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ABSTRACT

Let S ={x,y,2z ..} and T = {a, B,7, ... } be any two non-empty sets. We call S a I'-semigroup if S satisfies
the following two conditions:

(i) xay € Sforalla,b € S and a €T;

(i) (xay)Bz = xa(ypz) forall x,y,z € Sand a, B €T.

It is observed that every semigroup is a I'-semigroup. The main purpose of this paper, based on the
notion of two-sided ideals generated by non-empty sets, we introduce the notion of two-sided bases of a I'-
semigroup. We characterize when a non-empty subset of a I'-semigroup is a two-sided base, prove that for any
two two-sided bases of a I'-semigroup have the same cardinal numbers and study the algebraic structure of a I'-

semigroup containing two-sided bases.
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1. INTRODUCTION

A non-empty set S together with an associative binary operation is called a semigroup (Clifford and
Preston, 1961, p.1). Based on the notion of two-sided ideals of a semigroup S generated by anon-empty set, the
concept of two-sided bases ofS has been introduced and studied by Fabrici (Fabrici, 1975). Indeed, a non-empty
subset A of S is said to be a two-sided base of S if A satisfies the following two conditions:

(i)S=AUSAUAS U SAS;
(ii) if B is a subset of A such that S = B U SB U BS U SBS, then B = A.

Here, for any non-empty subsets 4, B of S, the set product AB is the set of all ab € S with a € 4, b € B.
The results obtained by Fabrici are as follows: Using the quasi-ordering defined by using principal ideals of S, the
author characterized when a non-empty subset of S isa two-sided base of S, proved that for any two two-sided
bases of S have the same cardinality, and studied the algebraic structure of S containing two-sided bases.

In the line of Fabricimentioned in the above paragraph, we will introduce the concept of two-sided bases
of an algebraic structure which is called a I'-semigroup. This structure was defined by Sen (Sen, 1981). Indeed, we
characterize when a non-empty subset of a I'-semigroup is a two-sided base, prove that for any two two-sided
bases of a I'-semigroup have the same cardinality and study the algebraic structure of a I'-semigroup containing
two-sided bases. It is observed that the obtained results generalize the results of Fabrici.

The rest of this section we recall definitions, notations and results used throughout the paper. Thesecan be
found in (Sen and Saha, 1986; Saha, 1987, Saha, 1998). The notion of a TI'-semigroup was defined as a
generalization of a semigroup by the following definition.

Definition 1.1. Let S = {x,y,z,...} and I' = {a, 8,7, ... } be any two non-empty sets. Then S is said to be a
I'-semigroup if it satisfies the following two conditions:

() xay € S forall x,y € S and a € T;

(i) (xay)Bz = xa(yBz) forall x,y,z € Sand a,B €T.

Example 1.2. Let S be a semigroup with a binary operation o. Let T' := {o}. Then S is a I-semigroup.

Example 1.3. Let S be the set of all 2 X 3 matrices over Q wher Q is the set of rational numbers. Let T’
be the set of all 3 X 2 matrices over Q. Define AaB as the usual matrix multiplication of 4, a, B; for all A,B € S
and for all @« € T. Then S is a I'-semigroup. Note that S is not a semigroup under the usual matrix multiplication.

Several results on semigroups have been extended to I'-semigroups, see for examples in (Saha, 1987,
Chattopadhyay, 2005; Chinram, 2006; Sattayaporn, 2009; Hila, 2011; Hedayati and Shum, 2011).

Let S be a I'-semigroup. For non-empty subsets 4, B of S, we write ATB for the set of all elements aab
inSwherea € A,b € Band a €T. That is,

ATB:= {aab|a € A,b € Band a € T}.

For a € S, we write al'B for {a}I'B, and similarly for Bla.
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Definition 1.4.Let S be a I'-semigroup and A a non-empty subset of S. Then A4 is called I'-subsemigroup of Sif
ATA C A.
Definition 1.5.Let S be a I'-semigroup and A a non-empty subset of S. Then A is called a left(resp. right)l'-ideal
of §if
STA € A (resp. ATS € A).
Moreover, 4 is called a two-sidedr -ideal (or simply called an I'-ideal) of S if A is both a left and a right T-ideal
of §.
Definition 1.6. Aproper I'-ideal M of a I-semigroup S (M # S) is said to be maximal if for anyl-ideal A of
SMCACSimpliesM=AorA=S.
It is known (see, for instance in (Sen and Saha, 1986)) that if {4;| i € I} is an indexed family of T-ideals of

a I'-semigroup S such that N 4; # 0, then Ny 4; is a T-ideal of S. Hence, if A is a non-empty subset of S, then
the intersection of all T-ideals of S containing A, denoted by (A4)r, is the smallest T'-ideal of S containing A, and
(A)7 is of the form

(A); = AUSTA U ATS U STATS.
In particular, for an element a € S, we write ({a})r by (a); which is called the principal I'-ideal of S generated
by a. Thus,

(&) =auUSTauUal'SuSTarls.

Note that for any b € S, we have
STh U bI'S U STHI'S

is a I'-ideal of S. Finally, if A and B are twoTl-ideals of S, then the unionA U B is a I'-ideal of S.

2. BASES OF A ['-SEMIGROUP

We begin this section with the definition of two-sided bases of a I'-semigroup as follows.
Definition 2.1. Let S be a I'-semigroup. A non-empty subset A of S is called a two-sided base of S if it satisfies
the following two conditions:

() S=AUSTAUATS U STATS;,

(ii) if B is a subset of A such that S = B U ST'B U BI'S U STBT'S, then B = A.

We now provide some examples.
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Example 2.2. Let S = {a, b,c,d} and I = {a, f} be such that

a | a b c d B | a b c d
a a b a a a b a b b
b b a b b b a b a a
c a b a a c b a b b
d a b a a d b a b b
Then S is a T'-semigroup.lt is easy to see that the two-sided base of S is {c, d}.
Example 2.3. Let S = {a, b,c,d} and T = {y, 8§} be such that
y | a b c d 1) | a b c d
a a b a a a a b a a
b b a b b b b a b b
c a b c d c a b d c
d a b d c d a b c d

Then S is a I-semigroup. It is easy to see that the two-sided bases of S are {c} and {d}.
Hereafter, for any I'-semigroupsS, we shall use the quasi-ordering which is defined as follows.
Definition 2.4. Let S be a I'-semigroup. We define a quasi-ordering on S by for any a, b € S,

a<be (a)r S (b)r.
We writea < bifa<bbuta=+b.
Lemma 2.5. Let A be a two-sided base of a I'-semigroup S, and a,b € A. If a € STh U bI'S U ST'bI'S, then a = b.
Proof. Assume that a € STh U bI'S U STbI'S, and suppose that a # b. Let B = A\{a}. Since a # b, b € B. To show
that (A)r € (B)r, it suffices to show A € (B)r.Let x € A. If x # a, then x € B, and so x € (B)r. If x = a, then by
assumption we have x = a € STh U bI'S U SThI'S € (B);.Thus S = (A)r S (B)y S S.This is a contradiction. Hence
a=bh.
Lemma 2.6. Let A be a two-sided base of a I'-semigroup S. If a,b € A such that a # b then neither a < b nor
b<a
Proof. Assume that a,b € A such that a # b. Suppose that a < b. Then a € (a)r € (b)r. Since a € (a)r € (b)r
and a # b, it follows that a € STh U bI'S U SThI'S. By Lemma 2.5., a = b. This is a contradiction. The case b < a

can be proved similarly.

3. MAIN RESULTS
In this part the algebraic structure of a I'-semigroup containing two-sided bases will be presented.
Theorem 3.1. A non-empty subset A of a I'-semigroup S is a two-sided base of S if and only if A satisfies the

following two conditions:
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(1) for any x € S there exists a € A such that x < a;
(2) forany a,b € A, if a # b, then neithera < b nor b < a.

Proof. Assume first that A4 is a two-sided base of S. Then (4); = S. Let x € S. Then
x € (A)r = U{(a)r|for all a € 4},
and so x € (a) for some a € A. This implies (x); € (a)7. Hence x < a. Thus (1) holds. The validity of (2) follows
from Lemma 2.6..
Conversely, assume that the conditions (1) and (2) hold. We will show that 4 is a two-sided base of S. To
show that § = (4) 7, let x € S. By (1), there exists a € A such that (x); € (a)7. Then

x € (X)r S (@)r S (A)r-
Thus S € (A)r, and S = (4)r. It remains to show that A is a minimal subset of S with the property: S = (4)7.

Suppose that § = (B)r for some B € A. Since B C A4, there exists a € A\B. Sincea € A S=(B)randa ¢ B, it
follows that a € STB U BI'S U STBT'S. There are three cases to consider:

Casel: a € STB. Then a = syb; for some s € S,y €T and b, € B. By a € b; UST'b; U b;T'S U STh(TS, it
follows that (a); € (by)r. Hence, a < by. This is a contradiction.

Case 2: a € BI'S. Then a = b,ys for some s€S, y €Tl and b, € B. Since a € b, UST'b, Ub,TSU
ST'b,I'S, we have (a)r € (by)y. Thatis, a < b,. This is a contradiction.

Case 3: a € STBI'S. Then a = s;y1b3Y,5s, for some s;,s, €S,y1,72 €T and b; € B. By a € b; USTh; U
bsI'S U STh5T'S, it follows that (@) S (b3)7. SO a < bs. This is a contradiction.
Therefore, A is a two-sided base of S as required, and the proof is completed.
Theorem 3.2. Let A be a two-sided base of a I'-semigroup S such that (a); = (b)y for some a in A and b in S. If
a # b, then S contains at least two two-sided bases.
Proof. Assume that a # b. Suppose that b € A. Since a < b and a # b, it follows that

a € STh U bT'S U STHTS.
By Lemma 2.5., we obtain a = b. This is a contradiction. Thus b € S\A. Let
B:= (A\{a}) U {b}.

Since b € B, we have b ¢ A, and B € A. Hence A # B. We will show that B is a two-sided base of S.
To show that B satisfies (1) in Theorem 3.1, let x € S. Since 4 is a two-sided base of S, there exists ¢ € A such
that x <c. f c#a, then c€B. If c=a, then x <a. Since a<b, x<a<bh. Then x <b. To show that B
satisfies (2) in Theorem 3.1, let ¢y, ¢, € B be such that ¢; # c,. We will show that neither ¢; < ¢, nor ¢, < ¢;.
Since ¢; € B and ¢, € B, we have ¢; € A\{a} orc; = b and c, € A\{a} or c, = b.

Case 1: ¢; € A\{a} and ¢, € A\{a}. This implies neither ¢c; < ¢, nor ¢; < ¢;.

Case 2: ¢ € A\{a} and ¢, =b. If ¢; <c,, then ¢; <b. Since b<a, c;<b<a . Thuse; <a, a

contradiction. If ¢, < ¢;, then b < ¢;.Sincea < b,a < b < c¢;. So a < ¢4, a contradiction.
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Case 3: c; €A\{a} and ¢; =b. If ¢; <c,, then b<c,Since a<b, a<bh<c,Hence a<c, a
contradiction. If ¢, < ¢;, then ¢, < b. Since b < a, ¢, < b < a. Thus ¢, < a, a contradiction.

Case 4: ¢c; = b and ¢, = b. This is impossible.
Therefore, B is a two-sided base of S.
Corollary 3.3. Let A be a two-sided base of a I'-semigroup S, and let a € A. If (x); = (a)r forsome x € S, x # a,
then x belongs to some two-sided base of S, which is different from A.
Theorem 3.4. Let A and B be any two-sided bases of a I'-semigroup S. Then A and B have the same cardinality.
Proof. Let a € A. Since B is a two-sided base of S, by Theorem 3.1.(1) there exists an element b € B such that
a < b. Since A is a two-sided base of S, by Theorem 3.1.(1) there exists a* € A such that b < a*. So a < b < a*,
i.e, a < a”. Thisimplies that a = a*. Hence (a); = (b). Define a mapping

®:A— B byp(a) =b
for all a € A. We will show that ¢ is one-one. Let a,,a, € A be such that ¢(a,) = ¢(a,). Since p(a,) = ¢(a,),
¢(a;) = p(a,) = b for some b € B. So (ay)r = (a)r = (b). Since (ay)r = (a)7, a; < a, and a, < a;. This
implies a; = a,. Therefore, ¢ is one-one. We will show that ¢ is onto. Let b € B. Since A is a two-sided base of
S, by Theorem 3.1.(1) there exists an element a € A such that b < a. Since B is a two-sided base of S, by
Theorem 3.1.(1) there exists an element b* € B such that a < b*. So b < a < b*, i.e,, b < b*. This implies b = b*.
Hence (a); = (b)r. Thus @(a) = b. Therefore, ¢ is onto. This completes the proof.
Remark 3.5. It is observed that a two-sided base A of a I'-semigroup § is a two-sided I'-ideal of S if and only if
A=S.
Theorem 3.6. A two-sided base A of a I'-semigrous S is a I'-subsemigroup if and only if A = {a} with aya = a for
ally er.
Proof. Assume that A of a I'-subsemigroup S. Let a,b € A and y € T. Since A is a I'-subsemigroup of S, ayb € A.
Setting ayb = c; thus
c € STh € STb U bI'S U STHTS.

By Lemma 2.5, ¢ = b. So ayb = b. Similarly, ¢ € al'S € STa U al'S U STal'S. By Lemma 2.5, ¢ = a.
So ayb = a. We have a = b. Therefore, A = {a} with aya = a.The converse statement is clear.
Notation. The union of all two-sided bases of a I'-semigroup S is denoted by A.
Theorem 3.7. Let S be a I'-semigroup. Then S\A is either empty set or a I'-ideal of S.
Proof. Assume that S\A # @. We will show that S\A is a I'-ideal of S. Let a € S\A,x €S and y € T. To show
that xya € S\A and ayx € S\A, we suppose that xya & S\A. Then xya € A. Hence xya € A for some a two-
sided base A of §. We set xya = b. Then b € STa. By

beSTacSauSTaual'SuSrTals,
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it follows that (b); € (a)7. Next, we will show that (b); € (a)y. Suppose that (b)r = (a)7. Since a € S\A and
b€ A, a#b.Since (b)r = (a)r, a # b and Corollary 3.3., we conclude that a € A. This is a contradiction. Thus
D)y € (a)7, i.e,, a < b. Since A is a two-sided base of § and a € S\A, by Theorem 3.1.(1) there exists b; € A
such that a < b;. Since b <a < by, b < b;. This is a contradiction. Thus xya € S\A. Similarly, ayx € S\A.
Therefore, S\A is a I'-ideal of S.

Notation. Let M'* be a proper I'-ideal of a I'-semigroup S containing every proper I'-ideal of S.

Theorem 3.8. Let S be a I'-semigroup and @ # A < S. The following statements are equivalent:

(1) S\A is a maximal proper two-sided T-ideal of S;

(2) for every element a € A, A S (a)r;

(3) S\A = M*;

(4) every two-sided base of S is a one-element base.

Proof. (1)& (2). Assume that S\ is a maximal proper '-ideal of S. Let a € A. Suppose that A & (a)y. Since
A L (a)r, there exists x € Asuch that x & (a)r. SO x € S\A. Since x & (a)r, x € S\A and x €S, we
have(S\A) U (a)r € S. Thus (S\A) U (a)r is a proper I'-ideal of S. Hence S\A < (5\A) U (a)y. This contradicts
to the maximality of S\A.

Conversely, assume that for every element a € A,A S (a)r. We will show that S\A is a maximal
proper T-ideal of S. Since a € A, a & S\A. So S\A c §. Since A C §,S\A # @. By Theorem 3.7., S\A is a
proper I'-ideal of S. Suppose that M is aproper I'-ideal of S such that S\cA € M c S. Since S\A c M, there exists
x €M such that x € S\A,ie, xEA. ThenxeEMNA SoOMNA+P. letceMNA. Thenc €M and c € A.
Since c € M,

ST'c € STM S M, cI'S € MI'S € M and STcI'S € STMTS € M.
Then (¢);y = cUSTc U cI'SUSTcl'S € M. Since ¢ € A, by assumption we have A € (c)r. Hence
S=B\A)UACSS\A)U(c)rEMCcS.
Thus M = S. This is a contradiction. Therefore, S\A is a maximal I'-ideal of S.

(3)=(4). Assume that S\eA = M*. Since S\A = M*, S\A is a maximal proper T'-ideal of S. By (1)=(2), for
every a € A, A C (a)g. First, we will show that for every a € A,S\A S (a)r. Suppose that S\A & (a); for
some a € A. Then (a)r # S. Hence (a)r is a proper I'-ideal of S. Thus (a); € M™ = S\A. Then (a); S S\A.
Since a € (a), a € S\A, i.e, a & A. This is a contradiction. Thus S\A S (a)r for every a € A. Since S\A S
(a)r and A € (a); for every a € A, it follows that

S=B\A)UAC (a)rU(a);r =(a)r ES.

So S = (a)r for every a € A. Therefore, {a} is a two-sided base of S. Let 4 be a two-sided base of S.
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We will show that a = b for all a, b € A. Suppose that there exist a,b € A such that a # b. Since A is a two-sided
base of S,A € A. Thatis,a € A.So S = (a)r. Since b € S = (a);y and b # a,b € STa U al'S U STal'S. By Lemma
2.5, a = b. This is a contradiction. Therefore, every two-sided base of S is a oneelement base.

Conversely, assume that every two-sided base of S is a oneelement base. Then § = (a)y for all a € A.
We will show that S\eA = M*. The statement that S\A is a maximal proper T-ideal of S follows from the proof
(1)e(2). Let M be a T-ideal of S such that M is not contained in S\A. Then ANM = @. Let a € A N M. Then
a € A and a € M. It follows that

STa € STM € M, al'S € MI'S € M and STal'S € STMT'S € M.

ThenS=(a); EM S S. Thus M =S.

(1)e(3). Assume that S\A is a maximal proper I'-ideal of S. We will show that S\cA = M*. Since S\A is
a proper I'-ideal of S, S\eA € M™ c S. By assumption, S\AA = M*or § = M". Hence S\A = M. The converse

statement is obvious.
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