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บทคัดย่อ 
 บทความวิจัยนี้ศึกษาปัญหาการทําให้เป็นเชิงเส้น สําหรับระบบสมการเชิงอนุพันธ์อันดับสาม 

𝑥ᇱᇱᇱ  ൌ 𝐹ሺ𝑡, 𝑥, 𝑦, 𝑥ᇱ, 𝑦ᇱ, 𝑥ᇱᇱ, 𝑦ᇱᇱሻ, 
𝑦ᇱᇱᇱ  ൌ  𝐺ሺ𝑡, 𝑥, 𝑦, 𝑥ᇱ, 𝑦ᇱ, 𝑥ᇱᇱ, 𝑦ᇱᇱሻ 

โดยใช้การแปลงของซันด์แมนแบบวางนัยท่ัวไป 
𝑢 ൌ  𝑓௫ሺ𝑡, 𝑥, 𝑦ሻ, 𝑣 ൌ  𝑓௬ሺ𝑡, 𝑥, 𝑦ሻ, 𝑑𝜏 ൌ 𝑔ሺ𝑡, 𝑥, 𝑦ሻ𝑑𝑡   

เม่ือ 𝑔 ് 0 และ 𝑓௫
௫ 𝑓௬

௬ െ  𝑓௬
௫ 𝑓௫

௬ ്  0 จากผลการศึกษา ทําให้ได้เงื่อนไขจําเป็นและเพียงพอสําหรับระบบสมการข้างต้นท่ีสมมูล
กับระบบสมการเชิงอนุพันธ์เชิงเส้นอันดับสาม 

𝑢ᇱᇱᇱ ൌ 0, 𝑣ᇱᇱᇱ ൌ 0 
นอกจากนี้ ยังได้ผลเฉลยที่สมบูรณ์ สําหรับกรณี 𝑓௬

௫ ൌ 0, 𝑓௧
௬ ൌ 0 และ 𝑓௫

௬ ൌ 0 ด้วย 
 

ABSTRACT 
 This paper is devoted to the study of the linearization problem of a system of two third-order ordinary 
differential equations 

𝑥ᇱᇱᇱ   ൌ  𝐹ሺ𝑡, 𝑥, 𝑦, 𝑥ᇱ, 𝑦ᇱ, 𝑥ᇱᇱ, 𝑦ᇱᇱሻ, 
𝑦ᇱᇱᇱ  ൌ  𝐺ሺ𝑡, 𝑥, 𝑦, 𝑥ᇱ, 𝑦ᇱ, 𝑥ᇱᇱ, 𝑦ᇱᇱሻ 

by the generalized Sundman transformation  
𝑢 ൌ  𝑓௫ሺ𝑡, 𝑥, 𝑦ሻ, 𝑣 ൌ  𝑓௬ሺ𝑡, 𝑥, 𝑦ሻ, 𝑑𝜏 ൌ 𝑔ሺ𝑡, 𝑥, 𝑦ሻ𝑑𝑡, 

where 𝑔 ് 0 and 𝑓௫
௫ 𝑓௬

௬ െ  𝑓௬
௫ 𝑓௫

௬ ്  0. In this paper, we obtain the necessary and sufficient conditions for the 
above system to be linearizable into the system of linear third-order ordinary differential equations 

𝑢ᇱᇱᇱ ൌ 0, 𝑣ᇱᇱᇱ ൌ 0. 
Moreover, a complete solution is given for the case 𝑓௬

௫ ൌ 0, 𝑓௧
௬ ൌ 0, and 𝑓௫

௬ ൌ 0. 
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คําสําคัญ: ปัญหาการทําให้เป็นเชิงเส้น  การแปลงของซันด์แมนแบบวางนัยท่ัวไป  ระบบสมการเชิงอนุพันธ์สามัญอันดับสามไม่เชิงเส้น 
Keywords: Linearization problem, Generalized Sundman transformations, System of nonlinear third-order ordinary  
                differential equations 
 

INTRODUCTION 
 Differential equations have been used as an important tool to solve problems in science and physical 
phenomena. In general, these equations are very difficult to find solutions. One of the fundamental methods for 
solving them makes use of a change of variables that transform a given differential equation into another differential 
equation with known properties. Since the class of linear equations is considered to be the simplest class of 
equations, there arises the problem of transforming given differential equations into linear equations. This problem 
is called the linearization problem, which is a particular case of an equivalence problem. Transformations used 
for solving a linearization problem are point transformations, contact transformations, generalized Sundman 
transformations, and tangent transformations. 
 The generalized Sundman transformation was considered earlier for second-order ordinary differential 
equations by Duarte et al. (1994) using the Laguerre form. Nakpim and Meleshko (2010a) gave examples which 
show that the Laguerre form is not sufficient for the linearization problem via generalized Sundman transformations. 
Criteria for a third-order ordinary differential equation to be equivalent to the linear equation  

𝑢ᇱᇱᇱ ൌ 0 
with respect to the generalized Sundman transformation were presented in Euler et al. (2003). Nakpim and 
Meleshko (2010b) obtained necessary and sufficient conditions for a third-order ordinary differential equation to be 
linearized into  𝑢ᇱᇱᇱ ൅ 𝛼𝑢 ൌ 0, where 𝛼 is a constant. Some applications of generalized Sundman transformations 
to ordinary differential equations were considered in Berkovich (2001) and earlier papers, which were summarized 
in Berkovich (2002). Srisuntorn and Nakpim (2016) studied the linearization problem of a third-order ordinary 
differential equation to be equivalent to the general form of a linear third-order ordinary differential equation 
𝑢ᇱᇱᇱ ൅ 𝛽𝑢ᇱᇱ ൅ 𝛼𝑢ᇱ ൅ 𝛾𝑢 ൌ 𝜂, where 𝛽, 𝛼, 𝛾, and 𝜂 are constants. A complete solution was only given for the case 
where 𝐹௫ ൌ 0. 
 The linearization problem for a system of two second-order ordinary differential equations via generalized 
Sundman transformations was studied by Moyo and Meleshko (2011). They obtained necessary and sufficient 
conditions for a system of two second-order ordinary differential equations  

𝑥ᇱᇱ  ൌ 𝐹ሺ𝑡, 𝑥, 𝑦, 𝑥ᇱ, 𝑦ᇱሻ, 
𝑦ᇱᇱ  ൌ  𝐺ሺ𝑡, 𝑥, 𝑦, 𝑥ᇱ, 𝑦ᇱሻ 

to be linearizable into a system of two linear second-order ordinary differential equations  
𝑢ᇱᇱ ൌ  𝑘ଵଵ𝑢ᇱ ൅  𝑘ଵଶ𝑣ᇱ, 𝑣ᇱᇱ ൌ  𝑘ଶଵ𝑢ᇱ ൅  𝑘ଶଶ𝑣ᇱ, 

where 𝑘௜௝ are constants for all 𝑖, 𝑗 ∈  ሼ1,2ሽ.  
 In this paper, we find necessary and sufficient conditions which allow a system of two third-order ordinary 
differential equations  

𝑥ᇱᇱᇱ   ൌ  𝐹ሺ𝑡, 𝑥, 𝑦, 𝑥ᇱ, 𝑦ᇱ, 𝑥ᇱᇱ, 𝑦ᇱᇱሻ, 
𝑦ᇱᇱᇱ  ൌ  𝐺ሺ𝑡, 𝑥, 𝑦, 𝑥ᇱ, 𝑦ᇱ, 𝑥ᇱᇱ, 𝑦ᇱᇱሻ 

to be transformed into the system of two linear third-order ordinary differential equations  
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𝑢ᇱᇱᇱ ൌ 0, 𝑣ᇱᇱᇱ ൌ 0 
via the generalized Sundman transformation 
   𝑢 ൌ  𝑓௫ሺ𝑡, 𝑥, 𝑦ሻ, 𝑣 ൌ  𝑓௬ሺ𝑡, 𝑥, 𝑦ሻ, 𝑑𝜏 ൌ 𝑔ሺ𝑡, 𝑥, 𝑦ሻ𝑑𝑡  
where 𝑓௫, 𝑓௬, 𝑔  are sufficiently many-time continuously differentiable functions. Furthermore, we present a 
complete solution for the case 𝑓௬

௫ ൌ 0, 𝑓௧
௬ ൌ 0, and 𝑓௫

௬ ൌ 0. 
 

GENERALIZED SUNDMAN TRANSFORMATIONS 
A generalized Sundman transformation is a non-point transformation defined by the formulae 

  𝑢 ൌ  𝑓௫ሺ𝑡, 𝑥, 𝑦ሻ, 𝑣 ൌ  𝑓௬ሺ𝑡, 𝑥, 𝑦ሻ, 𝑑𝜏 ൌ 𝑔ሺ𝑡, 𝑥, 𝑦ሻ𝑑𝑡    (1) 
where 𝑓௫, 𝑓௬, 𝑔 are sufficiently many-time continuously differentiable functions. Here, it is assumed that 𝑔 ്  0 
and 𝑓௫

௫ 𝑓௬
௬  െ  𝑓௬

௫ 𝑓௫
௬ ്  0.  

Let us explain how a generalized Sundman transformation maps one function into another. Assume that 
𝑥଴ሺ𝑡ሻ, 𝑦଴ሺ𝑡ሻ are given functions. Integrating the last equation of (1), that is, 

𝑑𝜏
𝑑𝑡

 ൌ  𝑔ሺ𝑡, 𝑥଴ሺ𝑡ሻ, 𝑦଴ሺ𝑡ሻሻ, 

we obtain 𝜏 ൌ  𝑄ሺ𝑡ሻ  for some function 𝑄ሺ𝑡ሻ . Using the inverse function theorem, we find that 𝑡 ൌ

 𝑄ିଵሺ𝜏ሻ. Substituting 𝑡 into the functions 𝑓௫ሺ𝑡, 𝑥଴ሺ𝑡ሻ, 𝑦଴ሺ𝑡ሻሻ and 𝑓௬ሺ𝑡, 𝑥଴ሺ𝑡ሻ, 𝑦଴ሺ𝑡ሻሻ, we obtain the transformed 
functions 

𝑢଴ሺ𝜏ሻ  ൌ  𝑓௫ ቀ𝑄ିଵሺ𝜏ሻ, 𝑥଴൫𝑄ିଵሺ𝜏ሻ൯, 𝑦଴൫𝑄ିଵሺ𝜏ሻ൯ቁ, 
𝑣଴ሺ𝜏ሻ  ൌ  𝑓௬ሺ𝑄ିଵሺ𝜏ሻ, 𝑥଴ሺ𝑄ିଵሺ𝜏ሻሻ, 𝑦଴ሺ𝑄ିଵሺ𝜏ሻሻሻ. 

Conversely, let 𝑢଴ሺ𝜏ሻ, 𝑣଴ሺ𝜏ሻ be given functions of 𝜏. Using the inverse function theorem, we solve the equations 
𝑢଴ሺ𝜏ሻ ൌ  𝑓௫ሺ𝑡, 𝑥, 𝑦ሻ, 𝑣଴ሺ𝜏ሻ  ൌ  𝑓௬ሺ𝑡, 𝑥, 𝑦ሻ 

with respect to 𝑥 and 𝑦, where 𝑥 ൌ 𝜙ሺ𝜏, 𝑡ሻ and 𝑦 ൌ 𝜓ሺ𝜏, 𝑡ሻ for some functions 𝜙ሺ𝜏, 𝑡ሻ and 𝜓ሺ𝜏, 𝑡ሻ. Integrating 
the ordinary differential equation 

𝑑𝜏
𝑑𝑡

ൌ 𝑔ሺ𝑡, 𝜙ሺ𝜏, 𝑡ሻ, 𝜓ሺ𝜏, 𝑡ሻሻ, 

we find that 𝜏 ൌ  𝐻ሺ𝑡ሻ for some function 𝐻ሺ𝑡ሻ. Substituting 𝜏 ൌ  𝐻ሺ𝑡ሻ into the functions 𝜙ሺ𝜏, 𝑡ሻ and 𝜓ሺ𝜏, 𝑡ሻ, 
the transformed functions 𝑥଴ሺ𝑡ሻ  ൌ 𝜙ሺ𝐻ሺ𝑡ሻ, 𝑡ሻ and 𝑦଴ሺ𝑡ሻ  ൌ 𝜓ሺ𝐻ሺ𝑡ሻ, 𝑡ሻ are obtained. 
 

NECESSARY CONDITIONS FOR LINEARIZATION  
 We start by obtaining necessary conditions for the linearization problem. First, we find the general form of a 
system of two third-order ordinary differential equations 

𝑥ᇱᇱᇱ  ൌ 𝐹ሺ𝑡, 𝑥, 𝑦, 𝑥ᇱ, 𝑦ᇱ, 𝑥ᇱᇱ, 𝑦ᇱᇱሻ, 
         𝑦ᇱᇱᇱ  ൌ 𝐺ሺ𝑡, 𝑥, 𝑦, 𝑥ᇱ, 𝑦ᇱ, 𝑥ᇱᇱ, 𝑦ᇱᇱሻ     (2) 

which can be mapped by the generalized  Sundman  transformation  
   𝑢 ൌ  𝑓௫ሺ𝑡, 𝑥, 𝑦ሻ, 𝑣 ൌ  𝑓௬ሺ𝑡, 𝑥, 𝑦ሻ, 𝑑 𝜏 ൌ 𝑔ሺ𝑡, 𝑥, 𝑦ሻ𝑑𝑡     (3) 
into the system of two linear third-order ordinary differential equations 
    𝑢ᇱᇱᇱ ൌ 0, 𝑣ᇱᇱᇱ ൌ 0.           (4) 
The function 𝑢, 𝑣 and their derivatives 𝑢ᇱ, 𝑢ᇱᇱ, 𝑢ᇱᇱᇱ, 𝑣ᇱ, 𝑣ᇱᇱ, and 𝑣′′′ are defined by equation (3) and their derivatives 
with respect to 𝑡. Substituting them into (4), we have 
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𝑥ᇱᇱᇱ ൅ 𝑎ଵ𝑥ᇱ𝑦ᇱᇱ ൅ 𝑎ଶ𝑥ᇱᇱ𝑦ᇱ ൅ 𝑎ଷ𝑥ᇱᇱ𝑥ᇱ ൅ 𝑎ସ𝑦ᇱᇱ𝑦ᇱ ൅ 𝑎ହ𝑥ᇱᇱ ൅ 𝑎଺𝑦ᇱᇱ ൅ 𝑎଻𝑥ᇱଷ ൅ 𝑎଼𝑦ᇱଷ ൅ 𝑎ଽ𝑥ᇱଶ𝑦ᇱ 
൅𝑎ଵ଴𝑦ᇱଶ𝑥ᇱ ൅ 𝑎ଵଵ𝑥ᇱଶ ൅ 𝑎ଵଶ𝑦ᇱଶ ൅ 𝑎ଵଷ𝑥ᇱ𝑦ᇱ ൅ 𝑎ଵସ𝑥ᇱ ൅ 𝑎ଵହ𝑦ᇱ ൅ 𝑎ଵ଺  ൌ 0, 
𝑦ᇱᇱᇱ ൅ 𝑏ଵ𝑥ᇱ𝑦ᇱᇱ ൅ 𝑏ଶ𝑥ᇱᇱ𝑦ᇱ ൅ 𝑏ଷ𝑥ᇱᇱ𝑥ᇱ ൅ 𝑏ସ𝑦ᇱᇱ𝑦ᇱ ൅ 𝑏ହ𝑥ᇱᇱ ൅ 𝑏଺𝑦ᇱᇱ ൅ 𝑏଻𝑥ᇱଷ ൅ 𝑏଼𝑦ᇱଷ ൅ 𝑏ଽ𝑥ᇱଶ𝑦ᇱ 
൅𝑏ଵ଴𝑦ᇱଶ𝑥ᇱ ൅ 𝑏ଵଵ𝑥ᇱଶ ൅ 𝑏ଵଶ𝑦ᇱଶ ൅ 𝑏ଵଷ𝑥ᇱ𝑦ᇱ ൅ 𝑏ଵସ𝑥ᇱ ൅ 𝑏ଵହ𝑦ᇱ ൅ 𝑏ଵ଺ ൌ 0,      (5) 
where the coefficients 𝑎௜ሺ𝑥, 𝑦ሻ and 𝑏௜ሺ𝑥, 𝑦ሻ ሺfor 𝑖 ൌ 1,2,3, … ,16ሻ are related to the functions 𝑓௫, 𝑓௬, and 
𝑔 in the following way: 
𝑎ଵ ൌ

ଵ

௚௅
൫3𝑓௫௬

௫ 𝑓௬
௬𝑔 െ 𝑓௫

௫𝑓௬
௬𝑔௬ െ 3𝑓௬

௫𝑓௫௬
௬ 𝑔 ൅ 𝑓௬

௫𝑓௫
௬𝑔௬൯,       (6) 

𝑎ଶ ൌ
ଷ

௚௅
൫𝑓௫௬

௫ 𝑓௬
௬𝑔 െ 𝑓௫

௫𝑓௬
௬𝑔௬ െ 𝑓௬

௫𝑓௫௬
௬ 𝑔 ൅ 𝑓௬

௫𝑓௫
௬𝑔௬൯,   (7) 

𝑎ଷ ൌ
ଵ

௚௅
൫3𝑓௫௫

௫ 𝑓௬
௬𝑔 െ 4𝑓௫

௫𝑓௬
௬𝑔௫ െ 3𝑓௬

௫𝑓௫௫
௬ 𝑔 ൅ 4𝑓௬

௫𝑓௫
௬𝑔௫൯,   (8) 

𝑎ସ ൌ
ଷ

௅
൫𝑓௬௬

௫ 𝑓௬
௬ െ 𝑓௬

௫𝑓௬௬
௬ ൯,   (9) 

𝑎ହ ൌ
ଵ

௚௅
൫3𝑓௧௫

௫ 𝑓௬
௬𝑔 െ 𝑓௧

௫𝑓௬
௬𝑔௫ െ 3𝑓௫

௫𝑓௬
௬𝑔௧ െ 3𝑓௬

௫𝑓௧௫
௬𝑔 ൅ 𝑓௬

௫𝑓௧
௬𝑔௫ ൅ 3𝑓௬

௫𝑓௫
௬𝑔௧൯,   (10) 

𝑎଺ ൌ
ଵ

௚௅
൫3𝑓௧௬

௫ 𝑓௬
௬𝑔 െ 𝑓௧

௫𝑓௬
௬𝑔௬ െ 3𝑓௬

௫𝑓௧௬
௬ 𝑔 ൅ 𝑓௬

௫𝑓௧
௬𝑔௬൯,   (11) 

𝑎଻ ൌ
1

𝑔ଶ𝐿
ሺ𝑓௫௫௫

௫ 𝑓௬
௬𝑔ଶ െ 3𝑓௫௫

௫ 𝑓௬
௬𝑔௫𝑔 െ 𝑓௫

௫𝑓௬
௬𝑔௫௫𝑔 ൅ 3𝑓௫

௫𝑓௬
௬𝑔௫

ଶ െ 𝑓௬
௫𝑓௫௫௫

௬ 𝑔ଶ ൅ 3𝑓௬
௫𝑓௫௫

௬ 𝑔௫𝑔 

      ൅𝑓௬
௫𝑓௫

௬𝑔௫௫𝑔 െ 3𝑓௬
௫𝑓௫

௬𝑔௫
ଶሻ,   (12) 

𝑎଼ ൌ
ଵ

௚௅
൫𝑓௬௬௬

௫ 𝑓௬
௬𝑔 െ 3𝑓௬௬

௫ 𝑓௬
௬𝑔௬ െ 𝑓௬

௫𝑓௬௬௬
௬ 𝑔 ൅ 3𝑓௬

௫𝑓௬௬
௬ 𝑔௬൯,   (13) 

𝑎ଽ ൌ
1

𝑔ଶ𝐿
ሺെ6𝑓௫௬

௫ 𝑓௬
௬𝑔௫𝑔 ൅ 3𝑓௫௫௬

௫ 𝑓௬
௬𝑔ଶ െ 3𝑓௫௫

௫ 𝑓௬
௬𝑔௬𝑔 െ 2𝑓௫

௫𝑓௬
௬𝑔௫௬𝑔 ൅ 6𝑓௫

௫𝑓௬
௬𝑔௫𝑔௬ሻ 

      ൅
௙೤

ೣ

௚మ௅
ሺ6𝑓௫௬

௬ 𝑔௫𝑔 െ 3𝑓௫௫௬
௬ 𝑔ଶ ൅ 3𝑓௫௫

௬ 𝑔௬𝑔 ൅ 2𝑓௫
௬𝑔௫௬𝑔 െ 6𝑓௫

௬𝑔௫𝑔௬ሻ,                  (14) 

𝑎ଵ଴ ൌ
1

𝑔ଶ𝐿
ሺ3𝑓௫௬௬

௫ 𝑓௬
௬𝑔ଶ െ 6𝑓௫௬

௫ 𝑓௬
௬𝑔௬𝑔 െ 𝑓௫

௫𝑓௬
௬𝑔௬௬𝑔 ൅ 3𝑓௫

௫𝑓௬
௬𝑔௬

ଶ െ 3𝑓௬௬
௫ 𝑓௬

௬𝑔௫𝑔ሻ 

        ൅
௙೤

ೣ

௚మ௅
ሺെ3𝑓௫௬௬
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௬𝑔௬𝑔 െ 3𝑓௧௬

௫ 𝑓௬
௬𝑔௫𝑔 െ 𝑓௧

௫𝑓௬
௬𝑔௫௬𝑔 ൅ 3𝑓௧

௫𝑓௬
௬𝑔௫𝑔௬ 
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௬𝑔௧𝑔 െ 𝑓௫
௫𝑓௬

௬𝑔௧௬𝑔 ൅ 3𝑓௫
௫𝑓௬

௬𝑔௧𝑔௬ሻ ൅
௙೤

ೣ

௚మ௅
ሺെ3𝑓௧௫௬

௬ 𝑔ଶ ൅ 3𝑓௧௫
௬𝑔௬𝑔 

        ൅3𝑓௧௬
௬ 𝑔௫𝑔 ൅ 𝑓௧

௬𝑔௫௬𝑔 െ 3𝑓௧
௬𝑔௫𝑔௬ ൅ 3𝑓௫௬

௬ 𝑔௧𝑔 ൅ 𝑓௫
௬𝑔௧௬𝑔 െ 3𝑓௫

௬𝑔௧𝑔௬ሻ,   (18) 

𝑎ଵସ ൌ
1

𝑔ଶ𝐿
ሺെ6𝑓௧௫

௫ 𝑓௬
௬𝑔௧𝑔 ൅ 3𝑓௧௧௫

௫ 𝑓௬
௬𝑔ଶ െ 3𝑓௧௧

௫𝑓௬
௬𝑔௫𝑔 െ 2𝑓௧

௫𝑓௬
௬𝑔௧௫𝑔 ൅ 6𝑓௧

௫𝑓௬
௬𝑔௧𝑔௫ 

        െ𝑓௫
௫𝑓௬

௬𝑔௧௧𝑔 ൅ 3𝑓௫
௫𝑓௬

௬𝑔௧
ଶሻ ൅

௙೤
ೣ

௚మ௅
ሺ6𝑓௧௫

௬𝑔௧𝑔 െ 3𝑓௧௧௫
௬ 𝑔ଶ ൅ 3𝑓௧௧

௬𝑔௫𝑔 ൅ 2𝑓௧
௬𝑔௧௫𝑔 

        െ6𝑓௧
௬𝑔௧𝑔௫ ൅ 𝑓௫

௬𝑔௧௧𝑔 െ 3𝑓௫
௬𝑔௧

ଶሻ,   (19) 

𝑎ଵହ ൌ
1

𝑔ଶ𝐿
ሺെ6𝑓௧௬

௫ 𝑓௬
௬𝑔௧𝑔 ൅ 3𝑓௧௧௬

௫ 𝑓௬
௬𝑔ଶ െ 3𝑓௧௧

௫𝑓௬
௬𝑔௬𝑔 െ 2𝑓௧

௫𝑓௬
௬𝑔௧௬𝑔 ൅ 6𝑓௧

௫𝑓௬
௬𝑔௧𝑔௬ሻ 

        ൅
௙೤

ೣ

௚మ௅
ሺ6𝑓௧௬

௬ 𝑔௧𝑔 െ 3𝑓௧௧௬
௬ 𝑔ଶ ൅ 3𝑓௧௧

௬𝑔௬𝑔 ൅ 2𝑓௧
௬𝑔௧௬𝑔 െ 6𝑓௧

௬𝑔௧𝑔௬ሻ,   (20) 
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𝑎ଵ଺ ൌ

1
𝑔ଶ𝐿

ሺ𝑓௧௧௧
௫ 𝑓௬

௬𝑔ଶ െ 3𝑓௧௧
௫𝑓௬

௬𝑔௧𝑔 െ 𝑓௧
௫𝑓௬

௬𝑔௧௧𝑔 ൅ 3𝑓௧
௫𝑓௬

௬𝑔௧
ଶ െ 𝑓௬

௫𝑓௧௧௧
௬ 𝑔ଶ ൅ 3𝑓௬

௫𝑓௧௧
௬𝑔௧𝑔 

        ൅𝑓௬
௫𝑓௧

௬𝑔௧௧𝑔 െ 3𝑓௬
௫𝑓௧

௬𝑔௧
ଶሻ,  (21) 

𝑏ଵ ൌ
ଷ

௚௅
൫െ𝑓௫௬

௫ 𝑓௫
௬𝑔 െ 𝑓௫

௫𝑓௫௬
௬ 𝑔 െ 𝑓௫

௫𝑓௬
௬𝑔௫ ൅ 𝑓௬

௫𝑓௫
௬𝑔௫൯,   (22) 

𝑏ଶ ൌ
ଵ

௚௅
൫െ3𝑓௫௬

௫ 𝑓௫
௬𝑔 ൅ 3𝑓௫

௫𝑓௫௬
௬ 𝑔 െ 𝑓௫

௫𝑓௬
௬𝑔௫ ൅ 𝑓௬

௫𝑓௫
௬𝑔௫൯,   (23) 

𝑏ଷ ൌ
ଷ

௅
൫െ𝑓௫௫

௫ 𝑓௫
௬ ൅ 𝑓௫

௫𝑓௫௫
௬ ൯,   (24) 

𝑏ସ ൌ
ଵ

௚௅
൫3𝑓௫

௫𝑓௬௬
௬ 𝑔 െ 4𝑓௫

௫𝑓௬
௬𝑔௬ െ 3𝑓௬௬

௫ 𝑓௫
௬𝑔 ൅ 4𝑓௬

௫𝑓௫
௬𝑔௬൯,   (25) 

𝑏ହ ൌ
ଵ

௚௅
൫െ3𝑓௧௫

௫ 𝑓௫
௬𝑔 ൅ 𝑓௧

௫𝑓௫
௬𝑔௫ ൅ 3𝑓௫

௫𝑓௧௫
௬𝑔 െ 𝑓௫

௫𝑓௧
௬𝑔௫൯,   (26) 

𝑏଺ ൌ
ଵ

௚௅
൫െ3𝑓௧௬

௫ 𝑓௫
௬𝑔 ൅ 𝑓௧

௫𝑓௫
௬𝑔௬ ൅ 3𝑓௫

௫𝑓௧௬
௬ 𝑔 െ 𝑓௫

௫𝑓௧
௬𝑔௬ െ 3𝑓௫

௫𝑓௬
௬𝑔௧ ൅ 3𝑓௬

௫𝑓௫
௬𝑔௧൯,   (27) 

𝑏଻ ൌ
ଵ

௚௅
ሺെ𝑓௫௫௫

௫ 𝑓௫
௬𝑔 ൅ 3𝑓௫௫

௫ 𝑓௬
௬𝑔௫ െ 𝑓௫

௫𝑓௫௫௫
௬ 𝑔 െ 3𝑓௫

௫𝑓௫௫
௬ 𝑔௫ሻ,   (28) 

𝑏଼ ൌ
1

𝑔ଶ𝐿
ሺ𝑓௫

௫𝑓௬௬௬
௬ 𝑔ଶ െ 3𝑓௫

௫𝑓௬௬
௬ 𝑔௬𝑔 െ 𝑓௫

௫𝑓௬
௬𝑔௬௬𝑔 ൅ 3𝑓௫

௫𝑓௬
௬𝑔௬

ଶ െ 𝑓௬௬௬
௫ 𝑓௫

௬𝑔ଶ ൅ 3𝑓௬௬
௫ 𝑓௫

௬𝑔௬𝑔 

      ൅𝑓௬
௫𝑓௫

௬𝑔௬௬𝑔 െ 3𝑓௬
௫𝑓௫
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𝑏ଽ ൌ
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𝑔ଶ𝐿
ሺ6𝑓௫௬

௫ 𝑓௫
௬𝑔௫𝑔 െ 3𝑓௫௫௬

௫ 𝑓௫
௬𝑔ଶ ൅ 3𝑓௫௫

௫ 𝑓௬
௬𝑔௬𝑔 െ 6𝑓௫

௫𝑓௫௬
௬ 𝑔௫𝑔 ൅ 3𝑓௫

௫𝑓௫௫௬
௬ 𝑔ଶ 

      െ3𝑓௫
௫𝑓௫௫

௬ 𝑔௬𝑔 െ 𝑓௫
௫𝑓௬

௬𝑔௫௫𝑔 ൅ 3𝑓௫
௫𝑓௬

௬𝑔௫
ଶ ൅ 𝑓௬

௫𝑓௫
௬𝑔௫௫𝑔 െ 3𝑓௬

௫𝑓௫
௬𝑔௫

ଶሻ,     (30) 

𝑏ଵ଴ ൌ
1

𝑔ଶ𝐿
ሺെ3𝑓௫௬௬

௫ 𝑓௫
௬𝑔ଶ ൅ 6𝑓௫௬

௫ 𝑓௫
௬𝑔௬𝑔 ൅ 3𝑓௫

௫𝑓௫௬௬
௬ െ 6𝑓௫

௫𝑓௫௬
௬ 𝑔௬𝑔 െ 3𝑓௫

௫𝑓௬௬
௬ 𝑔௫𝑔 

      െ2𝑓௫
௫𝑓௬

௬𝑔௫௬𝑔 ൅ 6𝑓௫
௫𝑓௬

௬𝑔௫𝑔௬ ൅ 3𝑓௬௬
௫ 𝑓௫

௬𝑔௫𝑔 ൅ 2𝑓௬
௫𝑓௫

௬𝑔௫௬𝑔 െ 6𝑓௬
௫𝑓௫

௬𝑔௫𝑔௬ሻ,   (31) 

𝑏ଵଵ ൌ
1

𝑔ଶ𝐿
ሺെ3𝑓௧௫௫

௫ 𝑓௬
௬𝑔ଶ ൅ 6𝑓௧௫

௫ 𝑓௬
௬𝑔௫𝑔 ൅ 𝑓௧

௫𝑓௫
௬𝑔௫௫𝑔 ൅ 3𝑓௧

௫𝑓௬
௬𝑔௫

ଶ െ 3𝑓௧
௫𝑓௫

௬𝑔௫
ଶ 

      ൅3𝑓௫௫
௫ 𝑓௫

௬𝑔௧𝑔 ൅ 3𝑓௫
௫𝑓௧௫௫

௬ 𝑔ଶ െ 6𝑓௫
௫𝑓௧௫

௬𝑔௫𝑔 െ 𝑓௫
௫𝑓௧

௬𝑔௫௫𝑔 ൅ 3𝑓௫
௫𝑓௧

௬𝑔௫
ଶ െ 3𝑓௫

௫𝑓௫௫
௬ 𝑔௧𝑔ሻ,   (32) 

𝑏ଵଶ ൌ
1

𝑔ଶ𝐿
ሺെ3𝑓௧௬௬

௫ 𝑓௫
௬𝑔ଶ ൅ 6𝑓௧௬

௫ 𝑓௫
௬𝑔௬𝑔 ൅ 𝑓௧

௫𝑓௫
௬𝑔௬௬𝑔 െ 3𝑓௧

௫𝑓௫
௬𝑔௬

ଶ ൅ 3𝑓௬௬
௫ 𝑓௫

௬𝑔௧𝑔 

      ൅2𝑓௬
௫𝑓௫

௬𝑔௧௬𝑔 െ 6𝑓௬
௫𝑓௫

௬𝑔௧𝑔௬ሻ ൅
௙ೣೣ

௚మ௅
ሺ3𝑓௧௬௬

௬ 𝑔ଶ െ 6𝑓௧௬
௬ 𝑔௬𝑔 െ 𝑓௧

௬𝑔௬௬𝑔 ൅ 3𝑓௧
௬𝑔௬

ଶ 

      െ3𝑓௬௬
௬ 𝑔௧𝑔 െ 2𝑓௬

௬𝑔௧௬𝑔 ൅ 6𝑓௬
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𝑏ଵଷ ൌ
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𝑔ଶ𝐿
ሺെ3𝑓௧௫௬
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௬𝑔ଶ ൅ 3𝑓௧௫

௫ 𝑓௫
௬𝑔௬𝑔 ൅ 3𝑓௧௬

௫ 𝑓௫
௬𝑔௫𝑔 ൅ 𝑓௧

௫𝑓௫
௬𝑔௫௬𝑔 െ 3𝑓௧

௫𝑓௫
௬𝑔௫𝑔௬ 

      ൅3𝑓௫௬
௫ 𝑓௫

௬𝑔௧𝑔 ൅ 3𝑓௬
௫𝑓௧௫௬

௬ 𝑔ଶ ൅ 𝑓௬
௫𝑓௫

௬𝑔௧௫𝑔 െ 3𝑓௬
௫𝑓௫

௬𝑔௧𝑔௫ሻ ൅
ଶ௙ೣೣ

௚మ௅
ሺെ3𝑓௧௫

௬𝑔௬𝑔 

      െ3𝑓௧௬
௬ 𝑔௫𝑔 െ 𝑓௧

௬𝑔௫௬𝑔 ൅ 3𝑓௧
௬𝑔௫𝑔௬ െ 3𝑓௫௬
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௫ 𝑓௫
௬𝑔ଶ ൅ 3𝑓௧௧

௫𝑓௫
௬𝑔௫𝑔 ൅ 2𝑓௧

௫𝑓௫
௬𝑔௧௫𝑔 െ 6𝑓௧

௫𝑓௫
௬𝑔௧𝑔௫ 

      െ6𝑓௫
௫𝑓௧௫

௬𝑔௧𝑔 ൅ 3𝑓௫
௫𝑓௧௧௫

௬ 𝑔ଶ െ 3𝑓௫
௫𝑓௧௧

௬𝑔௫𝑔 െ 2𝑓௫
௫𝑓௧

௬𝑔௧௫𝑔 ൅ 6𝑓௫
௫𝑓௧

௬𝑔௧𝑔௫ሻ,   (35) 

𝑏ଵହ ൌ
1

𝑔ଶ𝐿
ሺ6𝑓௧௬

௫ 𝑓௬௫
௬ 𝑔௧𝑔 െ 3𝑓௧௧௬

௫ 𝑓௫
௬𝑔ଶ ൅ 3𝑓௧௧

௫𝑓௫
௬𝑔௬𝑔 ൅ 2𝑓௧

௫𝑓௫
௬𝑔௧௬𝑔 െ 6𝑓௧

௫𝑓௫
௬𝑔௧𝑔௬ 

      െ6𝑓௫
௫𝑓௧௬

௬ 𝑔௧𝑔 െ 𝑓௬
௫𝑓௬

௬𝑔௧௧𝑔 ൅ 3𝑓௫
௫𝑓௬

௬𝑔௧
ଶ ൅ 𝑓௬

௫𝑓௫
௬𝑔௧௧𝑔 െ 3𝑓௬

௫𝑓௫
௬𝑔௧

ଶሻ,   (36) 

𝑏ଵ଺ ൌ
1

𝑔ଶ𝐿
ሺെ𝑓௧௧௧

௫ 𝑓௬
௬𝑔ଶ ൅ 3𝑓௧௧

௫𝑓௫
௬𝑔௧𝑔 ൅ 𝑓௧

௫𝑓௫
௬𝑔௧௧𝑔 െ 3𝑓௧

௫𝑓௫
௬𝑔௧

ଶ ൅ 𝑓௫
௫𝑓௧௧௧

௬ 𝑔ଶ െ 3𝑓௫
௫𝑓௧௧

௬𝑔௧𝑔 

      െ𝑓௫
௫𝑓௧

௬𝑔௧௧𝑔 ൅ 3𝑓௫
௫𝑓௧

௬𝑔௧
ଶሻ,   (37) 

where 𝑔 ്  0 and  𝐿 ൌ 𝑓௫
௫ 𝑓௬

௬  െ  𝑓௬
௫ 𝑓௫

௬ ്  0. 
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 Equations (5) present the necessary form of a system of two third-order ordinary differential equations 
which can be mapped into a system of two linear third-order ordinary differential equations (4) via a generalized 
Sundman transformation. 

 

SUFFICIENT CONDITIONS FOR LINEARIZATION  
 To obtain sufficient conditions, we have to solve the compatibility problem of the system of equations (6)-
(37) by considering these equations as an overdetermined system of partial differential equations, where the 
coefficients 𝑎௜ሺ𝑥, 𝑦ሻ and 𝑏௜ሺ𝑥, 𝑦ሻ (for 𝑖 ൌ 1,2,3, . . . ,16) are known functions, and 𝑓௫, 𝑓௬, 𝑔 are unknowns with 
the independent variables 𝑡, 𝑥, 𝑦. Here, a complete solution for the case 𝑓௬

௫  ൌ  0, 𝑓௫
௬  ൌ  0, and 𝑓௧

௬  ൌ  0  will 
be determined.  
 From equations (6)-(10), (12)-(16), (19), (21), (22), (23), (24)-(36), and (37), we find that 
𝑔௬  ൌ  െ𝑎ଵ 𝑔,  (38) 
െ3𝑎ଵ  ൅  𝑎ଶ  ൌ  0,  (39) 
𝑓௫௫

௫  ൌ  
௙ೣೣ

ଽ
ሺ3𝑎ଷ  െ 4𝑏ଵሻ,  (40) 

𝑎ସ   ൌ  0,  (41) 
𝑓௧௫

௫  ൌ  
ଵ

ଽ
ሺെ𝑓௧

௫ 𝑏ଵ  ൅  3 𝑓௫
௫ 𝑎ହ  െ  𝑓௫

௫ 𝑏଺ሻ,  (42) 
𝑔௫௫ ൌ  

௚

ଶ଻
ሺെ3𝑎ଷ𝑏ଵ  ൅ 5 𝑏ଵ

ଶ 𝑔 ൅ 9 𝜆ଵሻ,  (43) 
𝑎଼   ൌ  0,  (44) 
െ3 𝑎ଷ௬ ൅ 2 𝑏ଵ௬  െ 3 𝑎ଵ𝑎ଷ  ൅ 3 𝑎ଽ  ൌ  0,   (45) 
െ𝑎ଵ௬  െ  2𝑎ଵ

ଶ  ൅ 𝑎ଵ଴  ൌ  0,  (46) 
𝑔௧௫  ൌ  

௚

ଶ଻ ௙ೣೣ 
ሺെ𝑓௧

௫𝑏ଵ
ଶ  െ 3𝑓௫

௫𝑎ହ𝑏ଵ  ൅ 6 𝑓௫
௫𝑏ଵ𝑏଺  ൅  9 𝑓௫

௫ 𝜆ଶሻ,  (47) 

𝑔௧௧   ൌ  
𝑔

54 ሺ𝑓௫
௫ሻଶ ሺെ18 𝑓௧௧

௫𝑓௫
௫𝑏ଵ  െ  𝑓௧

௫ଶ𝑏ଵ
ଶ െ 6𝑓௧

௫𝑓௫
௫𝑏ଵ𝑏଺  ൅ 9 𝑓௧

௫𝑓௫
௫𝜆ଶ  ൅  9𝑓௫

௫ଶ𝑏଺
ଶ 

         ൅ 9 𝑓௫
௫ଶ𝑔ଶ 𝜆ଷ ሻ,    (48) 

𝑓௧௧௧
௫  ൌ  

1

54 𝑓௫
௫ଶ 

ሺെ18 𝑓௧௧
௫𝑓௧

௫𝑓௫
௫𝑏ଵ  െ 54 𝑓௧௧

௫𝑓௫
௫ଶ𝑏଺  െ 𝑓௧

௫ଷ𝑏ଵ
ଶ െ 6𝑓௧

௫ଶ𝑓௫
௫𝑏ଵ𝑏଺   

         ൅9 𝑓௧
௫ଶ𝑓௫

௫𝜆ଶ െ 9 𝑓௧
௫𝑓௫

௫ଶ𝑏଺
ଶ  ൅ 9 𝑓௧

௫𝑓௧
௫ଶ𝜆ଷ  ൅ 54 𝑓௫

௫ଷ𝑎ଵ଺ሻ,  (49) 
𝑔௫   ൌ  

ି௕భ ௚

ଷ
,  (50) 

െ𝑏ଵ ൅ 3𝑏ଶ  ൌ  0,  (51) 
𝑏ଷ    ൌ  0,  (52) 

𝑓௬௬
௬  ൌ  

௙೤
೤

ଷ
ሺെ4𝑎ଵ  ൅  𝑏ସሻ,  (53) 

𝑏ହ    ൌ  0,  (54) 
𝑔௧    ൌ  

ି௕ల ௚

ଷ
,   (55) 

𝑏଻    ൌ  0,  (56) 
3𝑎ଵ௬  െ  3𝑏ସ௬  ൅ 2𝑎ଵ

ଶ  െ  𝑎ଵ𝑏ସ  െ  𝑏ସ
ଶ  ൅ 9 𝑏଼  ൌ  0,  (57) 

െ3 𝑏ଵ௫  െ 2 𝑏ଵ
ଶ  ൅ 9𝑏ଽ       ൌ  0,  (58) 

െ2 𝑏ଵ௬  െ  𝑏ଵ𝑏ସ  ൅ 3𝑏ଵ଴    ൌ  0,  (59) 
𝑏ଵଵ  ൌ  0,  (60) 
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െ2 𝑏଺௬  െ 4𝑏ଵ𝑏଺  ൅ 9 𝑏ଵଷ  ൌ  0,  (61) 
െ6 𝑏଺௫  െ 4𝑏ଵ𝑏଺  ൅ 9𝑏ଵଷ   ൌ  0,  (62) 
𝑏ଵସ  ൌ  0,  (63) 
െ3𝑏଺௧  ൅  9𝑏ଵହ  െ  2𝑏଺

ଶ      ൌ  0,  (64) 
𝑏ଵ଺  ൌ  0,  (65) 
where 
     𝜆ଵ  ൌ  െ3𝑎ଷ௫  െ 𝑎ଷ

ଶ  ൅ 9𝑎଻, 
     𝜆ଶ  ൌ  െ3𝑎ହ௫  ൅ 3𝑎ଵଵ  െ 𝑎ଷ𝑎ହ, 
     𝜆ଷ  ൌ  െ3𝑎ହ௧  ൅ 3 𝑎ଵସ  െ 𝑎ହ

ଶ. 
Comparing the mixed derivatives  

൫𝑔௬൯
௫௫

ൌ ሺ𝑔௫௫ሻ௬, ൫𝑔௬൯
௧௫

ൌ  ሺ𝑔௧௫ሻ௬, ൫𝑔௬൯
௧௧

ൌ  ሺ𝑔௧௧ሻ௬, ൫𝑔௬൯
௫

 ൌ  ሺ𝑔௫ሻ௬, ൫𝑔௬൯
௧

 ൌ  ሺ𝑔௧ሻ௬, 
ሺ𝑔௫௫ሻ௧ ൌ  ሺ𝑔௧௫ሻ௫, ሺ𝑔௫௫ሻ௧௧ ൌ  ሺ𝑔௧௧ሻ௫௫, 𝑔௫௫ ൌ  ሺ𝑔௫ሻ௫,   ሺ𝑔௫௫ሻ௧ ൌ  ሺ𝑔௧ሻ௫௫, ሺ𝑔௧௫ሻ௧ ൌ  ሺ𝑔௧௧ሻ௫, 

𝑔௧௫ ൌ  ሺ𝑔௫ሻ௧, 𝑔௧௫ ൌ  ሺ𝑔௧ሻ௫, ሺ𝑔௧௧ሻ௫ ൌ  ሺ𝑔௫ሻ௧௧, 𝑔௧௧  ൌ  ሺ𝑔௧ሻ௧, ሺ𝑔௫ሻ௧  ൌ  ሺ𝑔௧ሻ௫, 
ሺ𝑓௫௫

௫ ሻ௧  ൌ  ሺ𝑓௧௫
௫ ሻ௫, ሺ𝑓௫௫

௫ ሻ௧௧௧  ൌ  ሺ𝑓௧௧௧
௫ ሻ௫௫ and ሺ𝑓௧௫

௫ ሻ௧௧  ൌ  ሺ𝑓௧௧௧
௫ ሻ௫, 

we obtain the equations 
െ27𝑎ଵ௫௫  ൅ 18𝑎ଵ௫𝑏ଵ  ൅ 3𝑎ଷ௬𝑏ଵ  ൅ 9𝑏ଵ௫𝑎ଵ  ൅ 3𝑏ଵ௬𝑎ଷ  െ 10𝑏ଵ௬𝑏ଵ  െ 9𝜆ଵ௬  െ 3 𝑎ଵ𝑎ଷ𝑏ଵ  
൅2𝑎ଵ𝑏ଵ

ଶ  ൅ 9𝑎ଵ𝜆ଵ  ൌ  0,  (66) 
3 𝑓௫

௫ 𝑔ሺെ9𝑎ଵ௧௫  ൅ 3𝑎ଵ௧𝑏ଵ  ൅ 3𝑎ଵ௫𝑏଺  ൅ 𝑎ହ௬𝑏ଵ  ൅ 𝑏ଵ௬𝑎ହ  െ 2 𝑏ଵ௬𝑏଺  ൅ 3𝑏଺௫𝑎ଵ  െ 2𝑏଺௬𝑏ଵ  െ 3𝜆ଶ௬ 
െ𝑎ଵ𝑎ହ𝑏ଵ  ൅ 𝑎ଵ𝑏ଵ𝑏଺  ൅ 3𝑎ଵ𝜆ଶሻ  ൅ 𝑓௧

௫𝑏ଵ 𝑔ሺ2 𝑏ଵ௬ െ 𝑎ଵ𝑏ଵሻ  ൌ  0,  (67) 
 𝑓௫

௫ଶ ൫െ54 𝑎ଵ௧௧ ൅ 36 𝑎ଵ௧𝑏଺  ൅ 2𝑏ଵ௬𝑏ଵ  ൅ 18𝑏଺௧𝑎ଵ  െ 18 𝑏଺௬𝑏଺  െ 9𝜆ଷ௬  ൅ 3 𝑎ଵ𝑏଺
ଶ  ൅ 9𝑎ଵ𝜆ଷ൯  

൅𝑓௫
௫൫18𝑏ଵ௬ 𝑓௧௧

௫  ൅ 6𝑏ଵ௬𝑓௧
௫𝑏଺  ൅ 6𝑏଺௬𝑓௧

௫𝑏ଵ  െ 18𝑓௧௧
௫𝑎ଵ𝑏ଵ  െ 9𝑓௧

௫𝜆ଶ௬  െ 6𝑓௧
௫𝑎ଵ𝑏ଵ𝑏଺ ൅ 9𝑓௧

௫𝑎ଵ𝜆ଶ൯  
൅2𝑏ଵ௬𝑓௧

௫ଶ𝑏ଵ  െ 𝑓௧
௫ଶ𝑎ଵ𝑏ଵ

ଶ  ൌ  0,   (68) 
െ3𝑎ଵ௫  ൅  𝑏ଵ௬   ൌ  0,   (69) 
െ3𝑎ଵ௧  ൅  𝑏଺௬   ൌ  0,   (70) 
𝑓௫

௫ሺെ9𝑎ଷ௧𝑏ଵ  െ 9𝑏ଵ௧𝑎ଷ  ൅ 30 𝑏ଵ௧𝑏ଵ  ൅ 9 𝑏ଵ௫𝑎ହ  െ 18 𝑏ଵ௫𝑏଺  െ 18 𝑏଺௫𝑏ଵ  ൅ 27 𝜆ଵ௧  െ 27𝜆ଶ௫  
൅9𝑎ଵଵ𝑏ଵ  െ 3𝑎ଷ𝑎ହ𝑏ଵ  ൅ 3𝑎ଷ𝑏ଵ𝑏଺  െ 2𝑎ହ𝑏ଵ

ଶ  ൅ 6𝑏ଵ𝜆ଶ  െ 9𝑏଺𝜆ଵሻ  ൅ 𝑓௧
௫𝑏ଵ ሺ6𝑏ଵ௫  െ 𝑎ଷ𝑏ଵሻ  ൌ  0,  (71) 

𝑓௫
௫ଶ ሺ54𝑎ଵସ௫𝑏ଵ െ 54 𝑎ଷ௧௧𝑏ଵ  െ 108𝑎ଷ௧𝑏ଵ௧  ൅ 36 𝑎ଷ௧ 𝑏ଵ𝑏଺  െ 54 𝑏ଵ௧௧𝑎ଷ  ൅ 180 𝑏ଵ௧௧𝑏ଵ  ൅ 180 𝑏ଵ௧

ଶ   
൅36𝑏ଵ௧𝑎ଷ𝑏଺  െ 6𝑏ଵ௧𝑎ହ𝑏ଵ െ 114 𝑏ଵ௧𝑏ଵ𝑏଺  െ 108𝑏ଵ௫𝑏଺௧ ൅ 108 𝑏ଵ௫𝑎ଵସ  െ 36 𝑏ଵ௫𝑎ହ𝑏଺  ൅ 27𝑏ଵ௫𝑏଺

ଶ 
െ9 𝑏ଵ௫𝜆ଷ  െ 54 𝑏଺௧௫𝑏ଵ  ൅ 36 𝑏଺௧𝑎ଷ𝑏ଵ  െ 12 𝑏଺௧𝑏ଵ

ଶ   െ 54 𝑏଺௧𝜆ଵ െ 162 𝑏଺௫௫𝑏଺  െ 162𝑏଺௫
ଶ   

൅90 𝑏଺௫𝑏ଵ𝑏଺  ൅ 27 𝑏଺௫𝜆ଶ  ൅ 162 𝜆ଵ௧௧   െ 108 𝜆ଵ௧𝑏଺ െ 54 𝜆ଶ௫𝑎ହ  ൅ 54𝜆ଶ௫𝑏଺  െ 81 𝜆ଷ௫௫  
൅36𝜆ଷ௫𝑏ଵ  െ 18𝑎ଵଵ𝑏ଵ𝑏଺   െ 27 𝑎ଵଵ𝜆ଶ  െ 18 𝑎ଵସ𝑎ଷ𝑏ଵ െ 18 𝑎ଵସ𝑏ଵ

ଶ  ൅ 12 𝑎ଷ𝑎ହ𝑏ଵ𝑏଺  ൅ 18 𝑎ଷ𝑎ହ𝜆ଶ 
െ6𝑎ଷ𝑏ଵ𝑏଺

ଶ   ൅ 6 𝑎ଷ𝑏ଵ𝜆ଷ  െ 9𝑎ଷ𝑏଺𝜆ଶ  ൅ 6𝑎ହ𝑏ଵ
ଶ𝑏଺ ൅ 9𝑎ହ𝑏ଵ𝜆ଶ  ൅ 𝑏ଵ

ଶ𝑏଺
ଶ  െ 3𝑏ଵ

ଶ𝜆ଷ  െ 3𝑏ଵ𝑏଺𝜆ଶ    
൅18 𝑏଺

ଶ𝜆ଵ ൅ 9 𝜆ଶ
ଶ ሻ ൅ 𝑓௧

௫𝑓௫
௫ ሺെ18 𝑏ଵ௧௫𝑏ଵ െ 36 𝑏ଵ௧𝑏ଵ௫  ൅ 12 𝑏ଵ௧𝑎ଷ𝑏ଵ  ൅ 54𝑏ଵ௫௫𝑏଺   ൅ 108 𝑏ଵ௫𝑏଺௫ 

െ36 𝑏ଵ௫𝑎ଷ𝑏଺  ൅ 6𝑏ଵ௫𝑎ହ𝑏ଵ െ 6𝑏ଵ௫𝑏ଵ𝑏଺  ൅ 54 𝑏଺௫௫𝑏ଵ  െ 36𝑏଺௫𝑎ଷ𝑏ଵ   െ 81 𝜆ଶ௫௫  ൅ 54 𝜆ଶ௫𝑎ଷ  
൅12 𝑎ଷ

ଶ𝑏ଵ𝑏଺  െ 18 𝑎ଷ
ଶ𝜆ଶ െ 2 𝑎ଷ𝑎ହ𝑏ଵ

ଶ  ൅ 2 𝑎ଷ𝑏ଵ
ଶ𝑏଺ ൅ 2 𝑎ହ𝑏ଵ

ଷ  െ 54 𝑎଻𝑏ଵ𝑏଺  ൅ 81 𝑎଻𝜆ଶ  െ 2𝑏ଵ
ଷ𝑏଺  

൅6 𝑏ଵ𝑏଺𝜆ଵ  െ 9 𝜆ଵ𝜆ଶሻ ൅ 𝑓௧௧
௫ ሺ162𝑏ଵ௫௫𝑓௫

௫  െ 108 𝑏ଵ௫𝑓௧௧
௫𝑓௫

௫𝑎ଷ ൅ 36 𝑓௧௧
௫𝑓௫

௫𝑎ଷ
ଶ𝑏ଵ  െ 162 𝑓௧௧

௫𝑓௫
௫𝑎଻𝑏ଵ 

൅18 𝑓௧௧
௫𝑓௫

௫𝑏ଵ𝜆ଵ  ሻ ൅ 𝑓௧
௫ଶ ሺ 18 𝑏ଵ௫௫𝑏ଵ  ൅ 18 𝑏ଵ௫

ଶ  െ 24 𝑏ଵ௫𝑎ଷ𝑏ଵ  ൅ 15 𝑏ଵ௫𝑏ଵ
ଶ   ൅ 6𝑎ଷ

ଶ𝑏ଵ
ଶ െ 4 𝑎ଷ𝑏ଵ

ଷ  
െ18  𝑎଻𝑏ଵ

ଶ  ൅  𝑏ଵ
ସ  ൅ 2 𝑏ଵ

ଶ𝜆ଵሻ  ൌ  0,  (72) 
9𝑏ଵ௫  െ 3 𝑎ଷ𝑏ଵ  ൅ 2𝑏ଵ

ଶ  ൅ 9 𝜆ଵ  ൌ  0,   (73) 
െ9𝑎ଷ௧𝑏ଵ  െ 9 𝑏ଵ௧𝑎ଷ  ൅ 30 𝑏ଵ௧𝑏ଵ  െ 9 𝑏ଵ௫𝑏଺  ൅ 27 𝑏଺௫௫  െ 18𝑏଺௫𝑏ଵ  ൅ 27 𝜆ଵ௧  
൅3 𝑎ଷ𝑏ଵ𝑏଺  െ 2𝑏ଵ

ଶ𝑏଺  െ 9 𝑏଺𝜆ଵ  ൌ  0,  (74) 
3𝑓௧

௫𝑓௫
௫ሺെ18𝑏ଵ௧𝑏ଵ  ൅ 18 𝑏ଵ௫𝑏଺  ൅ 18𝑏଺௫𝑏ଵ  െ 27 𝜆ଶ௫  െ 6𝑎ଷ𝑏ଵ𝑏଺  ൅ 9𝑎ଷ𝜆ଶ  ൅ 2 𝑎ହ𝑏ଵ

ଶሻ  
൅𝑓௫

௫ଶ ሺെ54𝑏ଵ௧𝑎ହ  ൅ 108 𝑏ଵ௧𝑏଺  ൅ 54 𝑏଺௧𝑏ଵ  െ 162 𝑏଺௫𝑏଺  ൅ 162 𝜆ଶ௧  െ 81 𝜆ଷ௫  ൅ 18𝑎ହ
ଶ𝑏ଵ  

െ27 𝑎ହ𝜆ଶ  െ 9 𝑏ଵ𝑏଺
ଶ  ൅ 27 𝑏ଵ𝜆ଷ  െ 27 𝑏଺𝜆ଶሻ ൅ ሺ162 𝑏ଵ௫𝑓௧௧

௫𝑓௫
௫  ൅ 18𝑏ଵ௫𝑓௧

௫ଶ𝑏ଵ െ 54𝑓௧௧
௫𝑓௫

௫𝑎ଷ𝑏ଵ  
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െ18 𝑓௧௧

௫𝑓௫
௫𝑏ଵ

ଶ  െ 6𝑓௧
௫ଶ𝑎ଷ𝑏ଵ

ଶ  ൅ 𝑓௧
௫ଶ𝑏ଵ

ଷሻ  ൌ  0,   (75) 
9𝑏ଵ௧𝑓௫

௫  െ 𝑓௧
௫𝑏ଵ

ଶ  െ 3 𝑓௫
௫𝑎ହ𝑏ଵ  ൅ 3 𝑓௫

௫𝑏ଵ𝑏଺  ൅ 9 𝑓௫
௫𝜆ଶ  ൌ  0,   (76) 

9𝑏଺௫𝑓௫
௫  െ 𝑓௧

௫𝑏ଵ
ଶ  െ 3 𝑓௫

௫𝑎ହ𝑏ଵ  ൅ 3 𝑓௫
௫𝑏ଵ𝑏଺  ൅ 9 𝑓௫

௫𝜆ଶ  ൌ  0,   (77) 
𝑓௫

௫ଶሺ54𝑏ଵ௧௧ െ 36𝑏ଵ௧𝑏଺ ൅ 54 𝑏଺௫𝑏଺  ൅ 27 𝜆ଷ௫ െ 18𝑎ଵସ𝑏ଵ ൅ 6𝑎ହ𝑏ଵ𝑏଺ ൅ 9𝑎ହ𝜆ଶ െ 3𝑏ଵ𝑏଺
ଶ  െ 3 𝑏ଵ𝜆ଷ 

െ9 𝑏଺𝜆ଶሻ ൅ ሺ6 𝑏ଵ௧𝑓௧
௫𝑓௫

௫𝑏ଵ  െ 54 𝑏ଵ௫𝑓௧௧
௫𝑓௫

௫  െ 6 𝑏ଵ௫𝑓௧
௫ଶ𝑏ଵ  െ 18 𝑏ଵ௫𝑓௧

௫𝑓௫
௫𝑏଺  െ 18 𝑏଺௫𝑓௧

௫ 𝑓௫
௫𝑏ଵ  

൅18 𝑓௧௧
௫𝑓௫

௫𝑎ଷ𝑏ଵ  ൅ 2𝑓௧
௫ଶ𝑎ଷ𝑏ଵ

ଶ  െ 𝑓௧
௫ଶ𝑏ଵ

ଷ  ൅ 27 𝑓௧
௫𝑓௫

௫𝜆ଶ௫  ൅ 6 𝑓௧
௫𝑓௫

௫𝑎ଷ𝑏ଵ𝑏଺  െ 9𝑓௧
௫𝑓௫

௫𝑎ଷ𝜆ଶሻ  ൌ  0,  (78) 
18𝑏଺௧𝑓௫

௫ଶ  െ 18𝑓௧௧
௫𝑓௫

௫𝑏ଵ  െ 𝑓௧
௫ଶ𝑏ଵ

ଶ  െ 6𝑓௧
௫𝑓௫

௫𝑏ଵ𝑏଺  ൅ 9𝑓௧
௫𝑓௫

௫𝜆ଶ  ൅ 3𝑓௫
௫ଶ𝑏଺

ଶ  ൅ 9𝑓௫
௫ଶ𝜆ଷ  ൌ  0,   (79) 

െ𝑏ଵ௧  ൅  𝑏଺௫  ൌ  0,  (80) 
𝑓௫

௫ ሺ9 𝑎ଷ௧  െ 12𝑏ଵ௧  ൅ 9𝑏଺௫  െ  9𝑎ଵଵ  ൅ 3 𝑎ଷ𝑎ହ  ൅ 𝑎ହ𝑏ଵ  െ 𝑏ଵ𝑏଺  ൅ 3𝜆ଶሻ  ൅ 𝑓௧
௫ ሺ3𝑏ଵ௫  

െ𝑎ଷ𝑏ଵ  ൅ 𝑏ଵ
ଶሻ  ൌ  0,  (81) 

𝑓௫
௫ଷ ሺ162𝑎ଵସ௧𝑎ଷ െ 216 𝑎ଵସ௧ 𝑏ଵ ൅ 486 𝑎ଵସ௫ 𝑏଺   െ 1458 𝑎ଵ଺௫௫  െ 972 𝑎ଵ଺௫ 𝑎ଷ ൅ 1296 𝑎ଵ଺௫𝑏ଵ    

൅486 𝑎ଷ௧௧௧  ൅ 486 𝑎ଷ௧௧𝑎ହ  െ 486 𝑎ଷ௧௧𝑏଺  െ 486𝑎ଷ௧𝑏଺௧  ൅ 486𝑎ଷ௧𝑎ଵସ െ 324 𝑎ଷ௧𝑎ହ𝑏଺  
൅162 𝑎ଷ௧𝑏଺

ଶ  െ 162 𝑎ଷ௧𝜆ଷ  െ 648 𝑏ଵ௧௧௧  െ 648𝑏ଵ௧௧𝑎ହ ൅ 648𝑏ଵ௧௧𝑏଺  ൅ 648𝑏ଵ௧𝑏଺௧  െ 648 𝑏ଵ௧𝑎ଵସ 
൅378 𝑏ଵ௧𝑎ହ𝑏଺  െ 162𝑏ଵ௧𝑏଺

ଶ  ൅ 216 𝑏ଵ௧𝜆ଷ ൅ 648 𝑏ଵ௫𝑎ଵ଺  െ 486 𝑏଺௧௫𝑏଺  െ 162 𝑏଺௧௧𝑎ଷ  
൅216𝑏଺௧௧𝑏ଵ  െ 972 𝑏଺௧𝑏଺௫  െ 162𝑏଺௧𝑎ଷ𝑎ହ  ൅ 108 𝑏଺௧𝑎ହ𝑏ଵ  ൅ 162 𝑏଺௧𝑏ଵ𝑏଺  ൅ 972𝑏଺௫𝑎ଵସ  
െ648 𝑏଺௫𝑎ହ𝑏଺  ൅ 243 𝑏଺௫𝑏଺

ଶ  െ 243 𝑏଺௫𝜆ଷ   െ 54𝜆ଷ௧𝑎ଷ  ൅ 72 𝜆ଷ௧𝑏ଵ  െ 162 𝜆ଷ௫𝑎ହ  െ 243 𝑎ଵଵ𝑏଺
ଶ 

െ81𝑎ଵଵ𝜆ଷ  ൅ 54 𝑎ଵସ𝑎ଷ𝑎ହ  ൅ 36 𝑎ଵସ𝑎ହ𝑏ଵ  െ 162 𝑎ଵସ𝑏ଵ𝑏଺  ൅ 378 𝑎ଵ଺𝑎ଷ𝑏ଵ െ 1458 𝑎ଵ଺𝑎଻    
െ216 𝑎ଵ଺𝑏ଵ

ଶ  ൅ 162 𝑎ଵ଺𝜆ଵ ൅ 54 𝑎ଷ𝑎ହ𝑏଺
ଶ  െ 18𝑎ଷ𝑎ହ𝜆ଷ  ൅ 9𝑎ଷ𝑏଺

ଷ  ൅ 27 𝑎ଷ𝑏଺𝜆ଷ    െ 54 𝑎ହ
ଶ𝑏ଵ𝑏଺  

െ54 𝑎ହ
ଶ𝜆ଶ  ൅ 135 𝑎ହ𝑏ଵ𝑏଺

ଶ ൅ 33 𝑎ହ𝑏ଵ𝜆ଷ  ൅ 108 𝑎ହ𝑏଺𝜆ଶ  െ 39 𝑏ଵ𝑏଺
ଷ  ൅ 9 𝑏ଵ𝑏଺𝜆ଷ  ൅ 27 𝑏଺

ଶ𝜆ଶ  
൅27 𝜆ଶ𝜆ଷ ሻ ൅ 𝑓௫

௫ ሺ𝑓௧
௫ ሺ162𝑎ଵସ௫𝑏ଵ  െ 162 𝑎ଷ௧௧𝑏ଵ  െ 162 𝑎ଷ௧𝑏ଵ௧   െ 54𝑎ଷ௧𝑎ହ𝑏ଵ   ൅ 54 𝑎ଷ௧𝑏ଵ𝑏଺    

െ162 𝑏ଵ௧௫𝑏଺ െ 54𝑏ଵ௧௧𝑎ଷ  ൅ 288𝑏ଵ௧௧𝑏ଵ  ൅ 216 𝑏ଵ௧
ଶ  െ 324𝑏ଵ௧𝑏଺௫  െ 18𝑏ଵ௧𝑎ଷ𝑎ହ  ൅ 18𝑏ଵ௧𝑎ଷ𝑏଺  

൅42𝑏ଵ௧𝑎ହ𝑏ଵ  െ 6𝑏ଵ௧𝑏ଵ𝑏଺  െ 324𝑏ଵ௫𝑏଺௧   ൅ 324 𝑏ଵ௧𝑎ଵସ  െ 54𝑏ଵ௫𝑎ହ𝑏଺  െ 81 𝑏ଵ௫𝑏଺
ଶ  െ 81 𝑏ଵ௫𝜆ଷ  

െ162 𝑏଺௧௫𝑏ଵ ൅ 90𝑏଺௧𝑎ଷ𝑏ଵ  െ 66𝑏଺௧𝑏ଵ
ଶ  ൅ 486 𝑏଺௫௫𝑏଺  ൅ 486 𝑏଺௫

ଶ  െ 162 𝑏଺௫𝑏ଵ𝑏଺  ൅ 162 𝑏଺௫𝜆ଶ 
െ324𝜆ଶ௫𝑎ହ  ൅ 324𝜆ଶ௫𝑏଺  െ 243 𝜆ଷ௫௫  െ 54𝑎ଵଵ𝑏ଵ𝑏଺  െ 162 𝑎ଵଵ𝜆ଶ  െ 90𝑎ଵସ𝑎ଷ𝑏ଵ  ൅ 66𝑎ଵସ𝑏ଵ

ଶ  
൅6𝑎ଷ𝑎ହ

ଶ𝑏ଵ  ൅ 30𝑎ଷ𝑎ହ𝑏ଵ𝑏଺  ൅ 108 𝑎ଷ𝑎ହ𝜆ଶ  ൅ 21 𝑎ଷ𝑏ଵ𝑏଺
ଶ  ൅ 21 𝑎ଷ𝑏ଵ𝜆ଷ  െ 54𝑎ଷ𝑏଺𝜆ଶ  െ 8𝑎ହ

ଶ𝑏ଵ
ଶ  

െ4𝑎ହ𝑏ଵ
ଶ𝑏଺  െ  18 𝑎ହ𝑏ଵ𝜆ଶ  ൅ 19𝑏ଵ

ଶ𝑏଺
ଶ  െ 13𝑏ଵ

ଶ𝜆ଷ  ൅ 36 𝑏ଵ𝑏଺𝜆ଶ  ൅ 54 𝜆ଶ
ଶሻ ൅ ሺെ162 𝑎ଷ௧𝑓௧௧

௫  𝑏ଵ    
െ108𝑏ଵ௧𝑓௧௧

௫𝑎ଷ  ൅ 360 𝑏ଵ௧𝑓௧௧
௫𝑏ଵ  ൅ 324 𝑏ଵ௫𝑓௧௧

௫𝑎ହ  െ 486 𝑏ଵ௫𝑓௧௧
௫𝑏଺  ൅ 1458𝑏଺௫௫𝑓௧௧

௫  
െ486𝑏଺௫𝑓௧௧

௫𝑏ଵ  ൅ 162 𝑓௧௧
௫𝑎ଵଵ𝑏ଵ  െ 126 𝑓௧௧

௫𝑎ଷ𝑎ହ𝑏ଵ  ൅ 126 𝑓௧௧
௫𝑎ଷ𝑏ଵ𝑏଺  ൅ 42 𝑓௧௧

௫𝑎ହ𝑏ଵ
ଶ  

െ96𝑓௧௧
௫𝑏ଵ

ଶ𝑏଺ െ 54𝑓௧௧
௫𝑏ଵ𝜆ଶ  ሻሻ ൅  𝑓௧

௫ଷ ሺ54𝑏ଵ ൅ 54𝑏ଵ௫
ଶ  െ 72𝑏ଵ௫𝑎ଷ𝑏ଵ  ൅ 75𝑏ଵ௫𝑏ଵ

ଶ  ൅ 18𝑎ଷ
ଶ𝑏ଵ

ଶ  
െ19 𝑎ଷ𝑏ଵ

ଷ  െ 54𝑎଻𝑏ଵ
ଶ   ൅ 7𝑏ଵ

ସ  ൅ 6𝑏ଵ
ଶ𝜆ଵሻ  ൅ 𝑓௧

௫ଶ 𝑓௫
௫ ሺെ54𝑏ଵ௧௫  𝑏ଵ  െ 108𝑏ଵ௧𝑏ଵ௫  െ 36 𝑏ଵ௧𝑏ଷ𝑏ଵ    

െ24𝑏ଵ௧𝑏ଵ
ଶ  ൅ 162 𝑏ଵ௫௫𝑏଺  െ 108 𝑏ଵ௫𝑎ଷ𝑏଺  ൅ 54𝑏ଵ௫𝑎ହ𝑏ଵ  ൅ 54 𝑏ଵ௫𝑏ଵ𝑏଺  െ 54 𝑏ଵ௫ఒమ

  
൅162 𝑏଺௫௫𝑏ଵ  െ 108 𝑏଺௫𝑎ଷ𝑏ଵ ൅  63𝑏଺௫𝑏ଵ

ଶ  െ 243 𝜆ଶ௫௫  ൅ 162 𝜆ଶ௫𝑎ଷ  െ 108 𝜆ଶ௫𝑏ଵ  ൅ 9 𝑎ଵଵ𝑏ଵ
ଶ  

൅36 𝑎ଷ
ଶ𝑏ଵ𝑏଺  െ 54 𝑎ଷ

ଶ𝜆ଶ  െ 18 𝑎ଷ𝑎ହ𝑏ଵ
ଶ  െ 3 𝑎ଷ𝑏ଵ

ଶ𝑏଺  ൅ 27 𝑎ଷ𝑏ଵ𝜆ଶ  ൅ 13 𝑎ହ𝑏ଵ
ଷ  െ 162 𝑎଻𝑏ଵ𝑏଺  

൅243 𝑎଻𝜆ଶ   െ 13 𝑏ଵ
ଷ𝑏଺   െ 3 𝑏ଵ

ଶ𝜆ଶ   ൅ 18 𝑏ଵ𝑏଺𝜆ଵ  െ 27 𝜆ଵ𝜆ଶሻ ൅ 𝑓௧௧
௫𝑓௧

௫𝑓௫
௫ ሺ486𝑏ଵ௫௫    (82) 

െ324 𝑏ଵ௫𝑎ଷ  ൅ 324 𝑏ଵ௫𝑏ଵ  ൅ 108 𝑎ଷ
ଶ𝑏ଵ  െ 54 𝑎ଷ𝑏ଵ

ଶ  െ 468 𝑎଻𝑏ଵ  ൅ 54 𝑏ଵ𝜆ଵ  ሻ  ൌ  0,  
𝑓௫

௫ଷ ሺ54𝑎ଵସ௧  െ 162𝑎ଵ଺௫  െ 54𝑏௧௧  െ 54 𝑏଺௧𝑎ହ  െ 18𝜆ଷ௧  ൅ 18𝑎ଵସ𝑎ହ  െ 54 𝑎ଵ଺𝑎ଷ  ൅ 54 𝑎ଵ଺𝑏ଵ  
െ9𝑎ହ𝑏଺

ଶ  െ 15𝑎ହ𝜆ଷ  ൅ 3𝑏଺
ଷ  ൅ 9𝑏଺𝜆ଷሻ ൅ 𝑓௫

௫ଶ ሺെ18𝑏ଵ௧௧𝑓௧
௫  െ 36 𝑏ଵ௧𝑓௧௧

௫  െ 𝑏ଵ௧𝑓௧
௫𝑎ହ  െ 12 𝑏ଵ௧𝑓௧

௫𝑏଺ 
െ6𝑏଺௧𝑓௧

௫𝑏ଵ  ൅ 162 𝑏଺௫𝑓௧௧
௫  ൅ 54 𝑏଺௫𝑓௧

௫𝑏଺  ൅ 12 𝑓௧௧
௫𝑎ହ𝑏ଵ  െ 12 𝑓௧௧

௫𝑏ଵ𝑏଺  െ 27𝑓௧
௫𝜆ଷ௫  ൅ 6 𝑓௧

௫𝑎ଵସ𝑏ଵ 
൅2𝑓௧

௫𝑎ହ
ଶ𝑏ଵ െ 2 𝑓௧

௫𝑎ହ𝑏ଵ𝑏଺ െ 18 𝑓௧
௫𝑎ହ𝜆ଶ െ 2𝑓௧

௫𝑏ଵ𝑏଺
ଶ െ 2𝑓௧

௫𝑏ଵ𝜆ଷ ൅ 18𝑓௧
௫𝑏଺𝜆ଶሻ ൅ ሺെ6𝑏ଵ௧𝑓௧

௫ଶ𝑓௫
௫𝑏ଵ 

൅54𝑏ଵ௫𝑓௧௧
௫𝑓௧

௫𝑓௫
௫  ൅ 6 𝑏ଵ௫𝑓௧

௫ଷ𝑏ଵ  ൅ 18 𝑏ଵ௫𝑓௧
௫ଶ𝑓௫

௫𝑏଺  ൅ 18 𝑏଺௫𝑓௧
௫ଶ𝑓௫

௫𝑏ଵ  െ 18 𝑓௧௧
௫𝑓௧

௫𝑓௫
௫𝑎ଷ𝑏ଵ  

൅18 𝑓௧௧
௫𝑓௧

௫𝑓௫
௫𝑏ଵ

ଶ  െ 2𝑓௧
௫ଷ𝑎ଷ𝑏ଵ

ଶ  ൅ 2𝑓௧
௫ଷ𝑏ଵ

ଷ  െ 27𝑓௧
௫ଶ𝑓௫

௫𝜆ଶ௫  െ 6𝑓௧
௫ଶ𝑓௫

௫𝑎ଷ𝑏ଵ𝑏଺  
൅9𝑓௧

௫ଶ𝑓௫
௫𝑎ଷ𝜆ଶ௧𝑓௧

௫ଶ𝑓௫
௫𝑎ଷ𝑏ଵ

ଶ  ൅ 5𝑓௧
௫ଶ𝑓௫

௫𝑏ଵ
ଶ𝑏଺  െ 9𝑓௧

௫ଶ𝑓௫
௫𝑏ଵ𝜆ଶሻ  ൌ  0.  (83) 

Recall (11) and consider the equation 
 െ𝑓௧

௫ 𝑎ଵ  ൅ 𝑓௫
௫ 𝑎଺  ൌ  0.      (84) 

Further analysis of the compatibility depends on 𝑎ଵ. 
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Case 𝒂𝟏 ് 𝟎. 

From (84), we can find the derivatives 
 𝑓௧

௫  ൌ  𝑓௫
௫𝜆ସ,       (85) 

where 𝜆ସ  ൌ  
௔ల

௔భ
. 

Comparing the mixed derivatives ሺ𝑓௧
௫ሻ௫௫  ൌ  ሺ𝑓௫௫

௫ ሻ௧, ሺ𝑓௧
௫ሻ௫  ൌ  𝑓௧௫

௫ , and ሺ𝑓௧
௫ሻ௧௧  ൌ  𝑓௧௧௧

௫ , we obtain the conditions 
െ9𝑎ଷ௧ ൅ 12𝑏ଵ௧  െ 12𝑏ଵ௫𝜆ସ  ൅ 27 𝜆ସ௫௫  ൅ 18 𝜆ସ௫𝑎ଷ  െ 24 𝜆ସ௫𝑏ଵ  െ 3 𝑎ଷ𝑎ହ  െ 7 𝑎ଷ𝑏ଵ𝜆ସ  ൅ 3 𝑎ଷ𝑏଺  
൅4 𝑎ହ𝑏ଵ  ൅ 27 𝑎଻𝜆ସ  ൅ 4 𝑏ଵ

ଶ𝜆ସ  െ 4𝑏ଵ𝑏଺  െ 3𝜆ଵ𝜆ସ  ൌ  0,  
  (86) 
3𝜆ସ௫  ൅ 𝑎ଷ𝜆ସ  െ 𝑎ହ𝑏ଵ𝜆ସ  ൅ 𝑏଺  ൌ  0,  
  (87) 
െ18𝑏ଵ௧𝜆ସ

ଶ  െ 54𝑏଺௧𝜆ସ  ൅ 162 𝜆ସ௧௧  ൅ 108 𝜆ସ௧𝑎ହ  ൅ 54 𝜆ସ௧𝑏଺  ൅ 54 𝑎ଵସ𝜆ସ െ 162 𝑎ଵ଺  ൅ 6𝑎ହ𝑏ଵ𝜆ସ
ଶ  

൅18 𝑎ହ𝑏଺𝜆ସ  െ 𝑏ଵ
ଶ𝜆ସ

ଷ  െ 6 𝑏ଵ𝑏଺𝜆ସ
ଶ  െ 9𝑏଺

ଶ𝜆ସ  െ 27 𝜆ଶ𝜆ସ
ଶ  െ 45 𝜆ଷ𝜆ସ  ൌ  0.  

  (88) 
Equations (67), (68), (71), (72), (75)-(79), (81), (82), and (83) become 
െ27𝑎ଵ௧௫  ൅ 9 𝑎ଵ௧𝑏ଵ  ൅ 9𝑎ଵ௫𝑏଺  ൅ 3𝑎ହ௬𝑏ଵ  ൅ 3𝑏ଵ௬𝑎ହ  ൅ 2𝑏ଵ௬𝑏ଵ𝜆ସ  െ 6𝑏ଵ௬𝑏଺   ൅ 9𝑏଺௫𝑎ଵ െ 6𝑏଺௬𝑏ଵ  
െ9𝜆ଶ௬  െ 3𝑎ଵ𝑎ହ𝑏ଵ  െ 𝑎ଵ𝑏ଵ

ଶ𝜆ସ  ൅ 3𝑎ଵ𝑏ଵ𝑏଺  ൅ 9𝑎ଵ𝜆ଶ  ൌ  0,   (89) 
െ54𝑎ଵ௧௧  ൅ 36 𝑎ଵ௧𝑏଺  ൅ 18 𝑏ଵ௬𝜆ସ௧  ൅ 6 𝑏ଵ௬𝑎ହ𝜆ସ  ൅ 18 𝑏଺௧𝑎ଵ  ൅ 6𝑏଺௬𝑏ଵ𝜆ସ  െ 18 𝑏଺௬𝑏଺  െ 9 𝜆ଶ௬𝜆ସ  
െ9𝜆ଷ௬  െ 18 𝜆ସ௧𝑎ଵ𝑏ଵ  െ 6𝑎ଵ𝑎ହ𝑏ଵ𝜆ସ  ൅ 𝑎ଵ𝑏ଵ

ଶ𝜆ସ
ଶ  ൅ 3 𝑎ଵ𝑏଺

ଶ  ൅ 9𝑎ଵ𝜆ଶ𝜆ସ  ൅ 9 𝑎ଵ𝜆ଷ  ൌ  0,   (90) 
െ9 𝑎ଷ௧𝑏ଵ  െ 9𝑏ଵ௧𝑎ଷ  ൅ 30 𝑏ଵ௧𝑏ଵ  ൅ 9𝑏ଵ௫𝑎ହ  ൅ 6𝑏ଵ௫𝑏ଵ𝜆ସ  െ 18 𝑏ଵ௫𝑏଺  െ 18 𝑏଺௫𝑏ଵ  ൅ 27𝜆ଵ௧  െ 27 𝜆ଶ௧ 
൅9𝑎ଵଵ𝑏ଵ  െ 3𝑎ଷ𝑎ହ𝑏ଵ  െ 𝑎ଷ𝑏ଵ

ଶ𝜆ସ  ൅ 3𝑎ଷ𝑏ଵ𝑏଺  െ 2 𝑎ହ𝑏ଵ
ଶ  ൅ 6𝑏ଵ𝜆ଶ  െ 9 𝑏଺𝜆ଵ  ൌ  0,   (91) 

54 𝑎ଵସ௫𝑏ଵ  െ 54𝑎ଷ௧௧𝑏ଵ  െ 108 𝑎ଷ௧𝑏ଵ௧  ൅ 36 𝑎ଷ௧𝑏ଵ𝑏଺  െ 18 𝑏ଵ௧௫𝑏ଵ𝜆ସ  െ 54 𝑏ଵ௧௧𝑎ଷ  ൅ 180 𝑏ଵ௧௧𝑏ଵ  
൅180 𝑏ଵ௧

ଶ  െ 36 𝑏ଵ௧𝑏ଵ௫𝜆ସ  ൅ 12𝑏ଵ௧𝑎ଷ𝑏ଵ𝜆ସ  ൅ 36 𝑏ଵ௧𝑎ଷ𝑏଺  െ 6𝑏ଵ௧𝑎ହ𝑏ଵ  െ 114 𝑏ଵ௧𝑏ଵ𝑏଺  
൅162 𝑏ଵ௫௫𝜆ସ௧  ൅ 54 𝑏ଵ௫௫𝑎ହ𝜆ସ  ൅ 18𝑏ଵ௫

ଶ 𝜆ସ
ଶ  െ 108𝑏ଵ௫𝑏଺௧   ൅ 108𝑏ଵ௫𝑏଺௫𝜆ସ െ 108 𝑏ଵ௫𝜆ସ௧𝑏ଷ  

൅108 𝑏ଵ௫𝑎ଵସ  െ 36 𝑏ଵ௫𝑎ଷ𝑎ହ𝜆ସ  െ 12 𝑏ଵ௫𝑎ଷ𝑏ଵ𝜆ସ
ଶ  ൅ 6 𝑏ଵ௫𝑎ହ𝑏ଵ𝜆ସ െ 36 𝑏ଵ௫𝑎ହ𝑏଺  ൅ 15 𝑏ଵ௫𝑏ଵ

ଶ𝜆ସ
ଶ  

െ6𝑏ଵ௫𝑏ଵ𝑏଺𝜆ସ  ൅ 27 𝑏ଵ௫𝑏଺
ଶ  െ 9𝑏ଵ௫𝜆ଷ  െ 54 𝑏଺௧௫𝑏ଵ ൅ 36 𝑏଺௧𝑎ଷ𝑏ଵ  െ 12𝑏଺௧𝑏ଵ

ଶ  െ 54 𝑏଺௧𝜆ଵ  
൅54 𝑏଺௫௫𝑏ଵ𝜆ସ  െ 162 𝑏଺௫௫𝑏଺   െ 162 𝑏଺௫

ଶ െ 36𝑏଺௫𝑎ଷ𝑏ଵ𝜆ସ  ൅ 90 𝑏଺௫𝑏ଵ𝑏଺  ൅ 27𝑏଺௫𝜆ଶ  ൅ 162 𝜆ଵ௧௧  
െ108 𝜆ଵ௧𝑏଺  െ 81 𝜆ଶ௫௫𝜆ସ  ൅ 54 𝜆ଶ௫𝑎ଷ𝜆ସ  െ 54𝜆ଶ௫𝑎ହ  ൅ 54 𝜆ଶ௫𝑏଺  െ 81 𝜆ଷ௫௫  ൅ 36 𝜆ଷ௫𝑏ଵ  
൅36𝜆ସ௧𝑎ଷ

ଶ𝑏ଵ െ 162𝜆ସ௧𝑎଻𝑏ଵ  ൅ 18 𝜆ସ௧𝑏ଵ𝜆ଵ  െ 18 𝑎ଵଵ𝑏ଵ𝑏଺  െ 27𝑎ଵଵ𝜆ଶ  െ 18 𝑎ଵସ𝑎ଷ𝑏ଵ   െ 18𝑎ଵସ𝑏ଵ
ଶ 

൅12𝑎ଷ
ଶ𝑎ହ𝑏ଵ𝜆ସ  ൅ 2𝑎ଷ

ଶ𝑏ଵ
ଶ𝜆ସ

ଶ  െ 18 𝑎ଷ
ଶ𝜆ଶ𝜆ସ  െ 2𝑎ଷ𝑎ହ𝑏ଵ

ଶ𝜆ସ  ൅ 12 𝑎ଷ𝑎ହ𝑏ଵ𝑏଺   ൅ 18 𝑎ଷ𝑎ହ𝜆ଶ െ 4 𝑎ଷ𝑏ଵ
ଷ𝜆ସ

ଶ  
൅2𝑎ଷ𝑏ଵ

ଶ𝑏଺𝜆ସ  െ 6𝑎ଷ𝑏ଵ𝑏଺
ଶ  ൅ 6𝑎ଷ𝑏ଵ𝜆ଷ  െ 9 𝑎ଷ𝑏଺𝜆ଶ   െ 54𝑎ହ𝑎଻𝑏ଵ𝜆ସ ൅ 2𝑎ହ𝑏ଵ

ଷ𝜆ସ  ൅ 6𝑎ହ𝑏ଵ
ଶ𝑏଺  

൅6𝑎ହ𝑏ଵ𝜆ଵ𝜆ସ  ൅ 9𝑎ହ𝑏ଵ𝜆ଶ  ൅ 81 𝑎଻𝜆ଶ𝜆ସ𝑏ଵ
ସ𝜆ସ

ଶ   െ 2𝑏ଵ
ଷ𝑏଺𝜆ସ ൅ 𝑏ଵ

ଶ𝑏଺
ଶ  െ 3𝑏ଵ

ଶ𝜆ଷ  െ 3𝑏ଵ𝑏଺𝜆ଶ  ൅ 18𝑏଺
ଶ𝜆ଵ  

െ9𝜆ଵ𝜆ଶ𝜆ସ  ൅ 9 𝜆ଶ
ଶ  ൌ  0,        (92) 

െ18 𝑏ଵ௧𝑎ହ  െ 18 𝑏ଵ௧𝑏ଵ𝜆ସ  ൅ 36 𝑏ଵ௧𝑏଺  ൅ 54 𝑏ଵ௫𝜆ସ௧  ൅ 18 𝑏ଵ௫𝑎ହ𝜆ସ  ൅ 18 𝑏଺௧𝑏ଵ  ൅ 18 𝑏଺௫𝑏ଵ𝜆ସ  
െ54 𝑏଺௫𝑏଺  ൅ 54 𝜆ଶ௧  െ 27𝜆ଶ௫𝜆ସ  െ 27 𝜆ଷ௫  െ 18 𝜆ସ௧𝑎ଷ𝑏ଵ  െ 6𝜆ସ௧𝑏ଵ

ଶ  െ 6 𝑎ଷ𝑎ହ𝑏ଵ𝜆ସ ൅ 9 𝑎ଷ𝜆ଶ𝜆ସ 
൅6𝑎ହ

ଶ𝑏ଵ െ 9 𝑎ହ𝜆ଶ ൅ 𝑏ଵ
ଷ𝜆ସ

ଶ ൅ 2𝑏ଵ
ଶ𝑏଺𝜆ସ െ 3 𝑏ଵ𝑏଺

ଶ ൅ 9 𝑏ଵ𝜆ଷ െ 9 𝑏଺𝜆ଶ ൌ  0,   (93) 
9 𝑏ଵ௧ െ 3 𝑎ହ𝑏ଵ െ 𝑏ଵ

ଶ𝜆ସ ൅ 3 𝑏ଵ𝑏଺ ൅ 9𝜆ଶ ൌ  0, (94) 
9 𝑏଺௫ െ 3 𝑎ହ𝑏ଵ െ 𝑏ଵ

ଶ𝜆ସ ൅ 3 𝑏ଵ𝑏଺ ൅ 9𝜆ଶ ൌ  0, 
 (95) 
54𝑏ଵ௧௧ ൅ 6 𝑏ଵ௧𝑏ଵ𝜆ସ െ 36 𝑏ଵ௧𝑏଺ െ 54 𝑏ଵ௫𝜆ସ௧ െ 18 𝑏ଵ௫𝑎ହ𝜆ସ െ 18 𝑏଺௫𝑏ଵ𝜆ସ  ൅ 54 𝑏଺௫𝑏଺ ൅ 27 𝜆ଶ௫𝜆ସ 
൅27 𝜆ଷ௫ ൅ 18 𝜆ସ௧𝑎ଷ𝑏ଵ െ 18 𝑎ଵସ𝑏ଵ ൅ 6 𝑎ଷ𝑎ହ𝑏ଵ𝜆ସ െ 9 𝑎ଷ𝜆ଶ𝜆ସ ൅ 6 𝑎ହ𝑏ଵ𝑏଺ ൅ 9 𝑎ହ𝜆ଶ െ 𝑏ଵ

ଷ𝜆ସ
ଶ െ 3𝑏ଵ𝑏଺

ଶ 
െ3 𝑏ଵ𝜆ଷ െ 9 𝑏଺𝜆ଶ ൌ  0,        (96) 
18𝑏଺௧ െ 18 𝜆ସ௧𝑏ଵ െ 6 𝑎ହ𝑏ଵ𝜆ସ ൅ 𝑏ଵ

ଶ𝜆ସ
ଶ ൅ 3 𝑏଺

ଶ ൅ 9 𝜆ଶ𝜆ସ ൅ 9𝜆ଷ ൌ  0, (97) 
9𝑎ଷ௧ െ 12𝑏ଵ௧ ൅ 3𝑏ଵ௫𝜆ସ ൅ 9𝑏଺௫ െ 9𝑎ଵଵ ൅ 3𝑎ଷ𝑎ହ െ 𝑎ଷ𝑏ଵ𝜆ସ ൅ 𝑎ହ𝑏ଵ ൅ 𝑏ଵ

ଶ𝜆ସ െ 𝑏ଵ𝑏଺ ൅ 3𝜆ଶ ൌ  0,  (98) 
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486𝑎ଵସ௧𝑎ଷ െ 648𝑎ଵସ௧𝑏ଵ ൅ 486 𝑎ଵସ௫𝑏ଵ𝜆ସ ൅ 1458𝑎ଵସ௫௕ల

െ 4374𝑎ଵ଺௫௫ െ 2916𝑎ଵ଺௫𝑎ଷ ൅ 3888𝑎ଵ଺௫𝑏ଵ 
൅1458 𝑎ଷ௧௧௧ ൅ 1458𝑎ଷ௧௧𝑎ହ െ 486𝑎ଷ௧௧𝑏ଵ𝜆ସ  െ 1458𝑎ଷ௧௧𝑏଺ െ 486 𝑎ଷ௧𝑏ଵ௧𝜆ସ െ 1458 𝑎ଷ௧𝑏଺௧ 
െ486 𝑎ଷ௧𝜆ସ௧𝑏ଵ ൅ 1458𝑎ଷ௧𝑎ଵସ െ 324 𝑎ଷ௧𝑎ହ𝑏ଵ𝜆ସ െ 972 𝑎ଷ௧𝑎ହ𝑏଺ ൅ 54 𝑎ଷ௧𝑏ଵ

ଶ𝜆ସ
ଶ ൅ 324 𝑎ଷ௧𝑏ଵ𝑏଺𝜆ସ 

൅486 𝑎ଷ௧𝑏଺
ଷ െ 486 𝑎ଷ௧𝜆ଷ െ 162 𝑏ଵ௧௫𝑏ଵ𝜆ସ

ଶ െ 486𝑏ଵ௧௫𝑏଺𝜆ସ െ 1944𝑏ଵ௧௧௧ െ 162 𝑏ଵ௧௧𝑎ଷ𝜆ସ  
െ1944 𝑏ଵ௧௧𝑎ହ ൅ 864 𝑏ଵ௧௧𝑏ଵ𝜆ସ ൅ 1944 𝑏ଵ௧௧𝑏଺ ൅ 648 𝑏ଵ௧

ଶ 𝜆ସ െ 324 𝑏ଵ௧𝑏ଵ௫𝜆ସ
ଶ  ൅ 1944𝑏ଵ௧𝑏଺௧ 

െ972 𝑏ଵ௧𝑏଺௫𝜆ସ െ 324𝑏ଵ௧𝜆ସ௧𝑎ଷ ൅ 1080 𝑏ଵ௧𝜆ସ௧𝑏ଵ െ 1944 𝑏ଵ௧𝑎ଵସ െ 162 𝑏ଵ௧𝑎ଷ𝑎ହ𝜆ସ ൅ 144 𝑏ଵ௧𝑎ଷ𝑏ଵ𝜆ସ
ଶ 

൅162 𝑏ଵ௧𝑎ଷ𝑏଺𝜆ସ ൅ 486𝑏ଵ௧𝑎ହ𝑏ଵ𝜆ସ ൅ 1134 𝑏ଵ௧𝑎ହ𝑏଺ െ 192 𝑏ଵ௧𝑏ଵ
ଶ𝜆ସ

ଶ െ 378 𝑏ଵ௧𝑏ଵ𝑏଺𝜆ସ െ 486 𝑏ଵ௧𝑏଺
ଶ 

൅648𝑏ଵ௧𝜆ଷ  ൅ 1458 𝑏ଵ௫௫𝜆ସ௧𝜆ସ ൅ 486𝑏ଵ௫௫𝑎ହ𝜆ସ
ଶ ൅ 162 𝑏ଵ௫

ଶ 𝜆ସ
ଷ െ 972 𝑏ଵ௫𝑏଺௧𝜆ସ ൅ 972 𝑏ଵ௫𝑏଺௫𝜆ସ

ଶ 
െ972 𝑏ଵ௫𝜆ସ௧𝑎ଷ𝜆ସ ൅ 972 𝑏ଵ௫𝜆ସ௧𝑎ହ ൅ 972 𝑏ଵ௫𝜆ସ௧𝑏ଵ𝜆ସ െ 1458 𝑏ଵ௫𝜆ସ௧𝑏଺ ൅ 972 𝑏ଵ௫𝑎ଵସ𝜆ସ 
൅1944 𝑏ଵ௫𝑎ଵ଺ െ  324 𝑏ଵ௫𝑎ଷ𝑎ହ𝜆ସ

ଶ െ 108 𝑏ଵ௫𝑎ଷ𝑏ଵ𝜆ସ
ଷ ൅ 324𝑏ଵ௫𝑎ହ

ଶ𝜆ସ ൅ 378 𝑏ଵ௫𝑎ହ𝑏ଵ𝜆ସ
ଶ 

െ972𝑏ଵ௫𝑎ହ𝑏଺𝜆ସ ൅ 117𝑏ଵ௫𝑏ଵ
ଶ𝜆ସ

ଷ ൅ 243 𝑏ଵ௫𝑏଺
ଶ𝜆ସ െ 162 𝑏ଵ௫𝜆ଶ𝜆ସ

ଶ െ 243 𝑏ଵ௫𝜆ଷ𝜆ସ  െ 486𝑏଺௧௫𝑏ଵ𝜆ସ 
െ1458 𝑏଺௧௫𝑏଺ െ 486𝑏଺௧௧𝑎ଷ ൅ 648 𝑏଺௧௧𝑏ଵ െ 2916𝑏଺௧𝑏଺௫  െ 486 𝑏଺௧𝑎ଷ𝑎ହ ൅ 270 𝑏଺௧𝑎ଷ𝑏ଵ𝜆ସ 
൅324 𝑏଺௧𝑎ହ𝑏ଵ െ 198 𝑏଺௧𝑏ଵ

ଶ𝜆ସ ൅ 486𝑏଺௧𝑏ଵ𝑏଺ ൅ 4374 𝑏଺௫௫𝜆ସ௧  ൅ 1458 𝑏଺௫௫𝑎ହ𝜆ସ ൅ 1458 𝑏଺௫
ଶ 𝜆ସ 

െ1458𝑏଺௫𝜆ସ௧𝑏ଵ  ൅ 2916 𝑏଺௫𝑎ଵସ െ 324 𝑏଺௫𝑎ଷ𝑏ଵ𝜆ସ
ଶ െ 486𝑏଺௫𝑎ହ𝑏ଵ𝜆ସ െ 1944 𝑏଺௫𝑎ହ𝑏଺ 

൅351 𝑏଺௫𝑏ଵ
ଶ𝜆ସ

ଶ ൅ 729 𝑏଺௫𝑏଺
ଶ ൅ 486 𝑏଺௫𝜆ଶ𝜆ସ െ 729 𝑏଺௫𝜆ଷ െ 729 𝜆ଶ௫௫𝜆ସ

ଶ  ൅ 486𝜆ଶ௫𝑎ଷ𝜆ସ
ଶ 

െ972 𝜆ଶ௫𝑎ହ𝜆ସ െ 324 𝜆ଶ௫𝑏ଵ𝜆ସ
ଶ ൅ 972 𝜆ଶ௫𝑏଺𝜆ସ െ 162 𝜆ଷ௧𝑎ଷ  ൅ 216 𝜆ଷ௧𝑏ଵ െ 729 𝜆ଷ௫௫𝜆ସ 

െ486 𝜆ଷ௫𝑎ହ ൅ 486 𝜆ସ௧𝑎ଵଵ𝑏ଵ ൅ 324 𝜆ସ௧𝑎ଷ
ଶ𝑏ଵ𝜆ସ  െ 378 𝜆ସ௧𝑎ଷ𝑎ହ𝑏ଵ െ 162 𝜆ସ௧𝑎ଷ𝑏ଵ

ଶ𝜆ସ 
൅378𝜆ସ௧𝑎ଷ𝑏ଵ𝑏଺ ൅ 126 𝜆ସ௧𝑎ହ𝑏ଵ

ଶ െ 1458 𝜆ସ௧𝑎଻𝑏ଵ𝜆ସ െ 288 𝜆ସ௧𝑏ଵ
ଶ𝑏଺ ൅ 162 𝜆ସ௧𝑏ଵ𝜆ଵ𝜆ସ 

െ162 𝜆ସ௧𝑏ଵ𝜆ଶ  ൅ 162 𝑎ଵଵ𝑎ହ𝑏ଵ𝜆ସ െ 27𝑎ଵଵ௕భ
మఒర

మ െ 324 𝑎ଵଵ𝑏ଵ𝑏଺𝜆ସ െ 729 𝑎ଵଵ𝑏଺
ଶ െ  486𝑎ଵଵ𝜆ଶ𝜆ସ 

െ243 𝑎ଵଵ𝜆ଷ ൅ 162 𝑎ଵସ𝑎ଷ𝑎ହ െ 270 𝑎ଵସ𝑎ଷ𝑏ଵ𝜆ସ  ൅ 108 𝑎ଵସ𝑎ହ𝑏ଵ ൅ 198 𝑎ଵସ𝑏ଵ
ଶ𝜆ସ െ 486 𝑎ଵସ𝑏ଵ𝑏଺ 

൅1134 𝑎ଵ଺𝑎ଷ𝑏ଵ െ 4374 𝑎ଵ଺𝑎଻ െ 648 𝑎ଵ଺𝑏ଵ
ଶ ൅ 486 𝑎ଵ଺𝜆ଵ ൅ 108𝑎ଷ

ଶ𝑎ହ𝑏ଵ𝜆ସ
ଶ ൅ 18 𝑎ଷ

ଶ𝑏ଵ
ଶ𝜆ସ

ଷ 
െ162 𝑎ଷ

ଶ𝜆ଶ𝜆ସ
ଶ  െ 108𝑎ଷ𝑎ହ

ଶ𝑏ଵ𝜆ସ െ 66 𝑎ଷ𝑎ହ𝑏ଵ
ଶ𝜆ସ

ଶ ൅ 342 𝑎ଷ𝑎ହ𝑏ଵ𝑏଺𝜆ସ ൅ 162 𝑎ଷ𝑎ହ𝑏଺
ଶ ൅ 324 𝑎ଷ𝑎ହ𝜆ଶ𝜆ସ 

െ54 𝑎ଷ𝑎ହ𝜆ଷ െ 39 𝑎ଷ𝑏ଵ
ଷ𝜆ସ

ଷ ൅ 3 𝑎ଷ𝑏ଵ
ଶ𝑏଺𝜆ସ

ଶ െ 63 𝑎ଷ𝑏ଵ𝑏଺
ଶ𝜆ସ ൅ 81 𝑎ଷ𝑏ଵ𝜆ଶ𝜆ସ

ଶ ൅ 63 𝑎ଷ𝑏ଵ𝜆ଷ𝜆ସ ൅ 27 𝑎ଷ𝑏଺
ଷ 

െ162 𝑎ଷ𝑏଺𝜆ଶ𝜆ସ ൅ 81 𝑎ଷ𝑏଺𝜆ଷ  ൅ 18 𝑎ହ
ଶ𝑏ଵ

ଶ𝜆ସ െ 162 𝑎ହ
ଶ𝑏ଵ𝑏଺ െ 162 𝑎ହ

ଶ𝜆ଶ െ 486 𝑎ହ𝑎଻𝑏ଵ𝜆ସ
ଶ 

൅25 𝑎ହ𝑏ଵ
ଷ𝜆ସ

ଶ െ 150 𝑎ହ𝑏ଵ
ଶ𝑏଺𝜆ସ ൅ 405 𝑎ହ𝑏ଵ𝑏଺

ଶ ൅ 54𝑎ହ𝑏ଵ𝜆ଵ𝜆ସ
ଶ െ 108 𝑎ହ𝑏ଵ𝜆ଶ𝜆ସ  ൅ 99𝑎ହ𝑏ଵ𝜆ଷ 

൅324 𝑎ହ𝑏଺𝜆ଶ ൅ 729 𝑎଻𝜆ଶ𝜆ସ
ଶ ൅ 21 𝑏ଵ

ସ𝜆ସ
ଷ െ  7𝑏ଵ

ଷ𝑏଺𝜆ସ
ଶ ൅ 39 𝑏ଵ

ଶ𝑏଺
ଶ𝜆ସ ൅ 9 𝑏ଵ

ଶ𝜆ଶ𝜆ସ
ଶ െ 39 𝜆ଵ

ଶ𝜆ଷ𝜆ସ 
െ117𝑏ଵ𝑏଺

ଷ ൅ 162 𝑏ଵ𝑏଺𝜆ଶ𝜆ସ ൅ 27 𝑏ଵ𝑏଺𝜆ଷ ൅ 81𝑏଺
ଶ𝜆ଶ െ 81 𝜆ଵ𝜆ଶ𝜆ସ

ଶ ൅ 162 𝜆ଶ
ଶ𝜆ସ ൅ 81 𝜆ଶ𝜆ଷ ൌ  0, (99) 

162𝑎ଵସ௧ െ 486𝑎ଵ଺௫ െ 54𝑏ଵ௧௧𝜆ସ െ 108𝑏ଵ௧𝜆ସ௧ െ 54𝑏ଵ௧𝑎ହ𝜆ସ െ 6 𝑏ଵ௧𝑏ଵ𝜆ସ
ଶ ൅ 162 𝑏ଵ௫𝜆ସ௧𝜆ସ 

൅54𝑏ଵ௫𝑎ହ𝜆ସ
ଶ െ 162 𝑏଺௧௧ െ 162 𝑏଺௧𝑎ହ െ 18 𝑏଺௧𝑏ଵ𝜆ସ ൅ 486 𝑏଺௫𝜆ସ௧ ൅ 162 𝑏଺௫𝑎ହ𝜆ସ െ 81 𝜆ଶ௫𝜆ସ

ଶ 
െ54 𝜆ଷ௧ െ 81 𝜆ଷ௫𝜆ସ  െ 54𝜆ସ௧𝑎ଷ𝑏ଵ𝜆ସ ൅ 36 𝜆ସ௧𝑎ହ𝑏ଵ ൅ 54 𝜆ସ௧𝑏ଵ

ଶ𝜆ସ െ 36 𝜆ସ௧𝑏ଵ𝑏଺ ൅ 54 𝑎ଵସ𝑎ହ  
൅18𝑎ଵସ𝑏ଵ𝜆ସ െ 162 𝑎ଵ଺𝑎ଷ െ 162 𝑎ଵ଺𝑏ଵ െ 18𝑎ଷ𝑎ହ𝑏ଵ𝜆ସ

ଶ ൅ 27 𝑎ଷ𝜆ଶ𝜆ସ
ଶ ൅ 18𝑎ହ

ଶ𝑏ଵ𝜆ସ ൅ 17 𝑎ହ𝑏ଵ
ଶ𝜆ସ

ଶ 
െ30𝑎ହ𝑏ଵ𝑏଺𝜆ସ െ 27 𝑎ହ𝑏଺

ଶ െ 54 𝑎ହ𝜆ଶ𝜆ସ െ 45𝑎ହ𝜆ଷ ൅ 𝑏ଵ
ଶ𝑏଺𝜆ସ

ଶ ൅ 6 𝑏ଵ𝑏଺
ଶ𝜆ସ െ 27 𝑏ଵ𝜆ଶ𝜆ସ

ଶ െ 6𝑏ଵ𝜆ଷ𝜆ସ 
൅9𝑏଺

ଷ  ൅ 54𝑏଺𝜆ଶ𝜆ସ ൅ 27𝑏଺𝜆ଷ ൌ  0.       (100) 
Case 𝒂𝟏 ൌ 𝟎. 
From (16), we obtain 
     െ𝑓௧

௫ 𝑏ଵ
ଶ  ൅  𝑓௫

௫ 𝜆ହ  ൌ  0,      (101) 

where 𝜆ହ ൌ  3ሺ3𝑏଺௫ െ 𝑎ହ𝑏ଵ ൅ 𝑏ଵ𝑏଺ ൅ 3𝜆ଶሻ. 
Further analysis of the compatibility depends on 𝑏ଵ. 
 Case  𝒃𝟏 ് 𝟎. 
 From (101), we obtain 
      𝑓௧

௫ ൌ
௙ೣೣఒఱ

௕భ
మ .      (102) 

Comparing the mixed derivative ሺ𝑓௧
௫ሻ௫௫ ൌ  ሺ𝑓௫௫

௫ ሻ௧, ሺ𝑓௧
௫ሻ௫ ൌ  𝑓௧௫

௫ ,  and ሺ𝑓௧
௫ሻ௧௧ ൌ  𝑓௧௧௧

௫ ,   we find the following 
conditions: 
െ9𝑎ଷ௧𝑏ଵ

ସ ൅ 12 𝑏ଵ௧𝑏ଵ
ସ െ 54 𝑏ଵ௫௫𝑏ଵ𝜆ହ ൅ 162 𝑏ଵ௫

ଶ 𝜆ହ െ 108 𝑏ଵ௫𝜆ହ௫𝑏ଵ  െ 36 𝑏ଵ௫𝑎ଷ𝑏ଵ𝜆ହ ൅ 36 𝑏ଵ௫𝑏ଵ
ଶ𝜆ହ 

൅27 𝜆ହ௫௫𝑏ଵ
ଶ ൅ 18 𝜆ହ௫𝑎ଷ𝑏ଵ

ଶ െ 24 𝜆ହ௫𝑏ଵ
ଷ  െ 3𝑎ଷ𝑎ହ𝑏ଵ

ସ ൅ 3 𝑎ଷ𝑏ଵ
ସ𝑏଺ െ 7𝑎ଷ𝑏ଵ

ଷ𝜆ହ ൅ 4 𝑎ହ𝑏ଵ
ହ ൅ 27 𝑎଻𝑏ଵ

ଶ𝜆ହ 
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െ4 𝑏ଵ

ହ𝑏଺ ൅ 4𝑏ଵ
ସ𝜆ସ െ  3𝑏ଵ

ଶ𝜆ଵ𝜆ହ ൌ  0,       (103) 
െ6𝑏ଵ௫𝜆ହ ൅ 3 𝜆ହ௫𝑏ଵ ൅ 𝑎ଷ𝑏ଵ𝜆ହ െ  𝑎ହ𝑏ଵ

ଷ ൅ 𝑏ଵ
ଷ𝑏଺ െ 𝑏ଵ

ଶ𝜆ହ ൌ  0,   (104) 
െ324 𝑏ଵ௧௧𝑏ଵ𝜆ହ ൅ 972 𝑏ଵ௧

ଶ 𝜆ହ െ 648 𝑏ଵ௧𝜆ହ௧𝑏ଵ െ 216 𝑏ଵ௧𝑎ହ𝑏ଵ𝜆ହ  െ 108 𝑏ଵ௧𝑏ଵ𝑏଺𝜆ହ െ 18 𝑏ଵ௧𝜆ହ
ଶ െ 54 𝑏଺ 

൅𝑏ଵ
ଶ𝜆ହ ൅ 162 𝜆ହ௧௧𝑏ଵ

ଶ ൅ 108 𝜆ହ௧𝑎ହ𝑏ଵ
ଶ   ൅ 54 𝜆ହ௧𝑏ଵ

ଶ𝑏଺ ൅ 54 𝑎ଵସ𝑏ଵ
ଶ𝜆ହ െ 162 𝑎ଵ଺𝑏ଵ

ସ ൅ 18𝑎ହ𝑏ଵ
ଶ𝑏଺𝜆ହ 

൅6𝑎ହ𝑏ଵ𝜆ହ
ଶ  െ 9𝑏ଵ

ଶ𝑏଺
ଶ𝜆ହ െ 45 𝑏ଵ

ଶ𝜆ହ𝜆ଷ െ 6𝑏ଵ𝑏଺𝜆ହ
ଶ െ 27𝜆ଶ𝜆ହ

ଶ െ 𝜆ହ
ଷ ൌ  0.    (105) 

Equations (7), (11), (12), (14), (15), (17), (18), (69), (70), (67), (68), (71), (72), (75), (76), (78), (79), (81), (82), and (83) 
become 
𝑎ଶ ൌ  0,     (106) 
𝑎଺ ൌ  0,   (107) 
9𝑏ଵ௫ െ 3 𝑎ଷ𝑏ଵ ൅ 2𝑏ଵ

ଶ ൅ 9𝜆ଵ ൌ  0,   (108) 
െ3𝑎ଷ௬ ൅ 2 𝑏ଵ௬ ൅ 3𝑎ଽ ൌ  0,   (109) 
𝑎ଵ଴ ൌ  0,     (110) 
𝑎ଵଶ ൌ  0,   (111) 
െ6𝑎ହ௬ ൅ 4𝑏଺௬ ൅ 3 𝑎ଵଷ ൌ  0,   (112) 
𝑏ଵ௬ ൌ  0,   (113) 
𝑏଺௬ ൌ  0,     (114) 
𝜆ହ௬௬ ൌ  0,     (115) 
𝑎ହ௬௕భ

െ  3 𝜆ଶ௬ ൌ  0,     (116) 
𝜆ଶ௬𝜆ହ ൅  𝜆ଷ௬𝑏ଵ

ଶ ൌ  0,    (117) 
െ9 𝑎ଷ௧𝑏ଵ

ଶ െ 9 𝑏ଵ௧𝑎ଷ𝑏ଵ ൅ 30 𝑏ଵ௧𝑏ଵ
ଶ ൅ 9𝑏ଵ௫𝑎ହ𝑏ଵ െ 18 𝑏ଵ௫𝑏ଵ𝑏଺ ൅ 6 𝑏ଵ௫𝜆ହ  ൅ 27 𝜆ଵ௧𝑏ଵ െ 27 𝜆ଶ௫𝑏ଵ 

൅9 𝑎ଵଵ𝑏ଵ
ଶ െ 3𝑎ଷ𝑎ହ𝑏ଵ

ଶ ൅ 3 𝑎ଷ𝑏ଵ
ଶ𝑏଺ െ 𝑎ଷ𝑏ଵ𝜆ହ   െ 8𝑎ହ𝑏ଵ

ଷ ൅ 6 𝑏ଵ
ଷ𝑏଺ ൅ 24𝑏ଵ

ଶ𝜆ଶ െ 2 𝑏ଵ
ଶ𝜆ହ 

െ9 𝑏ଵ𝑏଺𝜆ଵ ൌ  0,         (118) 
54 𝑎ଵସ௫𝑏ଵ

ହ െ 54 𝑎ଷ௧௧𝑏ଵ
ହ െ 108 𝑎ଷ௧𝑏ଵ௧𝑏ଵ

ସ ൅ 36 𝑎ଷ௧𝑏ଵ
ହ𝑏଺ െ 18 𝑏ଵ௧௫𝑏ଵ

ଷ𝜆ହ െ 54 𝑏ଵ௧௧𝑎ଷ𝑏ଵ
ସ ൅ 180 𝑏ଵ௧௧𝑏ଵ

ହ 
൅180 𝑏ଵ௧

ଶ 𝑏ଵ
ସ െ 324 𝑏ଵ௧𝑏ଵ௫௫𝑏ଵ𝜆ହ ൅ 216 𝑏ଵ௧𝑏ଵ௫𝑎ଷ𝑏ଵ𝜆ହ െ 36𝑏ଵ௧𝑏ଵ௫𝑏ଵ

ଶ𝜆ହ െ 72 𝑏ଵ௧𝑎ଷ
ଶ𝑏ଵ

ଶ𝜆ହ 
൅36𝑏ଵ௧𝑎ଷ𝑏ଵ

ସ𝑏଺ ൅ 12𝑏ଵ௧𝑎ଷ𝑏ଵ
ଷ𝜆ହ െ 24 𝑏ଵ௧𝑎ହ𝑏ଵ

ହ ൅ 324 𝑏ଵ௧𝑎଻𝑏ଵ
ଶ𝜆ହ െ 96𝑏ଵ௧𝑏ଵ

ହ𝑏଺ െ  36 𝑏ଵ௧𝑏ଵ
ଶ𝜆ଵ𝜆ହ 

൅162 𝑏ଵ௫௫𝜆ହ௧𝑏ଵ
ଶ ൅ 54 𝑏ଵ௫௫𝑎ହ𝑏ଵ

ଶ𝜆ହ ൅ 18 𝑏ଵ௫
ଶ 𝜆ହ

ଶ െ 108 𝑏ଵ௫𝑏଺௧𝑏ଵ
ସ െ 108 𝑏ଵ௫𝜆ହ௧𝑎ଷ𝑏ଵ

ଶ ൅ 108 𝑏ଵ௫𝑎ଵସ𝑏ଵ
ସ 

െ36 𝑏ଵ௫𝑎ଷ𝑎ହ𝑏ଵ
ଶ𝜆ହ െ 12 𝑏ଵ௫𝑎ଷ𝑏ଵ𝜆ହ

ଶ െ 90𝑏ଵ௫𝑎ହ𝑏ଵ
ସ𝑏଺ ൅ 60𝑏ଵ௫𝑎ହ𝑏ଵ

ଷ𝜆ହ ൅ 81 𝑏ଵ௫𝑏ଵ
ସ𝑏଺

ଶ െ 9𝑏ଵ௫𝑏ଵ
ସ𝜆ଷ 

െ60𝑏ଵ௫𝑏ଵ
ଷ𝑏଺𝜆ହ െ 108 𝑏ଵ௫𝑏ଵ

ଶ𝜆ଶ𝜆ହ ൅ 27𝑏ଵ௫𝑏ଵ
ଶ𝜆ହ

ଶ ൅ 36𝑏଺௧𝑎ଷ𝑏ଵ
ହ ൅ 6𝑏଺௧𝑏ଵ

଺ െ 54𝑏଺௧𝑏ଵ
ସ𝜆ଵ ൅ 162 𝜆ଵ௧௧𝑏ଵ

ସ 
െ 108 𝜆ଵ௧𝑏ଵ

ସ𝑏଺ ൅  54 𝜆ଶ௧𝑏ଵ
ହ െ  81 𝜆ଶ௫௫𝑏ଵ

ଶ𝜆ହ ൅  54 𝜆ଶ௫𝑎ଷ𝑏ଵ
ଶ𝜆ହ െ 54 𝜆ଶ௫𝑎ହ𝑏ଵ

ସ ൅ 216𝜆ଶ௫𝑏ଵ
ସ𝑏଺ 

െ 54𝜆ଶ௫𝑏ଵ
ଷ𝜆ହ ൅ 36𝜆ହ௧𝑎ଷ

ଶ𝑏ଵ
ଷ െ 162 𝜆ହ௧𝑎଻𝑏ଵ

ଷ െ 6 𝜆ହ௧𝑏ଵ
ହ ൅ 18 𝜆ହ௧𝑏ଵ

ଷ𝜆ଵ െ 18𝜆ହ௫𝑏ଵ
ସ𝑏଺ ൅ 6𝜆ହ௫𝑏ଵ

ଷ𝜆ହ 
െ81 𝜆ଷ௫௫𝑏ଵ

ସ ൅ 36 𝜆ଷ௫𝑏ଵ
ହ  െ 72 𝑎ଵଵ𝑏ଵ

ହ𝑏଺ െ 27 𝑎ଵଵ𝑏ଵ
ସ𝜆ଶ ൅ 18 𝑎ଵଵ𝑏ଵ

ସ𝜆ହ െ 18 𝑎ଵସ𝑎ଷ𝑏ଵ
ହ െ 36 𝑎ଵସ𝑏ଵ

଺ 
൅12 𝑎ଷ

ଶ𝑎ହ𝑏ଵ
ଷ𝜆ହ െ 18 𝑎ଷ

ଶ𝑏ଵ
ଶ𝜆ଶ𝜆ହ ൅ 2𝑎ଷ

ଶ𝑏ଵ
ଶ𝜆ହ

ଶ ൅ 30 𝑎ଷ𝑎ହ𝑏ଵ
ହ𝑏଺ ൅  18 𝑎ଷ𝑎ହ𝑏ଵ

ସ𝜆ଶ െ 20 𝑎ଷ𝑎ହ𝑏ଵ
ସ𝜆ହ 

െ6𝑎ଷ𝑏ଵ
ହ𝑏଺

ଶ ൅ 6𝑎ଷ𝑏ଵ
ହ𝜆ଷ െ 9 𝑎ଷ𝑏ଵ

ସ𝑏଺𝜆ଶ ൅ 14 𝑎ଷ𝑏ଵ
ସ𝑏଺𝜆ହ ൅  36 𝑎ଷ𝑏ଵ

ଷ𝜆ଶ𝜆ହ െ  8 𝑎ଷ𝑏ଵ
ଷ𝜆ହ

ଶ െ 12 𝑎ହ
ଶ𝑏ଵ

଺ 
െ54 𝑎ହ𝑎଻𝑏ଵ

ଷ𝜆ହ ൅ 90 𝑎ହ𝑏ଵ
଺𝑏଺ ൅ 126 𝑎ହ𝑏ଵ

ହ𝜆ଶ െ 16 𝑎ହ𝑏ଵ
ହ𝜆ହ ൅ 6 𝑎ହ𝑏ଵ

ଷ𝜆ଵ𝜆ହ ൅ 81 𝑎଻𝑏ଵ
ଶ𝜆ଶ𝜆ହ െ 65 𝑏ଵ

଺𝑏଺
ଶ 

൅3𝑏ଵ
଺𝜆ଷ െ 246 𝑏ଵ

ହ𝑏଺𝜆ଶ ൅ 32𝑏ଵ
ହ𝑏଺𝜆ହ ൅ 18 𝑏ଵ

ସ𝑏଺
ଶ𝜆ଵ െ  180 𝑏ଵ

ସ𝜆ଶ
ଶ ൅ 51 𝑏ଵ

ସ𝜆ଶ𝜆ହ െ 3𝑏ଵ
ସ𝜆ହ

ଶ 
െ9 𝑏ଵ

ଶ𝜆ଵ𝜆ଶ𝜆ହ ൌ  0,         (119) 
െ108 𝑏ଵ௧𝑏ଵ௫𝜆ହ ൅ 36 𝑏ଵ௧𝑎ଷ𝑏ଵ𝜆ହ െ 18 𝑏ଵ௧𝑎ହ𝑏ଵ

ଷ ൅ 36 𝑏ଵ௧𝑏ଵ
ଷ𝑏ଵ െ 6 𝑏ଵ௧𝑏ଵ

ଶ𝜆ହ ൅ 54 𝑏ଵ௫𝜆ହ௧𝑏ଵ 
൅18 𝑏ଵ௫𝑎ହ𝑏ଵ𝜆ହ ൅ 18 𝑏଺௧𝑏ଵ

ସ ൅  54 𝜆ଶ௧𝑏ଵ
ଷ െ 27𝜆ଶ௫𝑏ଵ𝜆ହ െ 18 𝜆ହ௧𝑎ଷ𝑏ଵ

ଶ െ 6 𝜆ହ௧𝑏ଵ
ଷ െ 27 𝜆ଷ௫𝑏ଵ

ଷ 
െ6 𝑎ଷ𝑎ହ𝑏ଵ

ଶ𝜆ହ ൅ 9 𝑎ଷ𝑏ଵ𝜆ଶ𝜆ହ ൅  6 𝑎ହ
ଶ𝑏ଵ

ସ െ 18 𝑎ହ𝑏ଵ
ସ𝑏଺ െ 9 𝑎ହ𝑏ଵ

ଷ𝜆ଶ ൅ 6𝑎ହ𝑏ଵ
ଷ𝜆ହ ൅ 15 𝑏ଵ

ସ𝑏଺
ଶ ൅ 9 𝑏ଵ

ସ𝜆ଷ 
൅45 𝑏ଵ

ଷ𝑏଺𝜆ଶ െ 10 𝑏ଵ
ଷ𝑏଺𝜆ହ െ 18 𝑏ଵ

ଶ𝜆ଶ𝜆ହ ൅ 3 𝑏ଵ
ଶ𝜆ହ

ଶ ൌ  0,     (120) 
9𝑏ଵ௧ െ 3 𝑎ହ𝑏ଵ ൅ 3 𝑏ଵ𝑏଺ ൅ 9𝜆ଶ െ 𝜆ହ ൌ  0,   (121) 
18 𝑏ଵ௧௧𝑏ଵ

ଷ ൅  36 𝑏ଵ௧𝑏ଵ௫𝜆ହ െ  12 𝑏ଵ௧𝑎ଷ𝑏ଵ𝜆ହ െ  12 𝑏ଵ௧𝑏ଵ
ଷ𝑏଺ ൅ 2 𝑏ଵ௧𝑏ଵ

ଶ𝜆ହ െ  18 𝑏ଵ௫𝜆ହ௧𝑏ଵ െ 6𝑏ଵ௫𝑎ହ𝑏ଵ𝜆ହ 
൅ 9 𝜆ଶ௫𝑏ଵ𝜆ହ ൅  6 𝜆ହ௧𝑎ଷ𝑏ଵ

ଶ ൅ 9 𝜆ଷ௫𝑏ଵ
ଷ െ 6 𝑎ଵସ𝑏ଵ

ସ ൅ 2 𝑎ଷ𝑎ହ𝑏ଵ
ଶ𝜆ହ െ 3 𝑎ଷ𝑏ଵ𝜆ଶ𝜆ହ ൅ 8 𝑎ହ𝑏ଵ

ସ𝑏଺ 
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൅3 𝑎ହ𝑏ଵ

ଷ𝜆ଶ െ 2𝑎ହ𝑏ଵ
ଷ𝜆ହ െ 7 𝑏ଵ

ସ𝑏଺
ଶ െ  𝑏ଵ

ସ𝜆ଷ െ  21 𝑏ଵ
ଷ𝑏଺𝜆ଶ ൅ 4 𝑏ଵ

ଷ𝑏଺𝜆ହ ൅ 6 𝑏ଵ
ଶ𝜆ଶ𝜆ହ െ  𝑏ଵ

ଶ𝜆ହ
ଶ ൌ  0, (122) 

36 𝑏ଵ௧𝜆ହ ൅  18 𝑏଺௧𝑏ଵ
ଶ െ  18 𝜆ହ௧𝑏ଵ െ 6 𝑎ହ𝑏ଵ𝜆ହ ൅ 3 𝑏ଵ

ଶ𝑏଺
ଶ ൅ 9 𝑏ଵ

ଶ𝜆ଷ ൅ 9 𝜆ଶ𝜆ହ ൅ 𝜆ହ
ଶ ൌ  0,   (123) 

9𝑎ଷ௧𝑏ଵ
ଶ െ  12 𝑏ଵ௧𝑏ଵ

ଶ ൅  3 𝑏ଵ௫𝜆ହ െ  9 𝑎ଵଵ𝑏ଵ
ଶ ൅  3 𝑎ଷ𝑎ହ𝑏ଵ

ଶ െ  𝑎ଷ𝑏ଵ𝜆ହ ൅  4𝑎ହ𝑏ଵ
ଷ െ  4 𝑏ଵ

ଷ𝑏଺ െ  6𝑏ଵ
ଶ𝜆ଶ 

൅2 𝑏ଵ
ଶ𝜆ହ ൌ 0,   (124) 

486 𝑎ଵସ௧𝑎ଷ𝑏ଵ
଺ െ  648 𝑎ଵସ௧𝑏ଵ

଻ ൅ 1458 𝑎ଵସ௫𝑏ଵ
଺𝑏଺ ൅ 486 𝑎ଵସ௫𝑏ଵ

ହ𝜆ହ െ  4374 𝑎ଵ଺௫௫𝑏ଵ
଺ െ  2916 𝑎ଵ଺௫𝑎ଷ𝑏ଵ

଺ 
൅ 3888 𝑎ଵ଺௫𝑏ଵ

଻ ൅  1458 𝑎ଷ௧௧௧𝑏ଵ
଺ ൅ 1458 𝑎ଷ௧௧𝑎ହ𝑏ଵ

଺ െ  1458 𝑎ଷ௧௧𝑏ଵ
଺𝑏଺ െ  486 𝑎ଷ௧௧𝑏ଵ

ହ𝜆ହ 
൅486 𝑎ଷ௧𝑏ଵ௧𝑏ଵ

ସ𝜆ହ െ  1458 𝑎ଷ௧𝑏଺௧𝑏ଵ
଺ െ  486 𝑎ଷ௧𝜆ହ௧𝑏ଵ

ହ ൅  1458 𝑎ଷ௧𝑎ଵସ𝑏ଵ
଺ െ 972 𝑎ଷ௧𝑎ହ𝑏ଵ

଺𝑏଺ 
െ324 𝑎ଷ௧𝑎ହ𝑏ଵ

ହ𝜆ହ ൅ 486 𝑎ଷ௧𝑏ଵ
଺𝑏଺

ଶ െ  486 𝑎ଷ௧𝑏ଵ
଺𝜆ଷ ൅  324 𝑎ଷ௧𝑏ଵ

ହ𝑏଺𝜆ହ ൅ 54 𝑎ଷ௧𝑏ଵ
ସ𝜆ହ

ଶ 
െ 486 𝑏ଵ௧௫𝑏ଵ

ସ𝑏଺𝜆ହ െ  162 𝑏ଵ௧௫𝑏ଵ
ଷ𝜆ହ

ଶ െ  1944 𝑏ଵ௧௧௧𝑏ଵ
଺ െ 162 𝑏ଵ௧௧𝑎ଷ𝑏ଵ

ସ𝜆ହ െ  1944 𝑏ଵ௧௧𝑎ହ𝑏ଵ
଺ 

൅ 1944 𝑏ଵ௧௧𝑏ଵ
଺𝑏଺ ൅  864 𝑏ଵ௧௧𝑏ଵ

ହ𝜆ହ ൅ 648 𝑏ଵ௧
ଶ 𝑎ଷ𝑏ଵ

ଷ𝜆ହ െ 1512 𝑏ଵ௧
ଶ 𝑏ଵ

ସ𝜆ହ െ 2916 𝑏ଵ௧𝑏ଵ௫௫𝑏ଵ𝜆ହ
ଶ 

൅ 1944 𝑏ଵ௧𝑏ଵ௫𝑎ଷ𝑏ଵ𝜆ହ
ଶ െ  4860 𝑏ଵ௧𝑏ଵ௫𝑎ହ𝑏ଵ

ଷ𝜆ହ ൅  5832 𝑏ଵ௧𝑏ଵ௫𝑏ଵ
ଷ𝑏଺𝜆ହ െ  2268 𝑏ଵ௧𝑏ଵ௫𝑏ଵ

ଶ𝜆ହ
ଶ 

൅ 1944 𝑏ଵ௧𝑏଺௧𝑏ଵ
଺ ൅ 8748 𝑏ଵ௧𝜆ଶ௫𝑏ଵ

ଷ𝜆ହ െ 324 𝑏ଵ௧𝜆ହ௧𝑎ଷ𝑏ଵ
ସ ൅  1080 𝑏ଵ௧𝜆ହ௧𝑏ଵ

ହ െ  972 𝑏ଵ௧𝜆ହ௫𝑏ଵ
ଷ𝜆ହ 

െ 3888 𝑏ଵ௧𝑎ଵଵ𝑏ଵ
ସ𝜆ହ െ  1944 𝑏ଵ௧𝑎ଵସ𝑏ଵ

଺ െ  648 𝑏ଵ௧𝑎ଷ
ଶ𝑏ଵ

ଶ𝜆ହ
ଶ  ൅ 1566 𝑏ଵ௧𝑎ଷ𝑎ହ𝑏ଵ

ସ𝜆ହ െ  594 𝑏ଵ௧𝑎ଷ𝑏ଵ
ସ𝑏଺𝜆ହ 

൅ 648 𝑏ଵ௧𝑎ହ𝑏ଵ
଺𝑏଺ ൅  1692 𝑏ଵ௧𝑎ହ𝑏ଵ

ହ𝜆ହ ൅  2916 𝑏ଵ௧𝑎଻𝑏ଵ
ଶ𝜆ହ

ଶ ൅  468 𝑏ଵ௧𝑎ଷ𝑏ଵ
ଷ𝜆ହ

ଶ ൅  648 𝑏ଵ௧𝑏ଵ
଺𝜆ଷ 

െ 1260 𝑏ଵ௧𝑏ଵ
ହ𝑏଺𝜆ହ െ  3564 𝑏ଵ௧𝑏ଵ

ସ𝜆ଶ𝜆ହ ൅  348 𝑏ଵ௧𝑏ଵ
ସ𝜆ହ

ଶ െ  324 𝑏ଵ௧𝑏ଵ
ଶ𝜆ଵ𝜆ହ

ଶ ൅  1458 𝑏ଵ௫௫𝜆ହ௧𝑏ଵ
ଶ𝜆ହ 

൅ 486 𝑏ଵ௫௫𝑎ହ𝑏ଵ
ଶ𝜆ହ

ଶ ൅  162 𝑏ଵ௫
ଶ 𝜆ହ

ଷ െ  972 𝑏ଵ௫𝑏଺௧𝑏ଵ
ସ𝜆ହ െ 972 𝑏ଵ௫𝜆ହ௧𝑎ଷ𝑏ଵ

ଶ𝜆ହ ൅  2430 𝑏ଵ௫𝜆ହ௧𝑎ହ𝑏ଵ
ସ 

െ 2916 𝑏ଵ௫𝜆ହ௧𝑏ଵ
ସ𝑏଺ ൅  972 𝑏ଵ௫𝜆ହ௧𝑏ଵ

ଷ𝜆ହ ൅  972 𝑏ଵ௫𝑎ଵସ𝑏ଵ
ସ𝜆ହ ൅  1944 𝑏ଵ௫𝑎ଵ଺𝑏ଵ

଺ െ  324 𝑏ଵ௫𝑎ଷ𝑎ହ𝑏ଵ
ଶ𝜆ହ

ଶ 
െ 108 𝑏ଵ௫𝑎ଷ𝑏ଵ𝜆ହ

ଷ ൅  810 𝑏ଵ௫𝑎ହ
ଶ𝑏ଵ

ସ𝜆ହ െ  1458 𝑏ଵ௫𝑎ହ𝑏ଵ
ସ𝑏଺𝜆ହ ൅  702 𝑏ଵ௫𝑎ହ𝑏ଵ

ଷ𝜆ହ
ଶ ൅  243 𝑏ଵ௫𝑏ଵ

ସ𝑏଺
ଶ𝜆ହ 

െ243 𝑏ଵ௫𝑏ଵ
ସ𝜆ହ𝜆ଷ െ  324 𝑏ଵ௫𝑏ଵ

ଷ𝑏଺𝜆ହ
ଶ െ  1134 𝑏ଵ௫𝑏ଵ

ଶ𝜆ଶ𝜆ହ
ଶ ൅  225 𝑏ଵ௫𝑏ଵ

ଶ𝜆ହ
ଷ െ 486 𝑏଺௧௧𝑎ଷ𝑏ଵ

଺ 
൅ 648 𝑏଺௧௧𝑏ଵ

଻ െ  486 𝑏଺௧𝑎ଷ𝑎ହ𝑏ଵ
଺ ൅  270 𝑏଺௧𝑎ଷ𝑏ଵ

ହ𝜆ହ െ  648 𝑏଺௧𝑎ହ𝑏ଵ
଻ ൅  1944 𝑏଺௧𝑏ଵ

଻𝑏଺ 
൅2916 𝑏଺௧𝑏ଵ

଺𝜆ଶ െ  360 𝑏଺௧𝑏ଵ
଺𝜆ହ ൅  1458 𝜆ଶ௧𝑏ଵ

଺𝑏଺ ൅  486 𝜆ଶ௧𝑏ଵ
ହ𝜆ହ െ  729 𝜆ଶ௫௫𝑏ଵ

ଶ𝜆ହ
ଶ 

െ4374 𝜆ଶ௫𝜆ହ௧𝑏ଵ
ସ ൅ 486 𝜆ଶ௫𝑎ଷ𝑏ଵ

ଶ𝜆ହ
ଶ െ  2430 𝜆ଶ௫𝑎ହ𝑏ଵ

ସ𝜆ହ ൅  972 𝜆ଶ௫𝑏ଵ
ସ𝑏଺𝜆ହ െ  324 𝜆ଶ௫𝑏ଵ

ଷ𝜆ହ
ଶ 

൅486 𝜆ହ௧𝜆ହ௫𝑏ଵ
ସ ൅  1944 𝜆ହ௧𝑎ଵଵ𝑏ଵ

ହ ൅  324 𝜆ହ௧𝑎ଷ
ଶ𝑏ଵ

ଷ𝜆ହ െ  864 𝜆ହ௧𝑎ଷ𝑎ହ𝑏ଵ
ହ ൅  378 𝜆ହ௧𝑎ଷ𝑏ଵ

ହ𝑏଺ 
െ 162 𝜆ହ௧𝑎ଷ𝑏ଵ

ସ𝜆ହ െ  846 𝜆ହ௧𝑎ହ𝑏ଵ
଺ െ  1458 𝜆ହ௧𝑎଻𝑏ଵ

ଷ𝜆ହ ൅  522 𝜆ହ௧𝑏ଵ
଺𝑏଺ ൅  2268 𝜆ହ௧𝑏ଵ

ହ𝜆ଶ 
െ 378 𝜆ହ௧𝑏ଵ

ହ𝜆ହ ൅  162 𝜆ହ௧𝑏ଵ
ଷ𝜆ଵ𝜆ହ ൅  162 𝜆ହ௫𝑎ହ𝑏ଵ

ସ𝜆ହ െ  162 𝜆ଷ௧𝑎ଷ𝑏ଵ
଺ ൅ 216 𝜆ଷ௧𝑏ଵ

଻ െ  729 𝜆ଷ௫௫𝑏ଵ
ସ𝜆ହ 

െ 486 𝜆ଷ௫𝑎ହ𝑏ଵ
଺ ൅  648 𝑎ଵଵ𝑎ହ𝑏ଵ

ହ𝜆ହ െ  729 𝑎ଵଵ𝑏ଵ
଺𝑏଺

ଶ െ  243 𝑎ଵଵ𝑏ଵ
଺𝜆ଷ െ  324 𝑎ଵଵ𝑏ଵ

ହ𝑏଺𝜆ହ 
െ 486 𝑎ଵଵ𝑏ଵ

ସ𝜆ଶ𝜆ହ െ  27 𝑎ଵଵ𝑏ଵ
ସ𝜆ହ

ଶ ൅  162 𝑎ଵସ𝑎ଷ𝑎ହ𝑏ଵ
଺ െ  270 𝑎ଵସ𝑎ଷ𝑏ଵ

ହ𝜆ହ ൅  1080 𝑎ଵସ𝑎ହ𝑏ଵ
଻ 

െ1944 𝑎ଵସ𝑏ଵ
଻𝑏଺ െ  2916 𝑎ଵସ𝑏ଵ

଺𝜆ଶ ൅  360 𝑎ଵସ𝑏ଵ
଺𝜆ହ ൅  1134 𝑎ଵ଺𝑎ଷ𝑏ଵ

଻ െ  4374 𝑎ଵ଺𝑎଻𝑏ଵ
଺ െ  648 𝑎ଵ଺𝑏ଵ

଼ 
൅ 486 𝑎ଵ଺𝑏ଵ

଺𝜆ଵ ൅  108 𝑎ଷ
ଶ𝑎ହ𝑏ଵ

ଷ𝜆ହ
ଶ െ  162 𝑎ଷ

ଶ𝑏ଵ
ଶ𝜆ଶ𝜆ହ

ଶ ൅  18 𝑎ଷ
ଶ𝑏ଵ

ଶ𝜆ହ
ଷ െ  270 𝑎ଷ𝑎ହ

ଶ𝑏ଵ
ହ𝜆ହ 

൅ 162 𝑎ଷ𝑎ହ𝑏ଵ
଺𝑏଺

ଶ െ  54 𝑎ଷ𝑎ହ𝑏ଵ
଺𝜆ଷ ൅  342 𝑎ଷ𝑎ହ𝑏ଵ

ହ𝑏଺𝜆ହ ൅  324 𝑎ଷ𝑎ହ𝑏ଵ
ସ𝜆ଶ𝜆ହ െ  174 𝑎ଷ𝑎ହ𝑏ଵ

ସ𝜆ହ
ଶ 

൅ 27 𝑎ଷ𝑏ଵ
଺𝑏଺

ଷ ൅ 81𝑎ଷ𝑏ଵ
଺𝑏଺𝜆ଷ െ  63 𝑎ଷ𝑏ଵ

ହ𝑏଺
ଶ𝜆ହ ൅  63 𝑎ଷ𝑏ଵ

ହ𝜆ହ𝜆ଷ െ  162 𝑎ଷ𝑏ଵ
ସ𝑏଺𝜆ଶ𝜆ହ ൅  111 𝑎ଷ𝑏ଵ

ସ𝑏଺𝜆ହ
ଶ 

൅ 405 𝑎ଷ𝑏ଵ
ଷ𝜆ଶ𝜆ହ

ଶ െ  75 𝑎ଷ𝑏ଵ
ଷ𝜆ହ

ଷ െ  648 𝑎ହ
ଶ𝑏ଵ

଻𝑏଺ െ  162 𝑎ହ
ଶ𝑏ଵ

଺𝜆ଶ െ  90 𝑎ହ
ଶ𝑏ଵ

଺𝜆ହ െ  486 𝑎ହ𝑎଻𝑏ଵ
ଷ𝜆ହ

ଶ 
൅ 1296 𝑎ହ𝑏ଵ

଻𝑏଺
ଶ െ 144 𝑎ହ𝑏ଵ

଻𝜆ଷ ൅  2268 𝑎ହ𝑏ଵ
଺𝑏଺𝜆ଶ െ  366 𝑎ହ𝑏ଵ

଺𝑏଺𝜆ହ െ  108 𝑎ହ𝑏ଵ
ହ𝜆ଶ𝜆ହ 

൅ 142 𝑎ହ𝑏ଵ
ହ𝜆ହ

ଶ ൅  54 𝑎ହ𝑏ଵ
ଷ𝜆ଵ𝜆ହ

ଶ ൅  729 𝑎଻𝑏ଵ
ଶ𝜆ଶ𝜆ହ

ଶ െ  360 𝑏ଵ
଻𝑏଺

ଷ ൅  432 𝑏ଵ
଻𝑏଺𝜆ଷ െ  648 𝑏ଵ

଺𝑏଺
ଶ𝜆ଶ 

൅ 282 𝑏ଵ
଺𝑏଺

ଶ𝜆ହ ൅ 810 𝑏ଵ
଺𝜆ଶ𝜆ଷ െ 66𝑏ଵ

଺𝜆ହ𝜆ଷ ൅  972 𝑏ଵ
ହ𝑏଺𝜆ଶ𝜆ହ െ 232 𝑏ଵ

ହ𝑏଺𝜆ହ
ଶ ൅  1134 𝑏ଵ

ସ𝜆ଶ
ଶ𝜆ହ 

െ 612 𝑏ଵ
ସ𝜆ଶ𝜆ହ

ଶ ൅  78 𝑏ଵ
ସ𝜆ହ

ଷ െ  81 𝑏ଵ
ଶ𝜆ଵ𝜆ଶ𝜆ହ

ଶ ൌ  0,      (125) 
162𝑎ଵସ௧𝑏ଵ

ହ െ  486 𝑎ଵ଺௫𝑏ଵ
ହ െ  54 𝑏ଵ௧௧𝑏ଵ

ଷ𝜆ହ ൅  216 𝑏ଵ௧
ଶ 𝑏ଵ

ଶ𝜆ହ െ  324 𝑏ଵ௧𝑏ଵ௫𝜆ହ
ଶ െ  108 𝑏ଵ௧𝜆ହ௧𝑏ଵ

ଷ 
൅ 108 𝑏ଵ௧𝑎ଷ𝑏ଵ𝜆ହ

ଶ െ  450 𝑏ଵ௧𝑎ହ𝑏ଵ
ଷ𝜆ହ ൅  396 𝑏ଵ௧𝑏ଵ

ଷ𝑏଺𝜆ହ ൅  972 𝑏ଵ௧𝑏ଵ
ଶ𝜆ଶ𝜆ହ െ  222 𝑏ଵ௧𝑏ଵ

ଶ𝜆ହ
ଶ 

൅162 𝑏ଵ௫𝜆ହ௧𝑏ଵ𝜆ହ ൅  54 𝑏ଵ௫𝑎ହ𝑏ଵ𝜆ହ
ଶ െ  162 𝑏଺௧௧𝑏ଵ

ହ െ  162 𝑏଺௧𝑎ହ𝑎ଵ
ହ െ  18 𝑏଺௧𝑏ଵ

ସ𝜆ହ െ  81 𝜆ଶ௫𝑏ଵ𝜆ହ
ଶ 

െ 54 𝜆ହ௧𝑎ଷ𝑏ଵ
ଶ𝜆ହ ൅  198 𝜆ହ௧𝑎ହ𝑏ଵ

ସ െ  198 𝜆ହ௧𝑏ଵ
ସ𝑏଺ െ  486 𝜆ହ௧𝑏ଵ

ଷ𝜆ଶ ൅  108 𝜆ହ௧𝑏ଵ
ଷ𝜆ହ െ  54 𝜆ଷ௧𝑏ଵ

ହ 
െ 81 𝜆ଷ௫𝑏ଵ

ଷ𝜆ହ ൅ 54 𝑎ଵସ𝑎ହ𝑏ଵ
ହ ൅  18 𝑎ଵସ𝑏ଵ

ସ𝜆ହ െ  162 𝑎ଵ଺𝑎ହ𝑏ଵ
ହ ൅  162 𝑎ଵ଺𝑏ଵ

଺ െ  18 𝑎ଷ𝑎ହ𝑏ଵ
ଶ𝜆ହ

ଶ 
൅ 27 𝑎ଷ𝑏ଵ𝜆ଶ𝜆ହ

ଶ ൅  72 𝑎ହ
ଶ𝑏ଵ

ସ𝜆ହ െ  27 𝑎ହ𝑏ଵ
ହ𝑏଺

ଶ െ  45 𝑎ହ𝑏ଵ
ହ𝜆ଷ െ  84 𝑎ହ𝑏ଵ

ସ𝑏଺𝜆ହ െ  216 𝑎ହ𝑏ଵ
ଷ𝜆ଶ𝜆ହ 

൅ 35 𝑎ହ𝑏ଵ
ଷ𝜆ହ

ଶ ൅ 9 𝑏ଵ
ହ𝑏଺

ଷ ൅  27 𝑏ଵ
ହ𝑏଺𝜆ଷ ൅  6 𝑏ଵ

ସ𝑏଺
ଶ𝜆ହ െ  6 𝑏ଵ

ସ𝜆ହ𝜆ଷ ൅  54 𝑏ଵ
ଷ𝑏଺𝜆ଶ𝜆ହ ൅  𝑏ଵ

ଷ𝑏଺𝜆ହ
ଶ 

െ 27 𝑏ଵ
ଶ𝜆ଶ𝜆ହ

ଶ ൌ  0.         (126) 
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 Case 𝒃𝟏 ൌ 𝟎. 
In this case, equations (12), (20), (23), (30), (31), (68), (76)-(79), (101), and (81)-(83) become 
𝜆ଵ   ൌ  0,     (127) 
𝑎ଵହ ൌ  0,   (128) 
𝑏ଶ   ൌ  0,   (129) 
𝑏ଽ   ൌ  0,     (130) 
𝑏ଵ଴  ൌ  0,   (131) 
𝜆ଷ௬  ൌ  0,  (132) 
𝜆ଶ    ൌ  0,  (133) 
𝑏଺௫  ൌ  0,  (134) 
𝜆ଷ௫  ൌ  0,  (135) 
𝜆ହ   ൌ  0,  (136) 
𝜆଺   ൌ  0,  (137) 
3𝑎ଷ௧ െ 3 𝑎ଵଵ ൅ 𝑎ଷ𝑎ହ ൌ  0,  (138) 
18𝑎ଵସ௧𝑎ଷ ൅ 54 𝑎ଵସ௫𝑏଺ െ  162 𝑎ଵ଺௫௫ െ 108 𝑎ଵ଺௫𝑎ଷ ൅ 54 𝑎ଷ௧௧௧ ൅  54 𝑎ଷ௧௧௧ ൅ 54 𝑎ଷ௧௧𝑎ହ െ 54 𝑎ଷ௧௧𝑏଺ 
൅54 𝑎ଷ௧𝑎ଵସ െ 36 𝑎ଷ௧𝑎ହ𝑏଺ ൅ 27 𝑎ଷ௧𝑏଺

ଶ ൅ 9 𝑎ଷ௧𝜆ଷ ൅ 9𝑎ଷ௧𝜆଺ ൅ 3𝜆଺௧𝑎ଷ ൅ 9𝜆଺௫𝑏଺ െ 27𝑎ଵଵ𝑏଺
ଶ െ 9𝑎ଵଵ𝜆ଷ 

൅6 𝑎ଵସ𝑎ଷ𝑎ହ െ 162 𝑎ଵ଺𝑎଻ ൅ 9 𝑎ଷ𝑎ହ𝑏଺
ଶ ൅ 7𝑎ଷ𝑎ହ𝜆ଷ ൅ 3𝑎ଷ𝑎ହ𝜆଺ െ 𝑎ଷ𝑏଺𝜆଺ ൌ  0,    (139) 

18 𝑎ଵସ௧ െ 54𝑎ଵ଺௫ ൅ 3 𝜆ଷ௧ ൅ 3𝜆଺௧ ൅ 6𝑎ଵସ𝑎ହ െ 18𝑎ଵ଺𝑎ଷ ൅ 4𝑎ହ𝜆ଷ ൅ 3𝑎ହ𝜆଺ ൌ  0,  (140) 
where 𝜆଺ ൌ  െ6𝑏଺௧ െ 𝑏଺

ଶ െ 3 𝜆ଷ. 

All obtained results can be summarized into the following theorems. 
Theorem 1. Any system of two third-order ordinary differential equations 

 𝑥ᇱᇱᇱ  ൌ 𝐹ሺ𝑡, 𝑥, 𝑦, 𝑥ᇱ, 𝑦ᇱ, 𝑥ᇱᇱ, 𝑦ᇱᇱሻ, 
    𝑦ᇱᇱᇱ  ൌ 𝐺ሺ𝑡, 𝑥, 𝑦, 𝑥ᇱ, 𝑦ᇱ, 𝑥ᇱᇱ, 𝑦ᇱᇱሻ    (141) 
which yields the system of two linear third-order ordinary differential equations   
    𝑢ᇱᇱᇱ ൌ 0, 𝑣ᇱᇱᇱ ൌ 0     (142) 
via a generalized Sundman transformation 

𝑢 ൌ  𝑓௫ሺ𝑡, 𝑥, 𝑦ሻ, 𝑣 ൌ  𝑓௬ሺ𝑡, 𝑥, 𝑦ሻ, 𝑑 𝜏 ൌ 𝑔ሺ𝑡, 𝑥, 𝑦ሻ𝑑𝑡,   (143) 
where 𝑔 ്  0 and 𝑓௫

௫ 𝑓௬
௬  െ  𝑓௬

௫ 𝑓௫
௬ ്  0, has to be of the form 

𝑥ᇱᇱᇱ ൅ 𝑎ଵ𝑥ᇱ𝑦ᇱᇱ ൅ 𝑎ଶ𝑥ᇱᇱ𝑦ᇱ ൅ 𝑎ଷ𝑥ᇱᇱ𝑥ᇱ ൅ 𝑎ସ𝑦ᇱᇱ𝑦ᇱ ൅ 𝑎ହ𝑥ᇱᇱ ൅ 𝑎଺𝑦ᇱᇱ ൅ 𝑎଻𝑥ᇱଷ ൅ 𝑎଼𝑦ᇱଷ ൅ 𝑎ଽ𝑥ᇱଶ𝑦ᇱ 
      ൅ 𝑎ଵ଴𝑦ᇱଶ𝑥ᇱ ൅ 𝑎ଵଵ𝑥ᇱଶ ൅ 𝑎ଵଶ𝑦ᇱଶ ൅ 𝑎ଵଷ𝑥ᇱ𝑦ᇱ ൅ 𝑎ଵସ𝑥ᇱ ൅ 𝑎ଵହ𝑦ᇱ ൅ 𝑎ଵ଺  ൌ  0, 
𝑦ᇱᇱᇱ ൅ 𝑏ଵ𝑥ᇱ𝑦ᇱᇱ ൅ 𝑏ଶ𝑥ᇱᇱ𝑦ᇱ ൅ 𝑏ଷ𝑥ᇱᇱ𝑥ᇱ ൅ 𝑏ସ𝑦ᇱᇱ𝑦ᇱ ൅ 𝑏ହ𝑥ᇱᇱ ൅ 𝑏଺𝑦ᇱᇱ ൅ 𝑏଻𝑥ᇱଷ ൅ 𝑏଼𝑦ᇱଷ ൅ 𝑏ଽ𝑥ᇱଶ𝑦ᇱ 
      ൅𝑏ଵ଴𝑦ᇱଶ𝑥ᇱ ൅ 𝑏ଵଵ𝑥ᇱଶ ൅ 𝑏ଵଶ𝑦ᇱଶ ൅ 𝑏ଵଷ𝑥ᇱ𝑦ᇱ ൅ 𝑏ଵସ𝑥ᇱ ൅ 𝑏ଵହ𝑦ᇱ ൅ 𝑏ଵ଺ ൌ 0.    (144) 
Theorem 2. Sufficient conditions for the system (144) to be linearizable via a generalized Sundman transformation (143) 
with 𝑓௬

௫ ൌ 0, 𝑓௧
௬ ൌ 0, and 𝑓௫

௬ ൌ 0 are as follows: 
(a) If 𝑎ଵ ് 0, then the conditions are (39), (41), (44), (45), (46), (51), (52), (54), (56)-(66), (69), (70), (73), (74), 

(80), (86)-(99), and (100). 
(b) If 𝑎ଵ ൌ 0 and 𝑏ଵ ് 0, then the conditions are (39), (41), (44), (45), (46), (51), (52), (54), (56)-(66), (69), 

(70), (73), (74), (80), (103)-(125), and (126). 
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(c) If 𝑎ଵ ൌ 0 and 𝑏ଵ ൌ 0, then the conditions are (39), (41), (44), (45), (46), (51), (52), (54), (56)-(66), (69), 
(70), (73), (74), (80), (127)-(139), and (140). 

Theorem 3. Provided that the sufficient conditions in Theorem 2 are satisfied, the transformation that maps the 
system (144) into the system of linear equations (143) is obtained by solving one of the following compatible 
system of equations for the functions 𝑔, 𝑓௫, and 𝑓௬: 

(a) (38), (40), (50), (53), (55), and (85); 
(b) (38), (40), (50), (53), (55), and (102); 
(c) (38), (40), (42), (49), (50), (53), and (55). 

 

EXAMPLES 
Example 1. Consider a system of two nonlinear third-order ordinary differential equations 
 𝑥ᇱᇱᇱ ൅ 𝑚ଵ𝑦௞భ 𝑥ᇱ𝑦ᇱᇱ ൅ 𝑚ଶ𝑦௞మ𝑥ᇱᇱ𝑦ᇱ ൅  𝑚ଷ𝑦௞య𝑦ᇱᇱ    ൌ  0,  
 𝑦ᇱᇱᇱ ൅ 𝑚ସ𝑦௞ర𝑥ᇱ𝑦ᇱᇱ ൅ 𝑚ହ𝑦௞ఱ𝑥ᇱᇱ𝑦ᇱ ൅  𝑚଺𝑦௞ల𝑦ᇱᇱ𝑦ᇱ ൌ  0,       (145) 
where 𝑘௜ and 𝑚௜  (for 𝑖 ൌ 1,2,3, . . . ,6) are arbitrary constants. 
Note that the system (145) is of the form (144) with coefficients 

𝑎ଵ ൌ  𝑚ଵ𝑦௞భ, 𝑎ଶ ൌ  𝑚ଶ𝑦௞మ, 𝑎଺ ൌ  𝑚ଷ𝑦௞య, 𝑏ଵ ൌ  𝑚ସ𝑦௞ర, 𝑏ଶ ൌ  𝑚ହ𝑦௞ఱ, 𝑏ସ ൌ  𝑚଺𝑦௞ల. 
If 𝑚ଶ ൌ  3𝑚ଵ, 𝑚ସ ൌ  𝑚ହ ൌ  0, and 𝑚ଵ, 𝑚ଷ, 𝑚଺ ് 0, then 𝑎ଵ, 𝑎ଶ, 𝑎଺, 𝑏ସ ്  0. 
We can check that the coefficients obey the conditions in Case (a) of Theorem 2. Thus, the system of equations 

𝑥ᇱᇱᇱ ൅ 𝑚ଵ𝑦௞భ 𝑥ᇱ𝑦ᇱᇱ ൅ 3𝑚ଵ𝑦௞మ𝑥ᇱᇱ𝑦ᇱ ൅  𝑚ଷ𝑦௞య𝑦ᇱᇱ ൌ  0,  
                                                  𝑦ᇱᇱᇱ ൅ 𝑚଺𝑦௞ల𝑦ᇱᇱ𝑦ᇱ ൌ  0    (146) 

is linearizable by a generalized Sundman transformation. 
To find the functions 𝑓௫, 𝑓௬, and 𝑔, we have to solve the overdetermined system of partial differential equations  

𝑓௧
௫  ൌ  

௬ೖయ ௙ೣೣ௠య

௬ೖభ ௠భ
,   (147) 

𝑓௫௫
௫  ൌ  0,    (148) 

𝑓௬௬
௬  ൌ  

௙೤
೤

ଷ
ሺെ4𝑦௞భ𝑚ଵ  ൅  𝑘௞ల𝑚଺ሻ,    (149) 

𝑔௧   ൌ  0,    (150) 
𝑔௫   ൌ  0,    (151) 
𝑔௬   ൌ  െ𝑦௞భ 𝑔 𝑚ଵ.    (152) 

For example, if 𝑘ଵ ൌ  𝑘ଶ ൌ  𝑘ଷ ൌ  𝑘଺ ൌ  െ1, then we take the simplest solution of the system of equations (147)-
(152), i.e., 

 𝑓௫  ൌ  𝑚ଷ 𝑡 ൅  𝑚ଵ 𝑥, 𝑓௬  ൌ  
ଷ ඥ௬೘లష ర೘భశయయ

௠ల ିସ௠భ ାଷ
, 𝑔 ൌ  

ଵ

௬೘భ
.      (153) 

Then the generalized Sundman transformation becomes 

 𝑢 ൌ  𝑚ଷ 𝑡 ൅  𝑚ଵ 𝑥, 𝑣 ൌ  
ଷ ට௬ሼ೘లష ర೘భశయሽయ

௠ల ିସ௠భ ାଷ
, 𝑑𝜏 ൌ  

ଵ

௬೘భ
𝑑𝑡.    (154) 

Hence, the system of equations 
 𝑥ᇱᇱᇱ ൅

௠భ

௬
 𝑥ᇱ𝑦ᇱᇱ ൅

ଷ௠భ

௬
𝑥ᇱᇱ𝑦ᇱ ൅  

௠య

௬
𝑦ᇱᇱ ൌ  0,  

 𝑦ᇱᇱᇱ ൅
௠ల

௬
𝑦ᇱᇱ𝑦ᇱ ൌ  0         (155) 
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is mapped by the generalized Sundman transformation (154) into the system of two linear third-order ordinary 
differential equations 
    𝑢ᇱᇱᇱ ൌ 0, 𝑣ᇱᇱᇱ ൌ 0.     (156) 
The general solution of (156) is  
    𝑢 ൌ  𝑐ଵ 𝜏ଶ  ൅ 𝑐ଶ 𝜏 ൅  𝑐ଷ,  
   𝑣 ൌ  𝑐ସ 𝜏ଶ   ൅ 𝑐ହ 𝜏 ൅  𝑐଺,      (157) 
where 𝑐ଵ, 𝑐ଶ, 𝑐ଷ, 𝑐ସ, 𝑐ହ, and 𝑐଺ are arbitrary constants. Applying the generalized Sundman transformation (154) to 
the system (157), we obtain the general solution of the system (155) as 
 
   𝑥 ൌ  

௖భ௧మ

ଶ ௠భ௬మ೘భ
 ൅  

௖మ௧

௠భ௬೘భ
 ൅  

௖య

௠భ
 െ  

௠య௧

௠భ
,  

                   ଷ ඥ௬೘లష ర೘భశయయ

௠ల ିସ௠భ ାଷ
ൌ  

௖ర௧మ

ଶ௬మ೘భ
 ൅  

௖ఱ௧

௬೘భ
 ൅  𝑐଺,  

where 𝑐ଵ, 𝑐ଶ, 𝑐ଷ, 𝑐ସ, 𝑐ହ, and 𝑐଺ are arbitrary constants. 
Example 2. Consider the system of two nonlinear third-order ordinary differential equations 
                𝑥′′′ െ

ଵ

଺
 𝑥ᇱଷ  െ

௫మ௫ᇲయ

ଵ଼
ൌ  0,  

 𝑦′′′ ൅  
ଷ௫ ௫ᇲ௬ᇲᇲ

ଶ
 ൅  

௫ ௫ᇲᇲ௬ᇲ

ଶ
 ൅ 𝑦 𝑦′′𝑦′ ൅

൫ଷା௬మ൯௬ᇲయ

ଽ
 ൅

൫ଵା௫మ൯௫ᇲమ௬ᇲ

ଶ
 ൅  

௫௬௬ᇲమ௫ᇲ

ଶ
 ൌ  0.   (158) 

Note that the system (158) is of the form (144) with coefficients 

𝑎଻  ൌ  െ
1
6

െ
𝑥ଶ

18
, 𝑏ଵ  ൌ  

3𝑥
2

, 𝑏ଶ  ൌ  
𝑥
2

, 𝑏ସ  ൌ  𝑦,   

𝑏଼  ൌ  
3 ൅ 𝑦ଶ

9
, 𝑏ଽ  ൌ  

1 ൅ 𝑥ଶ

2
, 𝑏ଵ଴  ൌ  

𝑥𝑦
2

. 

We can check that the coefficients obey the condition in Case (b) of Theorem 2. Thus, the system (158) is 
linearizable via a generalized Sundman transformation.  
 To find the functions 𝑓௫, 𝑓௬, and 𝑔, we have to solve the overdetermined system of partial differential 
equations 

𝑓௧
௫  ൌ  0,            (159) 

𝑓௫௫
௫  ൌ  െ

ଶ௫௙ೣೣ

ଷ
,            (160) 

𝑓௬௬
௬  ൌ  

௬௙೤
೤

ଷ
,            (161) 

𝑔௧    ൌ  0,            (162) 
𝑔௫    ൌ  െ

௚௫

ଶ
,            (163) 

𝑔௬    ൌ  0.            (164) 
Choosing the simplest solution to the system (159)-(164), i.e.,  

𝑓௫ ൌ න 𝑒ି௫
మ
య  𝑑𝑥, 𝑓௬  ൌ න 𝑒௬

మ
ల  𝑑𝑦, 𝑔 ൌ  𝑒ି

ೣమ

ర , 

we obtain the linearizing generalized Sundman transformation 

 𝑢 ൌ ׬ 𝑒ି௫
మ
య  𝑑𝑥, 𝑣 ൌ ׬ 𝑒௬

మ
ల  𝑑𝑦, 𝑑𝜏 ൌ  𝑒ି

ೣమ

ర 𝑑𝑡.     (165) 
Hence, the system (158) can be mapped by the transformation (165) into the system of linear equations  

𝑢ᇱᇱᇱ ൌ 0, 𝑣ᇱᇱᇱ ൌ 0. 
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