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ABSTRACT: Possible linkdbetween certain aspects of pre-failure instalslibé sand (instability line) and plastic dilatioreatudied. The

starting point is experimental results obtainednfrisiaxial investigations, which are approximategbarately by analytical formulae for
initially contractive and dilative sands. The ireesible strains are deduced from the condition gtastic work (dissipation) should be
positive. Then, analytical formulae for plasticatibn are derived and presented in graphical fbnnthe case of initially contractive sand, a
possible link between the instability line and nmaxim of the plastic dilatancy function is demon&ttatThis condition is equivalent to the
minimum dilation parameter or maximum of Rowe’s fiimig. In the case of initially dilative sand, itseown that the negative work done
by a mean stress on expanding (dilating) soil shoakt be treated as dissipative because of themawdigal requirements. Consequently,

the plastic dilation function is zero for shearsigess exceeding the instability line.

1. INTRODUCTION

The term dilatancy or dilation denotes a changevalume of
granular materials due to shearing. Some authagsausarrower
definition, e.g. “The term dilatancy is used to dése the increase
in volume of a dense sand during shearing”, Cra@8T). Dilation
is a phenomenon typical for granular materials dntast to other
solid materials, where it can be ignored. Dilatiwas defined by
Reynolds, long ago in 1885, as a ratio between iplastumetric
strain increments and plastic shear (deviatorigirstincrements.,
and is treated as an internal constraint imposedhese strains,
Vardoulakis & Sulem (1995). Rowe (1962) was thet fingho
proposed the so-called stress-dilatancy approachmaealel the
behaviour of granular soils. In such approachesphilized friction
is linked to the dilation angle, cf. Bolton (198&Yood (1990). A
notion of dilation still plays an important role ioonstitutive
modelling of geomaterials, but it seems that iteptial has not yet
been fully explored.

More recent investigations have shown that the-failure
behaviour of granular soils is much more compleanthwas
recognized some decades ago, partly due to theeasicigly
advanced experimental devices and methods in uday.toFor
example, it was discovered that the initial stdtesail, defined as
either contractive or dilative, strongly influencssil behaviour
during shearing, and the steady state line is ddmental object in
soil mechanics. It was also discovered that theistsea counterpart
fundamental object, designated as the instability. IThese results
have been obtained within the Steady State Schmahded by
Casagrande and developed by his successors, jorition Castro
(1969), Ibsen (1999), Konrad (1993), Lade (1992899Lade et al
(1987), Skopek et al (1994), Sladen et al (1985Nerdugo &
Ishihara (1996). Most of the above mentioned pafdeed with the
undrained behaviour of saturated sands, but theyalso of some
importance to the drained behaviour. In the prepaper we shall

and have continuous first derivatives. They disptay sign of
instability, except perhaps for its slope, whichnigially small and
than increases suddenly. On the other hand, we khatvinitially
contractive sands display pre-failure instabilities described in
Section 3. These instabilities are related to tisability line. Our
investigations show that the instability line mag telated to the
maximum value of the dilation function, and minimwalue of the
dilation parametels. The increments of plastic work are always
positive in the case considered, which means thainterpretation
of experimental data is consistent with thermodyicamA similar
conclusion can be drawn from the analysis of Rovi@stion. Its

maximum may correspond to the instability line

In the case of initially dilative sands, thetaislity is built into the
equation describing the volumetric changes duringagng. The
problem was how to interpret the experimental daterder to
extract the plastic work (dissipation) and pladfitation. Some
formal techniques, e.g. direct extraction of etastrains from total
strains, have led to results inconsistent with riwetynamics,
meaning that some production of energy has appedteetefore,
we have applied an analogy between a simple mechlissiheme (a
heavy block pushed up along an inclined plane) ditation. This
analogy has shown that negative work during shgasininitially
dilative sand is a result of incorrect interpretatiof experimental
data. Therefore, it was assumed that this negatigek is not
dissipated but somehow increases potential enefgheosystem,
similarly to the block example. All the work dong bompaction
due to shearing is dissipated. It is shown thahgissuch an
interpretation, the plastic work is always positias it should be
according to thermodynamics. An interesting re®ishape of the
plastic dilation function, which monotonically deesses during the
first stage of shearing, down to zero at the inbtabine. During
the secondstage of shearing, when the non-dimensional devwiato
stress increases to the critical state, the plaskation function is

make use of some of thfandings of this School, as well as of someZ€ro.

findings of the Cambridge Critical State School, Wideown after
publication of the famous book by Schofield & Wrgf968).

The aim of the present paper is to investigatasible links
between the unstable behaviour of sand beforeréadind dilation.
The starting point for our investigations is expental results,
presented in analytical form, which allow for simphathematical
manipulations and various interpretations. Thuspiiesent paper is
of an empirical character rather than a theoretaa. Initially
dilative and contractive sands are analysed segwrads their
behaviour during triaxial shearing is described Hifferent
functions.

Interesting results have been obtained in thee caf initially
contractive sand. The experimentdfain-stress curves asmooth

2. EXPERIMENTAL INVESTIGATIONS
2.1 Basic information and definitions

The study presented in this paper is based on iexpetal results
obtained in the laboratory of the Institute of HydEngineering, see
Sawicki & Swidzinski (2010 a). The experiments were performed in
the triaxial apparatus, manufactured by GDS Instmgsy which
enables measuremertdf lateral strains. The experiments were
performed on the model “Skarpa” sandharacterized by the
following parametersDgy = 420um; Cy = 2.5;G = 2.65; €nax =
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0.677;emin = 0.432. Angles of internal friction ar¢: = 34 and 42
for loose and dense sand respectively.

The steady state line (SSL) has been deternfied series of
both fully drained and undrained experiments, fengity index
ranging from 0.114 to 0.64, cf. Fig. 2. Its equati® the following:

e= 0746- 00635log p’, (1)

wheree denotes the void ratio ang' is the mean effective stress.

The basic experiments dealt with spherical logdind unloading
(path OAO in Fig. 1) and with deviatoric loading/unloadingath
ABCBAIn Fig. 1), for different values of the mean effee stress.
These basic stress-strain curves were then ussmhsiruct a simple
incremental model describing the pre-failure bebawi of
investigated sand, both drained and undrained, Sasicki &
Swidzinski (2010 a, b). In the present paper, these exgetial
curves will be used to study possible relationshipsveen dilation
and instability of sands.

Coulomb-Mohr yield

0011diti0n
_|Binstability line
0% —> >
A p

Figure 1 Stress paths for determination of bas&ss-strain curves
in triaxial conditions

Fig. 1 shows two important objects in the effextstress space.
The first one is the Coulomb-Mohr yield conditiomhich is often
identified with the critical state conditions. Tsecond object,
designated as “instability line”, has some unuguaperties, which
will be discussed in the present paper, in conaratiith instability
of granular soils and the phenomenon of dilation.

We shall use the following notation for strainm astresseso; =
vertical stressgz = horizontal stresq = (g, + 203)/3 = mean stress;
g = 0. - 0z = deviatoric stressg; = vertical strain;gs = horizontal
strain; & = & + 2& = volumetric strain; & = 2(& - 2&)/3 =
deviatoric strain;7 = g/p = non-dimensional stress ratigf =
stress ratio corresponding to instability ling; = stress ratio
corresponding to the critical state (Coulomb-Mohitecion). The
soil mechanics sign convention is applied wheréua pigndenotes
compression. The behaviour of dry or fully drairsathd is analysed,
so that the total stresses are equal to the eféeoties.

The Coulomb-Mohr failure condition, identified reewith the
critical state, has the following well known form:

_ Gsing _ '
3-sing ' 2

2.2 Characteristic stress-strain curves

The basic experiments of interest dealt with a fsimearing of sand
(pathABCin Fig. 1). The response of sand along this pafedds
on its initial state, defined as either contractiredilative. Initially
contractive sand compacts during shearing as rditest by the
arrowAB in Fig. 2. The behaviour of initially dilative séris more
complex, and will be described in more detail lataut the basic

trend is illustrated by the arro@D in Fig. 2, which shows the net
dilation. Therefore, these two cases will be comigd separately.
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Figure 2 Steady state line for “Skarpa” sandh P& corresponds
to pure shearing, at constant mean stress, adligitontractive
sand; pattCD to initially dilative sand

Fig. 3 shows the volumetric strains that depeadoring shearing
of initially contractive sand, presented in thenfoof a single curve,
in the spaceev/\/B, n . Such a single curve corresponds to various
experiments, performed at different valuespofThis single curve
has been found using the method of trial and ertois more
convenient in theoretical analyses to deal witingle curve than to
use a set of curves, each corresponding to a eliffaralue ofp. In
experimental and theoretical analyses, the follgwimits are

applied: stress unit 10°N/m? and strain unit 1073 . This means

that if p= 20kPa= 2><105N/m2, we shall substitute in our
equations just a single number 2. If we obtain fraome
calculations a value of strain, say 0.13, it metnag this strain is
013x10°° = 0.00013. Such a convention is useful in numerical

calculations, as we deal with numbers of similadeos of
magnitude.
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Figure 3 Volumetric strains during shearingrofially contractive
sand

Analytical expression for the curve shown in Figs 3he following:

&y _

Jp

wherec;, is a coefficient. For “Skarpa” sand and using anits, its
value is 2.97.

Obviously, in the analysis of experimental datae can use other
analytical approximations. In the case considekay, (3) seems to

o’ ®
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be a good fit, as there is only a single “matedahstant”. The
important problem of a minimal humber of “materi@instants” is
beyond the scope of this paper. We deal only wétte lexperimental
data. It should also be added that the number 2.9t a fixed
“material parameter” as reiteratebility is quiteerén soil mechanics.
This number could be equal to 2 or 4 as well, amfthe same set
of grains we cannot prepare identical samples fvordatory
investigations. Some time ago, we performed a sngpatistical
analysis and found that it is extremely difficutt predict the
behaviour of granular soils precisely, see Sawig&kiChybicki
(2009).

The other important stress-strain curve is shewRig. 4, which
illustrates the changes of deviatoric strain dursigaring. The
shape of this curve is similar for both initiallyilafive and
contractive sands. Previously, see Sawickbw®idzinski (2010 a),
we proposed an exponential approximation of expamial data. In
this paper, a better approximation is proposed{ esntains just a
single parameter instead of two, and it takes iatmount the
asymptotic behaviour at the critical state £7"). A good fit to

experimental data is the following:

& _ cn

o n-n’

wherec = 1.9, see previous remarks, antl= 1375 (for ¢ =34°).
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Figure 4 Deviatoric strains developed duringasing of initially
contractive sand

In the case of initially dilative sand the dawaric behaviour is
similar to that shown in Fig. 4, and Eq. (4) alpplaées as a good fit,
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Figure 5 Volumetric strains during shearingrofially dilative
sand

The volumetric deformations of initially dilatieand cannot easily
be described by a single equation, so it was dddinl@pply the two
following functions:

&y

Jo

r

=ayp? +ayy, 0<n<p,

(®)

&y

Ip

=(agn +as)exp@sn), n'sn<n",

(6)

where:
a =-1a, =2 az=- 00106 a, = 00123 a5 = 64; 7' =1. Egs.
(5) and (6) have the same valuejat=1, and their first derivatives

are zero at this point, so the whole function istcious and has a
continuous first derivative with respect p.

Egs. (3)—(6) describe the soil behaviour dulimading which is
defined here by the conditiod; >0 . These are the total strains
which contain both the elastic and plastic partse Btrains that
develop during unloading d7 <0 ) are given by the following

relations:

el

—==a, @)
Jp

el
d (8)

ﬁ: q,7|

but for " = 168 (¢ = 41°). Fig. 5 summarizes experimental data

describing the volumetric changes of initially tive@ sand. The
experiments were performed at different valueshef mean stress,
namelyp = 1; 2; 3and 4 (recall respective units), attteir results
also fit into a single curve. Note that at theginning ofshearing,
some minor compaction takes place, but after regclsome
threshold, the rate of volumetric deformation cremgign, and
rapid dilation takes place. This threshold corresiso to the
instability line, cf. Sawicki &Swidzinski (2010 a, b), defined by’ .

where typical values of the coefficients appearingthe above
equations are the followinga, =- 087 and —039 for initially

loose and dense sand respectivéi(y;: 076 and 0.4 also for loose

and dense sand. The supersceptis used to distinguish these
strains, although it is not clear whether in theecaf volumetric
strains one deals with an elastic response. Nateah<0, which

means that compaction takes place during the dwicatinloading,
which is consistent with empirical observations idgr cyclic

loadings, where compaction is caused by both, ipesiind negative
increments of shear stress. Eqg. (8) may indeeddmified with the
elastic shear strains.
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3. STABILITY AND DILATION

Some aspects of unstable behaviour of sand inidtidests are
presented in Sawicki &widzinski (2010 c). It is interesting to
notice that some features of the pre-failure iriitptare exhibited

by initially contractive sands. For example, in ttese of spherical
unloading of dry/fully drained sand, we observeudden collapse
of the soil skeleton structure after reaching sdhreshold. This
threshold has been identified with the instabilitye. Fig. 6

illustrates such a behaviour.

Coulomb-Mohr

- Instability line

-

\sudden compaction

IR

L/im'tial unloading

N' instability point

Figure 6 Instability of granular soil duringhggical unloading

The experiments illustrated in Fig. 6 startedthwspherical

point, the shear stress decreases suddenly anghdr@menon of
static liquefaction takes place.

Both behaviours can be described within the fiaank of the
incremental model proposed by SawickiSidzinski (2010 a, b).
Analysis of the above examples using that modeldaa analytical
determination of the instability line, which is giv by the following
formula:

=g e ),

where c; characterizes

©
the volumetric changes of initially
contractive sand during shearing, and is a modulus

characterizing the elastic volumetric changes durspherical
unloading, see Sawicki &widzinski (2010 c). The shape of Eq. (9)
shows that both mechanisms, i.e. volumetric deftiona caused by
shearing and spherical elastic response, influethee unstable
behaviour of sand.

An interesting observation is that the abovecdieed instabilities
can be observed in initially contractive sand,liebaviour of which
is described by monotonically increasing functiossch as those
shown in Figs. 3 and 4. Therefore, it would be riegéng to see
whether the unstable behaviour of sand is relatedome other
phenomena such as, for example, dilation.

The term dilation, or dilatancy, is used to dimc volumetric
changes in sand during shearing, see Atkinson (199aig (1987),
Vardoulakis & Sulem (1995), Wood (1990). The follog
definition of dilation is adapted in this paper:

D:%:tan(//,

de, (10)

compaction (patida in the inset to Fig. 6). Then, deviatoric stressvhere( denotes the angle of dilation.
was applied (pathab). In the third stage of the experiment (path In geomechanics, usually the plastic parts @irstincrements are

bcd), the deviatoric stress was kept constant, andrisan pressure
was reduced. In the first stage of unloading (gat) the sand

dilates. After reaching the threshold (patt), a sudden collapse

(compaction) of the soil skeleton structure is obseé. The
beginning of this collapse corresponds to the bibtgaline.

The second interesting experiment deals with tmelrained
behaviour of initially contractive sand. During shieg of such

samples the phenomena static liquefaction takes place, which is

also an unstable behaviour. Fig. 7 shows the éffeditress path
followed during undrained shearing of initially ¢oactive sand,
which is already a well known behaviour.

Coulomb-Mohr

instability line

O - a

Figure 7 Effective stress path followed duringating of initially
contractive sand — phenomenon of static
liquefaction

taken into account, so dilation may also be def@eébllows:

— d‘ngI

DP -
p
dsq

11)

where the superscrippl denotes the plastic part of respective
quantity.

The reciprocal of dilation is related to the cadled dilatancy
parametep , defined as follows:

1
B =tang. (12)
The above relations will be used to study treefpilure behaviour
of sand during shearing. The strain increments bellobtained by
differentiation of respective approximations of exMmental data,
given by Egs. (3)-(6). One advantage of such a odeth that one
deals with real empirical results, presented insaful analytical
form.

4, INITIALLY CONTRACTIVE SAND
4.1 Dilation

Differentiation of Egs. (3) and (4) and substitatitm Eq. (10) leads

Along pathab the effective mean stregs’ decreases, and the tg the following relation:

stress deviator increases. The pdirtorresponds to the instability

line. This point also corresponds to the maximurueraof shear
stress that can be supported by the soil skeléttber reaching this

3 no_ 2
o= dn’a’ =m?

o (13)
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One can also determine a plastic dilation, whiclgiien by the

following formula: 100 B (degrees)
90
A 34" _ 2 80
prl = "7 W70 (’"7 ’73 . (14)
cn' =" =m by i
60 -
In the above formula, we have assumed tht' = de, , for the 501
above mentioned reasons. Fig. 8 illustrates thagd®in total and 40
plastic dilations during shearing. The shape ofhbfinctions is 30-

similar, and there are some small differences diggrthe peak
values of these curveg(= 0.8). This result may suggest that there "

n
=]

' n'.
is a link between the maximum value of dilation ahe instability 10 n? . .
line. Note that the dilation during shearing oftialy contractive 0 ‘ ‘ ‘ ‘ ‘ :
sand, both total and plastic, is always positive. 0 02 04 08 0.8 1 12 14 16

A simple analytical method shows thBtattains its maximum at

/7= 06" = 0825. This is an interesting result, which shows againgijgyre 9 Dilation parameter as function of némehsional stress

a possible link between dilation and the instapilihe. It is also ratio

interesting that the maximum value DBf depends solely on the

single parameten” , which is related to the critical state. No other4.2. Strains

material coefficient characterizing the deformabpiliof sand

influences the maximum value bf It is interesting to study how the strains develigping shearing of
Fig. 9 shows the dilation parameter as a functd 7 . The initially contractive sand. Fig. 10 illustrates tlievelopment of

minimum value of 8 roughly corresponds to the instability line pla_stic strai_ng, in the space of volumetric andiatevic _strgins,
A gnty P y which are divided by the square root of the meagsst This figure

(7'=08) . This relation was determined for the plastic iBtra . 4rawn on the basis of Egs. (3) and (4). Weabmerve the two
increments. It should be noticed that the shapéhe respective almost linear, basic trends. The first one death Wie shearing of
function is different from that suggested in somassical soil sand up to a value af between 1.1 and 1.2. The second trend is
mecha_mics textbooks, see Fig_. 8.2b on page 227oich19_90). A'F characterized by a steeper slope. Note that a value; |

the critical statey = ) there is 5 = 90°, as the volumetric strain corresponding to the instability line, is closetk® origin of co-

increments are zero in this case. ordinates. Therefore, a change of respective trecatsnot be
explained in terms of soil stability. It should bdded that Fig. 10

. does not illustrate some extreme trends simplytdiszale: the first

Dilation one near the origin of co-ordinates, and the seawat the critical

state conditions. Fig. 11 shows how these smadlirstrdevelop.
Note that the strains correspondingite: 0.8 (instability line ?) are

located at the beginning of the first trend. Thel ef trend 2 is
asymptotic as the deviatoric strains increase inidely when the
critical state(;y :/7”) is approached. The strains shown in Fig. 10

correspond to the variation of dilation coefficishibwn in Fig. 9.

3B gol Trend2 /
¥
n 30 ?
16
" 25 4
n
n~12
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Figure 8 Dilation of contractive sand duringating. The
differences between the total dilation and plasteesmall in ] =1l /
practice ol 7| - Trend1
s n~038 B 8»{7/
. \/;
1 ) 0 1 2 3 1‘1 5 [} 7 8 é

Figure 10 Development of plastic strains dushgaring of
initially contractive sand
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08 4.4 Rowe’s stress-dilatancy relation

Pl n=05

49

o™

It is also interesting to see how our experimentgh fit into the
original stress-dilatancy theory proposed half atwgy ago by
Rowe, which is still applied in soil mechanics. Wials make use of
the following formulation of this relation, quotday Jefferies &
Been (2006) on page 39:

a']-:K(l—dgV], (17)

dg;

where K was originally considered as constant, but is erath
function of applied shearing stress. Eq. (17) carrdsarranged to
the following form:

1/3deg,, +de
K=|2t2 i (18)
3-n )| —2/3de, +degg

-0.05

Figure 11 Development of plastic strains attibginning of
shearing, cf. Fig. 10

In the above equation the total strain increment introduced.
Fig. 13 illustrates the relation (18) for the datmresponding to
initially contractive “Skarpa”sand. Eq. (18) canfeearranged again
to show a link between the Rowe’s function and wifat

3+2p)( 3+D
3-,7][3-@]' (19)

Respective strain increments can be obtained begrdiitiation of trend 1
Egs. (3), (4) and (8). In the case of volumetriaiss it is assumed °K

that the plastic strains are equal to the totalsordter some re-
arrangement, Eq. (15) takes the following form:

pl "
d3/V\£ =d4cn3 + o 5 ~bg 7} - (16)
p><dn (" -n : frend2

Fig. 12 illustrates Eq. (16) for the data copmwing to “Skarpa”
sand. Recall thgb = const. Note that the function (16) is always 1 '
positive. Its slope rapidly increases fprfrom the interval 0.8-1 n 1
which may be related to a “hidden” instability line o
According to Hill's principle, the behaviour wfitially contractive
sand during shearing is stable, as the second wrmolds is positive

in this case, i.ed?W = dgdsyq > Olt can also be easilghown that

Drucker's classical postulate of stability is alsatisfied, i.e.

d2WP = dngéal > 0. Recall thatlp =0 in the case considered. The shape of functiok = K (77) is irregular, but one can identify
A the two basic linear trends. The first trend is rabterized by
increasing values df, whilst the second is marked by decreasing

4.3 Plastic work

The plastic work increment, in the case of triaxgaits, is given by
the following formula: (

dwP' = pds + qué)'. (15)

Figure 13 Rowe’s function for initially contrae sand

01 e values of this function. These trends meet at tbhmtpy = 09,
7 which suggests that there could possibly be a hbekwveen the

%0 instability line and maximum value of the Rowe’s dtion.

40 1 4.5 Summary of results for initially contractivesand

304 a. Previous studies have shown that initially contrvacsand

displays some pre-failure instabilities, see exaspl

presented in Section 3 (spherical unloading of shgd;

static liquefaction).

b. This unstable behaviour can be predicted from the

incremental model constructed on the basis of
n experimental data. Experimentally determined stress
‘ strain curves, see Figs. 3 and 4, are smooth and
monotonically increasing functions of non-dimensibn
stress ratio. Their shape does not exhibit any sifjn
Figure 12 lllustration of Eq. (16) unstable behaviour, but using these curves indalo#n

20
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be predicted for different loading paths. The goests
then, whether this “hidden” instability can be dbtel
using other methods.

c. It was shown that commonly accepted stability date
such as Drucker’s and Hill's postulates, confirrstable

An important problem is how to isolate the plagirreversible)
strains. A formal procedure of direct extraction edéstic strains
from both the volumetric and deviatoric parts oé ttotal strain
tensor does not work in this case, as it leadsidtation of basic

behaviour of initially contractive sand during purethermodynamic principles. For example, the disgpafunction

shearing.

d. A natural method for investigating a “hidden” irsitay
was to study dilation. It was shown that maximuiatein
may correspond to the instability line, see Fig.T8is

(15) becomes negative during advanced shearinglygiaaof a
simple mechanical system suggested by Atkinson3[19&. Fig.
10.10 b on page 130 of his book, as an analogdéattion, leads to
some useful hints. Consider a heavy block restingaorinclined

criterion is equivalent to the minimum of dilation plane, as illustrated in Fig. 15. In order to pusghvards the block,
parameters , see Fig. 9. These findings may be treatedhe force P should resist the friction forcd = uGcosa and

at present, merely as some hypotheses.

e. The other interesting observation deals with tlopesiof
stress-strain curves (Figs. 3 and 4). At the begmmof
shearing we deal with small strains, and the slopfes
these curves are also small. After reaching a ‘ndd
instability line, this slope increases drasticaliynd the
strains become large. This experimental findingld¢de
a basis for some theoretical hypotheses.

f.  Finally, we have applied Rowe’s stress-dilatancpti¢o
see how this approach is related to our empirieslts. It

component of the block’'s own weigl@, parallel to the sliding
plane, i.e.Gsina The following symbols are used:= coefficient
of friction between the block and sliding plare; = inclination of

sliding plane. The work done by for€on displacement is the
following:

L = Pu= muGcosa + uGsina . (20)

The first member on the RHS of Eq. (20) representlssipated

was shown that the maximum value of Rowe’s functiofjrreversible) part of work due to friction. Thecsad is the part of

may correspond to a “hidden” instability line.

g. One of the basic questions deals with a decompasaf
the strain tensor onto thelastic and plastic partsn the
case of deviatoric behaviour, the answer
obvious, but in the case of volumetric strains gsirare

not so straightforward. The basic question is wheth

dilation has a reversible aspect or not? In thjsepd was
assumed that the total volumetric strains are etjuéhe
plastic ones. For further explanation, see the altext.

5. INITIALLY DILATIVE SAND
5.1 Plastic strains and dissipation function

The basic behaviour of initially dilative sand igsdribed by
functions (4), (5) and (6), and the elastic deviatstrain given by
Eq. (8). The basic stress-strain curves are predentFigs. 4 and 5.
Recall that these stress-strain relations summagigeerimental
results, so they should be treated as relationshuiéscribe the real
behaviour of initially dilative sand during sheayinA similar
procedure to that applied in the case of initialiptractive sand will
be employed.

Fig. 14 illustrates an initial part of the tottain path followed
during shearing along the stress paBCin Fig. 1, cf. Figs. 4 and
5. A similar curve is shown by Vardoulakis & Suléh®95) on page
242 of their book. At the beginning of shearing dWoéumetric strain
increases, according to the initial compaction shawFig. 5, and
after reaching the instability line, the processlitdtion begins.

S

-25

Figure 14 Total strain path followed during atieg of initially
dilative sand

is almost

the work used for lifting the center of gravity tfe block by
usina . This part of the work is reversible, as the ptisdrenergy
of the block has increased.

The above analogy suggests that the negative wanrk dyp on
dilative volumetric strain increments{forly’ <n </7”) should be

treated in a similar way, i.e. certainly not as iasigpative part.
Positive work done byp on compaction, during the first stage of
shearing,(0< 7 <) is dissipated, so the total volumetric strains

are equal to plastic ones in this case. The abssenaptions lead to
a new interpretation of experimental data, whiclesdoot violate
thermodynamic principles. Fig. 16 shows the patiplatic strains
followed during shearing of initially dilative sandbtained on the
basis of the above interpretation. During the fjyatt of shearing
(0<n<n'), both strain components increase monotonicallg an

after reaching the instability line, only the dderc strains
increase, whilst the volumetric strains do not dean

Figure 15 A heavy block pushed along an inclinkeche

Fig. 17 shows the dissipation function (plastiork, cf. Eq. 15)
for the plastic strains presented in Fig. 16. Hlisays positive, ap
>0anddn >0, as it should be according to thermodynamics
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Figure 16 Plastic strains that develop durimggsing of initially Figure 18 Plastic dilation during shearing dfialy dilative sand
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Figure 17 Dissipation function for the plastiag;s from Fig. 16 5.3 Summary of results for initially dilative sol

a. The basic difference between initially contractisad
5.2 Dilation and Rowe’s function dilative sands is that the character of volumesti@ins
differs during shearing, cf. Figs. 3 and 5. In tese of
initially dilative sand, compaction takes placeidgrthe
first stage of shearing, and after reaching théabikty
line the process of dilation takes place. Thesemsions
have been taken into account in analytical appration
of experimental data, cf. Egs. (5) and (6).

In the case of dilative sand, the instability basn built into Eq. (5)
and (6), see also Fig. 5, in contrast to the mtatidescribing the
pre-failure behaviour of initially contractive sandwhere the
respective stress-strain curves are smooth, moiwadbnincreasing

and having a monotonically increasing first deriet F'g'l 18 b. Analysis of the plastic dissipation function shathat the
shows the dilation function (Eq. 11) for the casasidered.D ' is negative work done bp on expanding sand during the
a monotonically decreasing function gfduring the first stage of stage of dilation should not be included into tHasfic
shearing, and during the second stdge ') its value is zero, work relationship. This conclusion is supported &y

simple mechanical model shown in Fig. 15.
c. The work done by on initial compaction is irreversible,
and therefore should be included into the plastarkw

which corresponds to the dilation parametes 90°.
Fig. 19 shows the respective Rowe’s functiongheined from

Eqg. (19) after substitutind = DP'. This function has a singularity relationship. The plastic work of deviatoric stress

] | ] respective strains is obtained in a traditional nesn
corresponding td™ = 3/2 (denominator of Eq. 19 tends to zero), simply by extracting the reversible part of workrfr the
which can hardly be explained on the basis of masi total. The above assumptions assure that the amaf
considerations. Fow > 04 , this function is almost constant, plastic work is always positive, as is required by
similarly to an original concept of Rowe. thermodynamics.

d. An interesting shape of the plastic dilation fuanti(Fig.

18) is a consequence of the above interpretation of

experimental data. It is interesting to note théera
reaching the instability line, the plastic dilatitnequal to
zero.
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6. DISCUSSION AND CONCLUSIONS Rowe P. W. (1962):The stress dilatancy relation for static
equilibrium of an assembly of particles in contaltoc.
The basic results obtained in the present papeswaremarized in Royal Society of London, A 269, 500-527.

Sections 4.5 and 5.3 for the initially contractamed dilative sands
respectively. It is believed that these are origiesults, as they . ) )
show possible links between some aspects of piadainstability pre-fallurq deformations of granular soiComputers &
of sand (instability line) and plastic dilation. Réc¢hat the analysis Geotechnics36, 6, 993-999.

presented isbased on bare experimental data, approximated I®awicki A. & Swidzinski W. (2010 a):Stress-strain relations for
analytical formulae, so we deal with the real béav of sand. dry and saturated sands, Part I: Incremental modil
Interpretation of these experimental data was peed under the Theoretical & Applied Mechanicgs, 2, 309-328

single theoretical assumption that the basic thdgmamical o . . .
principles should not be violated. Experimentalves presented in Sawicki A. & Swidzinski, W (2010 b):Stress-strain relations for

Sawicki A. & Chybicki W. (2009):On accuracy of prediction of

analytical form, can easily be used by other reseas for their dry and saturated sands, Part II: Predictionsinl
purposes. Theoretical & Applied Mechanicd8, 2, 329-373

The parameters appearing in equations approxignate — gayicki A. & Swidzifski W. (2010 c):Modelling the pre-failure
experimental data should be treated as some awefagthe model instabilities of sand Computers & Geotechnics, doi:
“Skarpa” sand and for a limited range of void ratihoose samples, 10.1016/j.compgeo.2010.06.004. '

characterized by ranging from 0.22 to 0.36, and dense samples
_ . . . . . Schofield A. & Wroth P. (1968): Critical State Sd¥echanics,
(1p = 0713- 0859) were investigated. As already mentioned in McGraw-Hill, London.

Section 2.2, it is very difficult in laboratory iestigations to obtain

reiteratebility of results. We have analyzed thisbtem for Skopek N. R., Morgenstern P. K., Robertson P. KSé&go D. C.
isotropic compression along path OA in Fig. 1. s a case, the (1994): Collapse of dry sandCanadian Geotechnical Jnl,
volumetric deformations can nicely be approximatby the 31, 1008-1014.

following formula: &, = A,\/_' , where A, is a coefficient. For Sladen J. A., D'Hollander R. D. & Krahn J. (198%}e liquefaction

initially loose sand (p = 0016- 0445, 23 experiments), we have of sands, a collapsesurface approach Canadian
. . Geotechnical JnR2, 4, 564-578.

obtained the values o\, ranging from 3.73 to 7.32. For dense sand ] . . .

(Ip =071- 086, 26 experiments), this coefficient varied from\/"’lrdou"’:lkls l. & Sulem J. (1995): Bifurcation Analy in

Geomechanics, Blackie Academic & Professionals,doon
2.23 to 4.54. The above data provide some view rdégg the ) ) ] N )
values of material parameters. Wood Muir D. (1990): Soil Behaviour and Critical a8 Soil

Recall that it is not the aim of this paper iscdss such problems, Mechanics, Cambridge University Press, Cambridge.
which have already been presented in the quotedtitre, Sawicki Verdugo R. & Ishihara K. (1996)Fhe steady state of sandy spils
& Chybicki (2009), Sawicki &Swidzinski (2010 a,b), but to find Soils & Foundations36, 2, 81-91.

possible links between dilation and instabilitygs&nular soils.
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