. Geodesics starting from rest at infinity or at r <28 = g?/m
have unbound orbits which go to infinity, while geodesics starting from rest at r between 28 and
o result in bound orbits. This behavior holds in all cases (superextremal, extremal and subextremal)
with the proviso that in the subextremal/extremal cases the turnaround points of bound orbits lie

outside the black hole region . <r <r,.

Because of the behavior (extrema) of the coefficients of dt? and dr? in the metric, we find
that the commonly cited “river model” to explain motion within black holes fails in the Reissner-
Nordstrom case. It is immediately obvious that a problem with the river model must arise, since the
shell-observer speed v, = —W in the Schwarzschild metric is replaced by v, = —\/m,
which is imaginary for r < q?/2m. By analyzing geodesics at r=f (where ¥ =0 for a geodesic
starting from rest at infinity) and 28 (where # =0) we deduce that v, cannot be interpreted as the

“speed of space.”
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We have not extended the analysis to lightlike geodesics. Unlike timelike geodesics, lightlike
(radial) geodesics pass through the singularity. To see this in the superextremal case, set ds? =0 in
(1) to obtain dr/dt = +f(r) = +(1 —2m/r + q?/r?) and integrate:

2m? — g2 r—m
t(r) = +4{r+mIn(r? - 2mr + q?) + ———arctan| ———|; + C.

Setting r =0 yields a well-defined value of t, and we can make t(0) =0 by suitable choice of C.
See [17] and [18] for further details. We have also omitted the treatment of non-radial geodesics
[19,20] and the motion of charged particles [21,22] in Reissner-Nordstrom geometry, as well as
the gquantum and thermodynamic characteristics of Reissner-Nordstrém black holes [23-25]. Details

can be found in the references.
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