2.3M8. 1. 50(3) 223-230 (2565) KKU Sci. J. 50(3) 223-230 (2022)

KKU SCIENCE JOURNAL

WaLaaNgauuNsasaa it adulugas

Equilibrium Solution on a Two-dimensional Piecewise Linear Map

Asens lnsaw’ faw lansu' s Uudew' way Alsad Ande”

Siriyakorn krisuk', Kanlaya Soprom?, Jutarat Pantain' and Wirot Tikjha'"

faugIngnamansuazimalulad inivedenvdgiiyaasnsiy Jamiafivadan 65000

Faculty of Science and Technology, Pibulsongkram Rajabhat University, Phitsanulok 65000
"Corresponding Author, E-mail: wirottik@psru.ac.th

Received: 4 November 2022 | Revised: 9 January 2023 | Accepted: 28 January 2023

unAnga
GLUUWﬂiﬂwﬁLiﬂﬁﬂﬂﬂwqaﬂﬁllﬁuE]ﬂﬂ’]i?ﬁl,%dLﬁuLﬂuﬁi)dﬁﬁLﬁﬁ]uL%IM?’TUE]QTUU%L’JQJLQWWSLUQ@ﬂﬂﬂﬁﬁaﬂ N3
deinanilyaaugaiismiaion smuuinaesteuluiuduvestanasiidugaauna I5vhmsudsuinatane
TuannafidessanaduuinudosuazinnisdumngAnssuvemalaasluusiaz U3 nugesfonsfuinmanss
wazmsliUsenatiifigatisondnguinidendinmans Tslduansiudazuinadosveaioulubuduazinanaady

yraunatuigalaglildnguiunaiesam

ABSTRACT
In this paper we study a behavior of a piecewise linear map with specific initial condition in the
second quadrant. We show that there is a unique equilibrium point of the map. We found regions of initial
conditions that solutions become an equilibrium point. We separate the region into sub-regions and
investigate behaviors of solutions in each sub-region by direct calculations. We use inductive statements to
assert that solutions of the map in each region of initial conditions are an eventually equilibrium point

without using stability theorem.
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INTRODUCTION

Lozi map (Lozi, 1978) is a well-known piecewise linear map (PWL) which is a simplest case of
piecewise smooth map (PWS). It is a simplified version of Hénon map and it has a strange attractor. A map
with absolute value is one kind of the piecewise linear map. We know that multistability (Simpson, 2010;

Zhusubaliyev et al., 2008), and infinitely many coexisting attractors (Simpson, 2014a; Simpson, 2014b) can
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occur in PWS maps. An open problem about a piecewise linear system were mentioned in Grove et al.
(2012) as follows:

{xn+1 = |x,| +ay, +b

Yn+1 = Xn +Clyn| +d ,n=012,.. 1)

where parameters a,b,c and d are in{—1,0,1} and the initial condition (x,,y,) € R?. Gove et al. (2012)
found that every solution of a special case of system (1) is eventually prime period-3 solution except for
the unique equilibrium solution. In article Tikjha et al. (2010; 2015; 2017) and Tikjha and Lapiere (2020),
they studied some special cases of System (1), by showing that there are periodic attractors. They showed
that every solution is eventually either that attractors or the equilibrium point by using direct calculation
and inductive statement. Our goal is to make generalization of parameter b of special case of System (1)
given as follow,

{xn+1 = |xn| - Yn + b — 0’1’2’ . (2)

VYne1 =Xp + |yul + 17
where b is any real number. Krinket and Tikjha (2015) studied a special case of System (2) by taking
b=-1, and found that solutions are eventually a prime period 4 with a specific initial condition on
y —axis. Tikjha and Piasu (2020) studied the solution of a special case of System (2) by taking b =-3:

{xn+1 = x| —yn—3

,n=0,12,.. (3)
Yn+1 = Xn — |ynl + 1

with the initial condition being a specific region in first quadrant is an eventually equilibrium point or prime
period 4. Therefore we continue to investigate System (3) with the initial condition in a specific region in

second quadrant.

METHODOLOGY
We will use a direct calculation by substituting an initial conditions in each region into the system
(3) and verify that it is negative or non-negative in each iteration and then use that property to compute

the next iteration. The following definitions (Grove and Ladas, 2005) are used in this article. A solution
{(xn,yn )}wio of a system of difference equations is called eventually an equilibrium point if there exists
an integer N >0 such that {(xn,yn )}wiNis the equilibrium point (;,;); that is, (xn,y”) = (;,;) for all

n=>N . A solution {(xn,yn )}Ooio of a System (3) is called eventually periodic with prime period p or an

eventually prime period p solution (or p-cycle) if there exists an integer N > 0 and p is the smallest positive

0

integer such that {(xn,yn )}n:ois periodic with period p; that is, (xn+p,yn+p) =(x,,y,) foralln>N.
It is worth noting that a solution is eventually periodic with period p (a solution is an eventually equilibrium
point) when orbit (forward iterations) contains a point of the cycle (equilibrium point). We will show that

every solution of the system (3) with specific initial condition is an equilibrium point by finding a pattern of
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solutions. Then, we verify that the closed form is true by using mathematical induction. We also use direct

calculations to show that some solutions will become the equilibrium point in some regions.

RESULTS

In this section, we will investigate the behavior of System (3) with the initial condition belonging to

theset Ai={(x,y) eER"XR¥|—x—y—3>0and —2x —2y —7 < 0and — 2x + 2y — 9 < 0} as Figure 1.

qlx)=x+45

gx)=-x-3

Figure 1 The yellow region is the initial condition of the system.

We claim that the system (3) has a unique equilibrium point which is (—1,—1) obtained by solving

a system of equations ;=|;|—;—3 and ;=;—|;|+1. Let (x,,y,)e 4. We have the first two

iterations as

x1=|x0|—y0—3=—x0—y0—320 and y1=x0—|y0|+1:x0—y0+1<0, (@)
x2=|x1|—y1—3=—2x0—7 and y2=x1—|yl|+1=—2y0—1<0. (5)

If (x,,¥,) is in the region for which —%s x, <=3 then x, <0 and so

X, =2x,+2y,+5<0 and y, =-2x,-2y,-7<0,
x,=-1 and y, =-1.

So, we have the following lemma.

Lemma 1 Let (x,,y,) € Abe an initial condition where x, e[—%,—3j. Then the fourth iteration of the
solution of the system (3) is the equilibrium point (—1,—1).

If (x,,¥,) is in the region for which —4 < x, <—% then x, >0 and so the next two iterations will be in

the following form:

X, =-2x,+2y,-9<0 and y, =-2x,-2y,-7<0, (6)
x, =4x,+13<0 and y, =—4x,-15. (7
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If x, e [—%,—%), then y, <0 and so (x;,y5)=(-1-1). Thus, we have the following lemma.

o - 15 7 ) . .
Lemma 2 Let (x,,y,)€ Abe an initial condition where x, e{_Z’_E) Then the fifth iteration of the

solution of the system (3) is the equilibrium point (—1,—1).
If (x,,¥,) is in the region for which —4 < x, < —1:5, then ¥, >0 and so the next two iterations will be in

the following form:

x;=-1 and y, =8x,+29<0, (8)
x, =—8x,—31 and y, =8x,+29<0. ©)

If x, € [—%,—IZSJ then x; <0 and so (x,,»,)=(-1-1). Thus, we have the following lemma.

Lemma 3 Let (x,,y,) € 4 be an initial condition where x, € {—%,—1?5). Then the seventh iteration of the

solution of the system (3) is the equilibrium point (—1,—1).
We will investigate the solution with the initial condition (x,,y,) belonging to the remain region

as the following lemma.

Lemma 4 Let (x,,y,)€ 4 be an initial condition where x, € (—4,—%) Then the solution of the system

is eventually the equilibrium point (—=1,—1).
Proof. We have a closed form of the first six iterations in the form of equations (4) - (9) and
xs =—8x,—31>0. The following sequences are used in the inductive statement of this lemma.

_ _22n+3 +1 _ _22n+4 +1

a, = 22n+1 >%n T 22n+2

, and &, =2"""*" —1. Let P(n) be the following statement:

“for x, € (—4, an) ,
Xy =—2"""x, =0, and y,,.; =—1.
If x, € [bn,an) then x,,.; <0 and so
Xppoa =27 x,+68,-2<0  and y,,,,=-2""x,-0,<0,
Xgpes =1 and yy,.s =—1.
If x, € (—4,bn) then x,,.; >0 and so
Xypoa =—27"2x,-0,-2<0 and y,,,,=-2""x,-6,>0,

x4n+5 :22”+3x0+25’1 _1<0 ahd y4n+5 :—1’

Xy =27 x, 26, -1 andy,, ., =2""x,+25,-1<0.
If x, e[a b ) then x,,., <0 and so

n+1°>~n

x4n+7 = _1 and y4n+7 = _1 .
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If x, e(—4,a ) then x,,,,>0".

n+l

=31
Firstly, we shall show that P(1) is true. By letting x, € (—4, al) = (_4’Tj we have,

Xyupes = % =[x~y ~3=-16x-63=-2"""x, =, and
Yays = V1 = Xe _|y6|+1=_1~

If x, E[bl,al)z{;—?,%j then x, =—16x,-63<0 and so

Xy(1yea = X3 = 16x,+61= 202 X, +0,—2<0 and
Vigiyes = s = —16x, =63 ==2*""x -5, <0,
Xy(1)4s = Xo =-1 and Yayrs = Vo = -1

If x, €(—4,b,) 2(—4,_1—663j then x;, =—16x,—63 >0 and so

Xyiyra = Xg = —16x, 65 = o2 x,—0,—2<0 and
Vayes = s = —16x, =63 ==2"""x, =5, >0,

X5 = %o =32, +125 =220 x 425, —1<0 and ) =y, =1,
Xyiyes = X9 = —32X, =127 = 2P x ~26, -1 and

Yaayre = V0 = 32x,+125= 22(1)+3X0 +26,-1<0.

If X, €[a,,b;) =[%,_1—663)then X,y =—32x,—127<0 and so
Xy =X ==L and y,q =3, =-1.

-127
If Xy € (—4,612) :(—4,3—2j then X = —32X0 —-127>0.
Hence P(1) is true. Now we suppose further that P(k) is true for a positive integer k. We have

Xagre = _22k+3x0 =26, -1>0 and y, . = 22k+3xo +20,-1<0

_22k+5

+1
for x, € (—4,a,,,) = (_4’ 243 )
We determine the sign of X, by substituting —4 and a,,, into X, of a linear function x,,,, of variable
x, as follow:

_"2k+5 _"N2k+5
x4k+6(gj:_22k+3(g]_2(22k+4_1)_1:22k+5_1_22k+5+2_1:0’

22k+3 22k+3

Xypog (—4) =27 (—4)—2(27* —1)—1 =2 2" 12 1=1>0 . From now on, we wil
determine the sign of solutions by using this method. Then

~Viroe—3= k1) x,—46, 3= k)2 X, — Oy, - We note that

X k+1

a(ke1)es = Xaker = |x4k+6

45, +3=4(2" -1)+3=2"—443=2"""" 1= .
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Yaer1)es = Vare1 = Xakso _|y4k+6| +1=-2%" X, =26, -1+ 22k+3xo +26, —1+1=-1.

_22k+6+1 _22k+5+1 i
If Xy €[byors i) ={ YT then x,,,, =—2""x,—0,,, <0 and so

_  A2k+4 _ _ A2k+4
Xypotyea = Xapg =27 XoF 01 —2<0 and Vasiyra = Vagss =27 Xy — O 0. Thus

(x4(k+1)+5’y4(k+1)+5) = (_1’_1) :

_22k+6+1
If x, € (—4,bk+1): _4’W then x,,,, =-2"*"*x, -5, >0 and so

_ _ A2k+4 _ _ A2k+4
Xath+ty+a = Xageg = 27" x,—06,,,—-2<0 and Yatksyra = Vares = 27" x,-6,,>0,

_ _ "2k+5 _ _
Xaka)+s = Xareo = 277 xy+26,,-1<0 and Yackstyes = Vakso = -1,

2k+5 2k+5
Xa(ka)+6 — Xaks10 = -27"7x,-26,,, -1 and Yaksyre = Vaks10 = 277 x,+26,,-1<0,

_22k+7+1 _22k+6+1 Shes
i x, €[ay,2.b011) 2{ YT then X0 =—2"" X, —20,,,—1<0 and so

Xahe)+7 = Xage1 = —I and Yaksys7 = Varn =-1.
_22k+7

+1
If X, € (—4, akﬂ) =[—4,WJ then X0 =-2""x,—28,,,~1>0 . Hence

P(k+1) is true. By the mathematical induction we conclude that P(n) is true for every positive integer

n.We note that lima, =limb, =—4. By the inductive statement P(n), we can conclude that the solution

n—oo n—ow

is an eventually equilibrium point.
By the above lemmas, we immediately have the following theorem.
Theorem Let (x,,y,)€ 4 be an initial condition. Then the solution of the system (3) is an eventually

equilibrium point (=1, —1).

DISCUSSION

The result of system (3) agrees with result of Tikjha and Piasu (2020). There are regions of initial
condition in 4 that a solution is an eventually equilibrium point, however in the article Tikjha and Piasu
(2020) there is 4-cycle of the map (3) given by {((—5,—1),(3, —5),(5,—1),(3,5))} . Itis not easy to prove
all behaviors of the map (3), because the map (3) is not differentiable. So, we cannot use the stability
theorem apply to it. We believe that our results will be a tool for studying this system with another initial
condition region of R?. We conjecture that the solution of system (3) will become only an equilibrium point

or d-cycles.

CONCLUSIONS

We separate region 4 into 4 sub-regions. The first region when initial condition (x,,y,)e 4 and

X, e[—%ﬁj, the solution is an equilibrium point within 4 iterations. The second region when initial
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condition (x,,y,)€ 4 and x, € [—%,—%) , the solution is an equilibrium point within 5 iterations. The third

region when initial condition (x,,y,)€ 4 and x, € {—%,—%), the solution is an equilibrium point within

7 iterations. We used inductive statement to prove Lemma 4. If we choose initial condition closer to point

(—4,—%}, then it will take more iteration of the solution being equilibrium point.
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