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ABSTRACT
In this article, we have checked the shifted data problems by Laplace transform and Elzaki transform. We
put emphasis on the representation of L{f" ()} and E[ £ (¢)] to £ (k)= B, for any positive number k and

i=0,1,2,...,n—1.Results of this research yields an easy method to find solutions to differential equations.

AdnAny: MsuUasaUany nsuuad Elzaki nMsideudeya aunsilieeyiius
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INTRODUCTION
The Laplace transform and the Elzaki transform are powerful integral transforms which can be used in
some cases to solve linear differential equations with given initial conditions. The Laplace transforms of derivatives

of f(t) are represented by

L{f(n)(t)} — SnL{f(t)} _Sn—l (0) _Sn—2 ’(O) . '_f-(n—l) (0) . (1)
In the same way, Elzaki transforms of derivatives of f(¢) are represented by
E[f(n) (t)] — E[f(t)] _ §u2—n+kf(k) (0) ) (2)

n
u k=0
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In both transformations, almost all initial value problems are define with ones at zero (Elzaki, 2011). We

would like to check the shifted data problems which are related to integral transforms (Kim, 2014).

MATERIALS AND METHODS

In this section, we introduce the definition and basic properties of the Laplace transform and the Elzaki
transform.
1. The Laplace Transform

Suppose that f* is a real-valued function of the variable ¢ >0 and S is a real parameter. We define the

Laplace transform of f as

F(s)=L{f(0)}= Te""f(t)dt = 1i£rij.e""f(t)dt (3)
0 0
whenever the limit exists (Johar, 2019).
Next, we introduce some properties of the Laplace transform which are often used in this research.
1.1 The Linearity Property of the Laplace Transform
Linearity of the Laplace transform is an important result which states that
L{clfl(t)+c2f2(t)} =clL{f1(t)} +c2L{f2(t)}, (4)
where f,, f, are real-valued functions whose Laplace transform exists and ¢,, ¢, are arbitrary constants.
1.2 Derivatives of the Laplace Transform
For all positive integers n , the n"™ derivative of the Laplace transform is given by
LI @) = SL{f@O} =5 £ (0)=5"F"(0) == f"(0), (5)
where £, ', f",..., " are continuous functions on [0,0).
1.3 The Inverse of the Laplace Transform
Given a function F(s), if we can find a function f(¢) such that L{f(¢)}=F(s), then the inverse Laplace

transform is denoted by

L'I{F(s)}zf(t), t>0. (6)
Note that the inverse Laplace transform is linear, that is,
LeF (s)+c,F, (s)} =, L {F ()} + o,L ' {F, (s)}. )

This follows from the linearity of L and holds in the domain common to F; and F,, where ¢,,c, are arbitrary
constants (Joel L, 1988).
2. The Elzaki Transform

The Elzaki transform is defined for functions of exponential order. We consider a function in the set 4

defined by
l¢|

A= f(t):3M &, and ky> 03| f(t)| < Me", if te (1) x[0,00)}. ()

According to Elzaki (2011), the Elzaki transform is defined by

E[f(t)]:uoff(z)e’?dz, t>20 and k <u<k,. )
0
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2.1 The Linearity Property of the Elzaki Transform
Linearity of the Elzaki transform is an important result which states that
Ele.fi() + . .0} = (0} + 6 ELf, (), (10)
where ¢,,¢, are arbitrary constants (Sudhanshu, 2018).
2.2 Derivatives of the Elzaki Transform

For all positive integers n , the Elzaki transform of the n" derivative of function can be given as

E[f(t) S

k=0

E[f"(]= w8 (0). (11)

(Saad, 2019).
2.3 The Inverse of the Elzaki Transform
Given a function T'(u), if we can find a function f(¢) such that E[ f(#)]=T(u), then the inverse Elzaki

transform is denoted by

E"l[T(u)]=f(t) ) (12)
Note that the inverse Elzaki transform is linear, that is,
E' [T (u)+ e, (u) = E7 [T (u) |+ ,E7' [T, (u)], (13)

where ¢,¢, are arbitrary constants (Sudhanshu, 2018).

Table 1. The Inverse Elzaki Transform of Some Elementary Functions

T(u) E[Tw)]
U, neN "
n!
u"?, n>-1 ¢’
I'(n+1)
1/[2 "
I-au
u’ sin at
1+a’u a
u’ cos at
I+au
RESULTS
Theorem 1. Let t =1, +k for k> 0. Then the solution of the shifted data problem
YO +a,y” O +a, 3" O+ +ay (0)+a,y(0) =r(1) (14)

with condition Yy (k)=b,, for i=0, 1, 2, ..., n has the form
y() =LY}

4 —-t—k
where
L{r(t,+k)} +b, +b,(s+a,)+b,(s* +a,s+a, )+--+b, (s" " +D as)+b,(s"+ X as™")
Yl - i=2 i=1 (15)

n
: A
s> as!
i=0

and Liy,(t); =1, y,(t)=y().
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Proof Let t=t +k for k> 0. Then Eq. (14) becomes
yl(nm(tl) + anyl(n)(tl) + an—lyfn_l)(tJ +eet alyll(tl) +a,), (tl) = r(tl +k) (16)
and »(0)=b,_. for y,(t,)=y(t). Taking Laplace transforms in Eq. (16), we have
L{yl(“l) ()} + anL{yl(”) ()} +an—1L{yl(”71) ()} +-+a L{y(t)} +a Ly, ()} = Lir(t, +k)} . (17)
Applying Eq. (5) to Eq. (17), we obtain
(s L{n @)} =s"3(0)=s""3(0) =+ =53 "(0) = " (0))
+a, (s"L{,t)} =53, (0)=s"2y{ (0) ==\ = 3" (0))
+a,., (s L{3 )} =", (0) ="y (0) ==V = 3" (0))
+a, (" L{3 (1)} =, (0) = 1(0)) + &, (sL{3 )} = 3, (0)) + a L {,(t))} = Lir(, + )} (18)
Rearranging Eq. (18), we have
L{y ()} [s"“ +as"+a, s" ++as +as+ a()]
-, (O)[S" +as” +a, s+ +as +a,s+ al]
- yl'(O)[s"’l +as”+a s ++as’ +as+ az]
- yl"(O)[s”’2 +as” +a s ++as’ +as+ a3]
— =) 87 +a,s+a,, |-y (O)[s+a,]-y"(0) = Lir( + k) (19)
Substituting ¥\"(0)=b, , and L{y,(#,)} =Y, in Eq. (19) leads to
Lir(t, + k), +b,+b(s+a)+b(s’ +as+a, )+ --+b _(s"" +ial.si’2)+bn (s" +ial.s"’l)
Y = = = (20)

n+l n n—1 2
s +as"+a, s" ++a,s” +as+a,

Taking the inverse Laplace transform in Eq. (20), we have y,(¢,)=L'{Y,}. Since ¢ =t, +k, the solution of Eq,

(14)is
W6)=LHY}

H—>t—k

for L{y,(#)} =Y, and n(@)=y@).
Theorem 2 Let t =¢, +k for k> 0. Then the solution of the shifted data problem
Y O+a,y"(O+a, 3" O+ +a,y (O +a,y(0) =r(0)
with condition Yy (k)=b,_, for i=0,1, 2, ..., n has the form
YO =E'Y],
where
E[r(t, + k)] + b+ b, (14 au) +b,(u +au’ +a, u)+-+b, (" + Y au’™")+b,w* "+ au™")

— i=2 i=1
h= 1
a, a, a, a
ﬁ+a0 +*1+72+"‘+
u u u

n-1 n
n-2 + unfl n

u
Proof Let t=t +k for k >0.Then Eq. (21) becomes

yl("ﬂ) (ll) + anyl(") (ll) + a’Hyl(nil)(l‘l) +eeet a1y1’(t1) +a,y, (tl) = r(tl + k)
and yl(f) (0)=b, , for y,(¢,)=y(t). Taking Elzaki transforms in Eq. (23), we have

E{yl(”+l)(t1)} + anE{yl(”) ()} + an—lE{yl(nil) @)} +-+ alE{)/l'(tl)} +a,E{y (t)} = E{r(t, +k)} .

(22)

(23)

(24)
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Applying Eq. (11) in Eq. (24), we obtain
-2
yiff) Z - n+ky<k)(0)+a (E[)ﬁ(t D] Z 2- n+ky(k)(0)j+an (E[yl(t) Z 3- n+ky(k)(O)J+

k= k= k=0

2[[”(” $(0)- m%@}ﬂ( %ﬁ”—wmﬂ+%Euﬁm=Evm+my (25)
Rearranging Eq. (25), we have
E[yl(tl)](%+a—jj+%+%+---+a—§+&+aoj —y(O)(ul”’ tau" +a, "+ +a, +a1u)
u u u u u

—y'(O)(uz_" tau " +a, ut" ++a, + azu) —y"(O)(Lf_'1 tau" +a, u" ++a, +a3u)—
—y"2(0) (Lf1 +a,+a u) “(0) (uo + anu)—y(")(O) (u) =E[r(t, +k)]. (26)

n—1

Substituting ¥ (0)=5, . and E[y,(¢,)]=Y, in Eq. (26) leads to

E[r(t, + k)] + b+ b, (1+au) +b,(u +au’ +a, u)+-+b, (" + Y au’™")+b,w* "+ au™")
Yl = i=2 i=1 ) (27)

a a a, a, a
S e B
u u u u u

Taking the inverse Elzaki transform in Eq. (27), we have y,(¢,)=E'[Y|]. Since ¢ =t, +k, the solution of Eq. (21)
is

y(0)=E"[Y]

t >tk

for E[y1(t )] and y1(t) y(t)

APPLICATIONS

In this section we apply the Laplace transform and the Elzaki transform to solve some differential
equations.

Example 1. Using the Laplace transform to solve the differential equation

y"+3y"—y"'=3y=0 (28)

with ¥y(3)=1, y’(3)=1 and y'(3)=-1.

Solution. From Eq. (28) and Theorem 1, we have n=2, k=3.
Substituting these in Eq. (15), we have
L{r(t,+3)}+b,+b (s+a2)+b (s’ +a,s+a, 1)

Y = (29)
'+ Z as'
Next, we substitute @, =3, @, =-1, a,=-3, b, =1, b, :1, b0 =—1and L{r(t,+3)} =0 in Eq. (29). Then
2
Y = 3s +jls+1 . (30)
s +3s"—s-3
By Theorem 1, the solution of Eq. (28) is
2
s*+4s+1
H=L'{\+——— (31)
) {53’+3s2—s—3}t_n_3

| { 3 1 1 }
=L + -
4(s-1) 2(s+1) 4(s+3)

H—t-3
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3 4 1 — 1 -3t
=l—e'+—e’'——e™
4 2 4

3 =3 1 —t+3 1 —3t+9
Hence y(f)=—e " +—e "~ ——e .
(1) 2 5

Example 2. Using the Laplace transform to solve the differential equation
V'+y=2t

with y(zj=z and y'(%j:2—x/§.

4) 4

(-3

V4
Solution. From Eq. (32) and Theorem 1, we have n =1, k =—.

L{r(tl +Zj}+b0 +b(s+a,)

T T T
Next, we substitute ¢ =0, a, =1, bl :Z, bo :2_\/5 and L{V{tl +ZJ}:2tl +5 in Eq. (33). Then

Substituting these in Eq. (15), we have

le

Y - 8+27zs+452(2—\/§)+7zs3
1 45 (s* +1) '
By Theorem 1, the solution of Eq. (32) is

y(y=L" {

8+ 275 +4s>(2—~2)+ 75’
45 (s> +1)

a
t—>t——
4

25 5 AsP+1) 52+l

L_l{ﬁ+2 s \/5}

Vi
T
4

:[%+2tl —%cost1 —\/Esintl}

T
1=
4

T T T
H t)=2t ——cos| t, —— —\/Esin t,——|.
ence () 1T (1 4j (1 4J

Example 3. Using the Elzaki transform to solve the differential equation
Y+ y"=6(t—1) +4
with y(1)=0, y'(1)=0 and y"(1)=0.
Solution. From Eq. (36) and Theorem 2, we have n=2, k=1.
Substituting these in Eq. (22), we have

_E[r(t, + D]+ bu+b(1+au)+b,u " +au’ +a, u)

K
4
2

! ta,+
g+t
u2+1 ul u

(35)
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Next, we substitute @, =1, ¢, =0, @, =0, b, =0, b, =0, b, =0 and E[r(¢,+1)]=12u* +4u’ in Eq. (37). Then
120 + 4 + (0 + (0)(1+ 1)+ (0) (™ +1ue® + Our)

Y, I 01 (38)
;;+0+;+;7
By Theorem 2, the solution of Eq. (36) is
o 12u* + 4u’
M3 uz =ty —>t-1
g 120 +4u’ |
u +1 —ly—-t-1

2
=E1[12u6—12u5+16u4—16u3+16u2—16u }
u+1 tH—t-1

1

1
=[—t4 =2t +8t7 16t +16—16e"‘}

{—t-1

Hence (=1 (1=1)* =2~ 1) 4801 <16 -1) +16-16¢ "

CONCLUSIONS
In this study, the applications of the Laplace transform and the Elzaki transform to the solution of

differential equations with constant coefficients have been demonstrated.
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