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ABSTRACT

In this paper, we investigated the solutions of the Diophantine equation a* + (a + 2)? = z2, where
a is a positive integer and x, y, z are non-negative integers. Let S be the set of non-negative integer solutions
(x,y,z) of the equation. The results showed that 1) if a is a prime number with a = 5(mod 8), then § =
{(0,1,Va + 3)}, where Va + 3 is an integer, otherwise S = @. 2) If a + 2 is a prime number and x is even
and the equation has a solution, then y =1 and z = 2. 3) Let p be a prime number such that p =
5,7(mod 8) and a = —2(mod p). Then S = {(1,0,Va + 1)}, where Va + 1 is an integer, otherwise S = 9,
when it satisfies one of the following cases: case 1 a = 3 (mod 4) or case 2 there exists a prime number q

such that ¢ = 3,5 (mod 8) and a = —1 (mod q).
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INTRODUCTION
In the past ten years, many researchers studied the Diophantine equation in the form

a* + (a+2)Y =22, (1)
where a is a positive integer and x, y, z are non-negative integers. For example, Sroysang (2012) proved that
if a = 3, then the equation has the unique non-negative integer solution. That is (x,y,z) = (1,0, 2). Later,
Sroysang (2013a; 2013b; 2013c) showed that if a € {5,47,89}, then the equation has no non-negative integer
solution. In the same year, Rabago (2013) proved that if a € {17,71}, then the equation has the unique
non- negative integer solution, i.e. (x,y,2z) = (1,1,6) and (x,y,z) = (1,1,12), respectively. In 2014,
Sroysang (2014) proved that if a = 143, then the equation has the unique non-negative integer solution.
That is (x,y,2) = (1,0,12). Sugandha et al. (2018) showed that if a = 11, then the equation has no non-
negative integer solution. Gupta et al. (2020) proved that if a and a + 2 are prime numbers, then the
equation has infinitely many solutions of the form (a,x,y,z) = (6n —1,1, 1,2\/%) for some positive
integer n. Pandichelvi and Vanaja (2022) studied all non-negative integer solutions of the equation, where
a is a prime number with a = 1(mod 4) and 1 < x +y < 3. Dokchann and Pakapongpun (2020) proved
that if a = 5(mod 42), then the equation has no non-negative integer solution. In 2022, Pakapongpun and
Chattae (2022) proved that if a = 3(mod 20), then the non-negative integer solution of the equation is
(x,v,2) = (1,0,4/a + 1), where a = (10k — 2)?> — 1 and k is an integer. Recently, Viriyapong et al. (2023,
2024) proved that if a = 5(mod 21) or a = 19 (mod 28), then the equation has no non-negative integer

solution. In this paper, we will generalize the results of the above research, by using elementary methods.

PRELIMINARIES
In the beginning of this section, we recall the definition of the Legendre symbol and its properties.
(Karaivanov and Vassilev, 2016)
Definition 1.  Let a be an integer and let p be an odd prime number with gcd(a,p) = 1. The Legendre
symbol, (:—J) is defined by
(E) _ { 1 ifx? = a (mod p) is solvable,
p —1 ifx? = a (mod p) is not solvable.
Theorem 2. Let a, b be integers and let p be an odd prime number with ged(a, p) = ged(b,p) = 1.
hen (2) = ¢)2).
Theorem 3. Let p be an odd prime number. Then

(—_1) _{ 1 ifp = 1(mod 4)

p/ L —1if p=3(mod 4),
(g)_{ 1 ifp = 1,7 (mod 8)
p/ | —1if p=3,5(mod 8).

By Theorem 2 and 3, we have the following theorem.
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Theorem 4.

Let p be an odd prime number. Then

(—_2)_{ 1 ifp = 1,3 (mod 8),
p/) | —1if p=5,7(modS8).

Now, we present an important theorem, which was proved by Mihailescu (2004):

Theorem 5.

Corollary 6.

Proof.

Corollary 7.

Proof.

(Mihgilescu’s Theorem) The Diophantine equation a* — b¥ = 1, where a,b,x and y are
positive integers with min{a, b, x, y} > 1, has the unique solution (a, b, x,y) = (3,2,2,3).
Let a be a positive integer. Then the set S of non-negative integer solutions (x, z) of the

Diophantine equation a* + 1 = z? is

(33)} ifa=2
S=1{(1,Va+1)} if Va+ 1isan integer,

) otherwise.
Let x and z be non-negative integers such that a* + 1 = z% or z2 — a* = 1. It is easy to

seethata > 1,z > 1and x = 1. Suppose that x = 1. Therefore, z=va+ 1. Ifva+1is

an integer,then § = {(1,\/a + 1)}. If Va + 1 isn’t an integer, then S = @ . Now, we consider
x > 1. By Theorem 5, we get a = 2 and S = {(3,3)}. ]

Let a be a positive integer. Then the set S of non-negative integer solutions (y, z) of the
Diophantine equation 1 + (a + 2)? = z%is

5= {{(1, \/a—-l-3)} if Va + 3isan integer,

@ otherwise.

Let y and z be non-negative integers such that 1+ (a +2)Y =z%orz? — (a+ 2)¥ = 1.
It is easy to see thata+2>1,z>1andy > 1. Assume that y > 1. By Theorem 5,
we obtain a = 0, a contradiction. Thus y =1 and so z =+a + 3. If Va + 3 is an integer,
then S = {(1,Va + 3)}, otherwise S = @.. [ |

MAIN RESULTS

In this section, we present our results.

Lemma 8.

Proof.

Lemma 9.

Let a be a positive integer with a = 1(mod 4). If the equation (1) has a non-negative
integer solution, then y is odd.

Let x, ¥ and z be non-negative integers such that a* + (a + 2)¥ = z2. Since a = 1(mod 4),
we have a* + (a + 2)Y =1+ (=1)¥(mod 4). Then z2 = 1 + (—1)¥(mod 4). Assume that
y is even. Therefore, z2 = 2(mod 4), which contradicts the fact that z2 = 0, 1(mod 4).
Thus y is odd. [ |
Let a be a positive integer with a = 3(mod 4). If the equation (1) has a non-negative

integer solution, then x is odd.
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Proof. Let x,y and z be non-negative integers such that a* + (a + 2)¥ = z2. Since a = 3(mod 4),
we have a* + (a + 2)¥ = (—1)* + 1(mod 4). Then z2 = (—1)* + 1(mod 4). Assume that
x is even. Therefore, z2 = 2(mod 4), which contradicts the fact that z2 = 0, 1(mod 4).
Thus x is odd. [ |

Theorem 10. Let a be a prime number with a = 5(mod 8). Then the set S of non-negative integer

solutions (x,y,z) of the equation (1)is

s= {{(0,1, Va+3)} if Va + 3isan integer,
@ otherwise.
Proof. Let x,y and z be non-negative integers such that a* + (a + 2)¥ = z2. Assume that x > 0.
2\Y 2y
Then a* + (a + 2)Y = 2Y(mod a) and so z% = 2Y(mod a). Therefore, (;) = (7) =1.
Since a = 1(mod 4), by Lemma 8, it implies that y is odd. This implies that (z) =1. By
Theorem 3, we get a = 1,7 (mod 8), which is impossible since a = 5(mod 8). Thus x = 0.
By Corollary 7, it implies that if via + 3 is an integer, then S = {(0, 1,Va + 3)}, otherwise
S=0. u
By Theorem 10, we prove the result of Sroysang (2013a).

Corollary 11.  (Sroysang, 2013a) If a = 5, then the equation (1) has no non-negative integer solution.

Proof. Sincea =5, we get a = 5(mod 8) andva + 3 = V/8isn’t an integer, by Theorem 10, the
equation (1) has no non-negative integer solution. u

Theorem 12. Let a be a positive integer such that a + 2 is a prime number. If the equation (1) has a
solution (x,y,z) with even x, theny =1 and z = 2.
Proof. Let x be even. Then x = 2k for some non-negative integer k. From the equation (1),
it follows that
(z—a")(z+a¥) = (a+2). 2)
Since a + 2 is a prime number, there exists a non-negative integer v such that z — a* = (a + 2)?
and z + a¥ = (a 4+ 2)”7". Then
2-af=(a+2)"[(a+2)Y?-1]. (3)
If v> 0, then (a+ 2)|2 or (a + 2)|a, a contradiction. Thus v = 0 and so

2:af*=@+2)Y-1=(a+D[(a+2) +(a+2)" 2+ +1]. (4)

Assume that a > 1. Since a + 2 is a prime number, we have a + 1 = 4. Then there exists a prime

Cl@+2) 4+ (@+2)7 2+ -+ 1],

number p such that pl%l. From the equation (4), we get ak =
Then pla. However, since p| aTH, we also have p|(a + 1). Hence, p|[(a + 1) —a], i.e., p|1, which is a

contradiction. Thus a = 1. From the equation (4), it implies that 2 =3Y —1. Theny =1andsoz=2. ®



U

MIEATINGEERNS U, VN 52 Laua 1 43

Theorem 13.

Proof.

Theorem 14.

Proof.

Let a be a positive integer and let p be a prime number with p = 5,7(mod 8) and
= —2(mod p). Then the set S,44 of non- negative integer solutions (x,y,z) of the

equation (1) with odd x is

{(1,0,\/a + 1)} if va + 1is an integer,

Soua = {
odd @ otherwise.

Let x be odd. Since a = —2(mod p), we obtain a* + (a + 2)” = (—2)* + p¥ (mod p).

From the equation (1), we have z? = (—2)* + p” (mod p). Assume that y > 0. Therefore,

2 — (_o\x T 2% _ . . =% _ -2\
z* = (—2)* (mod p). This implies that( 5 )— 1. Since x is odd and ( 5 )— (p) ,
we obtain (_72) = 1. By Theorem 4, we have p = 1,3 (mod 8). This is impossible since
p =5,7(mod 8). Thus y =0. By Corollary 6, if va+1 is an integer, then S, 44 =

{(1,0,Ya+ 1)}, otherwise Spgq = @ . .

Let a be a positive integer with a = 3(mod 4) and let p be a prime number with p =
5,7(mod 8) and a = —2(mod p). Then the set S of non-negative integer solutions (x,y, z)
of the equation (1) is

5= {{(1,0, Va+ 1)} if Va + 1isan integer,
@ otherwise.

Since a = 3 (mod 4), by Lemma 9, it implies that x is odd. By Theorem 13, if va+1
is an integer, then S = {(1,0,Va + 1)}, otherwise S = @ . [

Next, we use Theorem 14 to prove some previous research.

Corollary 15.

Proof.

Corollary 16.

Proof.

Corollary 17.

Proof.

Corollary 18.

(Sroysang, 2012). If a = 3, then the equation (1) has the unique non-negative integer
solution, i.e. (x,y,2) = (1,0, 2).

Since a = 3, we get a = 3 (mod 4) and a = —2 (mod 5). By Theorem 14, it implies that
(x,v,2) =(1,0,2). ™
(Sroysang, 2013b). If a = 47, then the equation (1) has no non-negative integer solution.
Since a = 47, we obtain a = 3(mod 4), a = —2(mod 7), and va + 1 = V48 isn’t an
integer. By Theorem 14, it follows that the equation (1) has no non-negative integer
solution. [ |
(Sugandha et al., 2018). If a = 11, then the equation (1) has no non-negative integer
solution.

Since a = 11, we obtain a = 3 (mod4), a = —2(mod 13), and Va+ 1 =12 isn’t an
integer. By Theorem 14, it follows that the equation (1) has no non-negative integer
solution. [ |

(Pakapongpun and Chattae, 2022). Let a be a positive integer with a = 3(mod 20). Then

the set S of non-negative integer solutions (x,y, z) of the equation (1) is

S = {{(1,0, Va+1)} if Va + 1is an integer,
@ otherwise.
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Proof.

Corollary 19.

Proof.

Theorem 20.

Proof.

Since a = 3(mod 20), we have a = 3 (mod 4) and a = —2 (mod 5). By Theorem 14, it
implies that if vVia + 1 is an integer, then S = {(1,0,v/a + 1)}, otherwise S = @ . n
(Viriyapong et al., 2024). Let a be a positive integer. If a = 19 (mod 28), then the equation
(1) has no non-negative integer solution.

Assume that there exist non-negative integers x,y and z such that a* + (a + 2)¥ = z2.
Since a = 19 (mod 28), we have a = 3 (mod 4) and a = —2 (mod 7). By Theorem

14, it implies that z2= a+1 =6(mod7) , which contradicts the fact that
z2=0,1,2,4 (mod 7). ]
Let a be a positive integer and let p, g be prime numbers such that p = 5,7(mod 8) and
q = 3,5(mod 8). If a = —2(mod p) and a = —1(mod q), then the set S of non-negative

integer solutions (x, y,z) of the equation (1) is

5= {{(1,0, Va+ 1)} if Va + 1isan integer,
@ otherwise.

Since a = —1(mod q), we get a* + (a + 2)¥ = (—1)* + 1(mod q). From the equation (1),
we have z? = (—1)* + 1(mod q). Assume that x is even. Therefore, z2 = 2(mod q)
and so (2) = 1. By Theorem 3, we obtain g = 1,7 (mod 8). This is impossible since
q = 3,5 (mod 8). Thus x is odd. By Theorem 13, it implies that if via + 1 is an integer, then
S={(1,0,Va+ 1)}, otherwise S = 9. u

Next, we use Theorem 20 to prove some previous research.

Corollary 21.

Proof.

Corollary 22.

Proof.

Corollary 23.

Proof.

Corollary 24.

Proof.

(Sroysang, 2013¢). If a = 89, then the equation (1) has no non-negative integer solution.
Since a = 89, we obtain a = —2(mod 7), a = —1 (mod 5), and Va + 1 =+/90 isn’t an
integer. By Theorem 20, it follows that the equation (1) has no non-negative integer
solution. [ |
(Sroysang, 2014). If a = 143, then the equation (1) has the unique non-negative integer
solution, i.e. (x,y,2z) = (1,0,12).

Since a = 143, we have a = —2(mod 5) and a = —1 (mod 3). By Theorem 20, it implies
that (x,y,2z) = (1,0,12). [
(Viriyapong et al., 2023). Let a be a positive integer. If a = 5 (mod 21), then the equation
(1) has no non-negative integer solution.

Assume that the equation (1) has a non-negative integer solution. Since a = 5 (mod 21),
we have a = —2(mod 7) and a = —1(mod 3). By Theorem 20, we obtain z? = a + 1.
Since a = —2 = 5(mod 7), we have z? =6 (mod 7), which contradicts the fact that
z2=0,1,2,4 (mod 7). [
(Dokchann and Pakapongpun, 2020). Let a be a positive integer. If a = 5 (mod 42), then
the equation (1) has no non-negative integer solution.

Since a = 5 (mod 42), we have a = 5 (mod 21). So, we can prove in the same way as

Corollary 23. Hence, the equation (1) has no non-negative integer solution. |
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