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ABSTRACT

This paper is devoted to the study of the linearization problem of a system of two third-order ordinary

differential equations

x" = F(txyx,y,x",y"),

y'" = 6Exyxhy, x"y")
by the generalized Sundman transformation

u = f*(t,x,y), v = fY(t x,y), dt = g(t, x,y)dt,
where g # 0 and f* fyy -5 £ # 0.1In this paper, we obtain the necessary and sufficient conditions for the
above system to be linearizable into the system of linear third-order ordinary differential equations
u""" =0, v'"" = 0.

Moreover, a complete solution is given for the case fyx =0, fty =0, and fxy =0.
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INTRODUCTION
Differential equations have been used as an important tool to solve problems in science and physical
phenomena. In general, these equations are very difficult to find solutions. One of the fundamental methods for
solving them makes use of a change of variables that transform a given differential equation into another differential
equation with known properties. Since the class of linear equations is considered to be the simplest class of
equations, there arises the problem of transforming given differential equations into linear equations. This problem
is called the linearization problem, which is a particular case of an equivalence problem. Transformations used
for solving a linearization problem are point transformations, contact transformations, generalized Sundman
transformations, and tangent transformations.
The generalized Sundman transformation was considered earlier for second-order ordinary differential
equations by Duarte et al. (1994) using the Laguerre form. Nakpim and Meleshko (2010a) gave examples which
show that the Laguerre form is not sufficient for the linearization problem via generalized Sundman transformations.

Criteria for a third-order ordinary differential equation to be equivalent to the linear equation

ulll — 0
with respect to the generalized Sundman transformation were presented in Euler et al. (2003). Nakpim and
Meleshko (2010b) obtained necessary and sufficient conditions for a third-order ordinary differential equation to be

"'+ au = 0, where a is a constant. Some applications of generalized Sundman transformations

linearized into u
to ordinary differential equations were considered in Berkovich (2001) and earlier papers, which were summarized
in Berkovich (2002). Srisuntorn and Nakpim (2016) studied the linearization problem of a third-order ordinary
differential equation to be equivalent to the general form of a linear third-order ordinary differential equation
u"" + Bu” + au’ + yu = n, where B, a,y, and 1 are constants. A complete solution was only given for the case
where F, = 0.

The linearization problem for a system of two second-order ordinary differential equations via generalized
Sundman transformations was studied by Moyo and Meleshko (2011). They obtained necessary and sufficient
conditions for a system of two second-order ordinary differential equations

x" =F(txyx,y"),
y' = 6txyx,y")
to be linearizable into a system of two linear second-order ordinary differential equations

u' = kju' + kv, v = kyu' + kyyv,
where k;; are constants for all i,j € {1,2}.
In this paper, we find necessary and sufficient conditions which allow a system of two third-order ordinary
differential equations

x"" = Ftxyx,y,x",y"),
! ! n n
y'=G6txyx,y,x"y")
to be transformed into the system of two linear third-order ordinary differential equations
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via the generalized Sundman transformation

u = f*txy), v =fYtxy) dt =g(txy)dt
where f*,fY, g are sufficiently many-time continuously differentiable functions. Furthermore, we present a

complete solution for the case f;¥ = 0, fty =0, and fxy =0.

GENERALIZED SUNDMAN TRANSFORMATIONS
A generalized Sundman transformation is a non-point transformation defined by the formulae
u = f*txy), v =fYtxy), dt =g(xy)dt (1)
where f*, f¥, g are sufficiently many-time continuously differentiable functions. Here, it is assumed that g # 0
and £ ) = i £ # 0.
Let us explain how a generalized Sundman transformation maps one function into another. Assume that

xo(t), yo(t) are given functions. Integrating the last equation of (1), that is,

dt
i g(t,x0(£), ¥o(t)),
we obtain T = Q(t) for some function Q(t). Using the inverse function theorem, we find that t =
Q~1(7). Substituting t into the functions f*(t, xo(t), ¥o(t)) and fY (t, xo(t), Vo (t)), we obtain the transformed
functions

u(@ = f* (@@, %(Q (@) ¥ (@ (®)),

vo(7) = fY(Q7H®), % Q7 (1)), ¥0(Q7(D)).

Conversely, let uy (1), vo(7) be given functions of 7. Using the inverse function theorem, we solve the equations

u(0) = fX(txy),  v() = fY(txy)
with respect to x and y, where x = ¢(t,t) andy = Y(t,t) for some functions ¢(t, t) and Y(, t). Integrating

the ordinary differential equation

dt

7 = 9o .Y ),
we find that T = H(t) for some function H(t). Substituting T = H(t) into the functions ¢(t,t) and P (z,t),
the transformed functions x(t) = ¢(H(t),t) and yo(t) = Y (H(t),t) are obtained.

NECESSARY CONDITIONS FOR LINEARIZATION

We start by obtaining necessary conditions for the linearization problem. First, we find the general form of a

system of two third-order ordinary differential equations

x”l — F(t, x’ y, xl’ yl'xll’ yll),

y'" =Gt xyx,y,x",y") )
which can be mapped by the generalized Sundman transformation
u = f*(t,x,y), v=fYtxy),dt =g(xydt (3)
into the system of two linear third-order ordinary differential equations
u'"" =0, v" =0. (4)

The function u, v and their derivatives u’, u", u"’,v', v"’, and v""’ are defined by equation (3) and their derivatives

with respect to t. Substituting them into (4), we have
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nr 1.,

X"+ a;x'y" + apx”y + azx”'x" +ay"y +asx’ + agy” + ayx'® + agy’® + agx'?y’

+a10y’2x’ + atllx’2 + alzy’2 +a;3x'y' +apx’ + a5y + a6 =0,

Y+ bix'y" + byx"y" + bsx"x" + byy"y' + bsx" 4+ bgy" + b7x’3 + b8y’3 + ng’zy’

+b10y'2x’ + bllx’z + blzy’z + by3x'y" + biax' + bisy’ + big =0, (5)
where the coefficients a;(x,y) and b;(x,y) (fori = 1,2,3, ...,16) are related to the functions f*, f¥, and

g in the following way:

1
a; = g_L(3fo§/fyyg - fxxfyygy - nyfoS;/g + fyxfxygy); (6)
3
a,; = g_L(ijglfyyg - fxxfyygy - yxijg/g + fyxfxygy): (7
1
az = oL (3fx)§cfyy.g - 4’fxxfyygx - 3fyxfx3,lcg + 4’fyxfxygx): (8)
3
ag =7 (5585 = K foy), ©)
1
as = g_L(Bftfcfyyg - ftxfyygx - 3fxxfyygt - 3fyxft¥g + fy"ftygx + 3fyxfxygt)' (10)
1
a6 = (3f55 9~ F2F 9y = 3759 + F7F 9y), )
1
a; = gTL(fx)gcxfyygz - 3fx)§cfyygxg - fxxfyygxxg + Sfxxfyygazc - fyxijalcxgz + 3fyxfx))]chg
5 9xxg = 315 F 92), (12)
a =i(fx fy _3fxfy _fxfy +3fxfy ) (13)
8 = 5 Uyyyly 9 yyly 9y = Iy Jyyy9 y lyy9y)s
1
aqg = gTL(_6fo§1fyygxg + 3fx)§cyfyygz - 3ijgcfyygyg - foxfyygxyg + 6fxxfyygxgy)
fx
+57 (6£39x9 = 3fi2y9” + 3x8y9 + 27 9xyg — 61 9x9y), (14)
1 x y 2 x £Y x £y x £y 2 x £y
Q10 = gTL(gfxyyfy g~ — 6fxyfy 9y9g — fi fy 9yyg + 3f% fy 9y — 3fyyfy 9x9)
fx
+ 57 (3L 9? + 61959 + £ 9yyg — 3£ 95 + 3,,.9x9), (15)

1
1= Gfisxfy 9% = 6ffy 9x9 — FEf5 9xxd + 3FE 1) 9x9 — 1) 9xx9

fx
+3f01y 9% = 3 969 = 2S5 9exd + 6f iy 9e9x) + 7 (—3f0n9”

+6f3x9x9 + 7 9xx9 = 31 9% + 3£2:9:9 + 2f 9exg — 617 9:9), (16)
1
@z = 57 Gfisyly 0° = 6150 9y9 = FEFy 93y + 31815 95 = 365515 9:9)
fx
+ (5310, 9% + 613,9y9 + 17 9yy9 — 3£ 95 + 3£3,9:9). (17)

2
s =57 Bfiiyfy 9° = 35y 9v9 = 350959 — JI 1y 9xv9 + 3f2Sy 919y
fx
—3f51 99 — FEF 9ey9 + 3£515 9:9y) + 37 (=35, 9% + 3f09y9
+313.9x9 + 17 9xy9 — 317 9x Gy + 3fiy9e9 + 17 9ty — 3£ 9:9y), (18)
1
s =37 (=61 fy 9eg + 3fixty 9% = 3fify) 929 = 2ff;) 9ex g + 6L f) 9:9x
fx
—fER 9eeg + 3L 98) + 7 (615,909 = 3fitn9® + 317 929 + 2f7 9exg
~619:9x + 13 9ee9 — 3£ 98), (19)
15 = =57 (~6f55 09 + 31 [ 9 = 3131 9,0 — 2071 91y + 6} 9:9,)
15 = gL tyly 9t9 ttyly 9 tt]y 9y9 t Jy 9ty 9 t Jy 9ty
fx
+ 21 (61399 = 3fy9” + 3/l 9y 9 + 217 91y9 — 6f7 9.9y, (20)
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1
o =5y Fiely 9° = 3fitfy 969 = IS5 9eeg + 3f2 Sy 98 = 15" fiud® + 35 99
Y 9eeg = 35517 98)s (21)
3
bl = g_L (_ijglfxyg - fxxfx%zg - fxxfyygx + fyxfxygx)' (22)
1
b2 = g_L(_3fo§/fxyg + 3fxxfx3;19 - fxxfyygx + fyxfxygx): (23)
3
by =~ (= + o) (24)
1
by = g_L(foxfy);g —4fE1 9y =365 9 + 45K gy), 25)
1
bs = g_L(_Sftfcfxyg + ftxfxygx + 3fxxfgg - fxxftygx)r (26)
1
bs = - (=3f5 179 + fEF 9y + 35159 — FE1 9y = 3640 9e + 3£ 9¢), (27)
1
b7 = g_L(_fxggcxfxyg + 3fx3§cfyygx - fxxij;xg - 3fxxfx39/ch)r (28)
1
b8 = gTL(fxxfy};ygz - 3fxxfy3;gyg - fxxfyygyyg + 3fxxfyy932/ - fy)glyfxygz + 3fy)§/fxygyg
+fyxfxygyyg - 3fyxfxyg§), (29)
b:i6x3’ —3fX y 2 3xy _6xy 3)63’2
9 gzL( fxyfx 9x9 fxxyfx ) + fxxfy gyg fx fxygxg + fx fxxyg
_3fxxfx3;cgyg - fxxfyygxxg + 3fxxfyyga% + fyxfxygxxg - 3fyxfxyg§)r (30)
1
biy = gTL(_3fx§1yfxygz + 6fx§/fxygyg + 3fxxfx3;1y - 6fxxfx3;/gyg - 3fxxfy3;/gxg
_zfxxfyygxyg + 6fxxfyygxgy + 3fng/fxygxg + nyxfxygxyg - 6fyxfxygxgy): (31)
1 x £Y 2 x £y x £y xfY 2 xfY 2
bi1 = gTL(_3ftxxfy g°+ 6ftxfy 9x9 + [{ fx 9xxd + 315 fy 9x = 3f¢ 15 9x
315 1) 9:9 + 3 [xg? — 6f 2929 — [ f2 Gxxg + 3F5F7 92 — 3fF fr9e9), (32)
1
biz = 37 (=315 i 9% + 6151 9y g + [ 12 9yy9 — 311 95 + 35517 9:9
21517 Gey9 — 677 9e9y) + ;%L GBfiyy9* = 6f39y9 = I 9yy9 + 31 93
—3f5,9¢9 — 2f; Gty 9 + 61, 9e9y), (33)
2 X y 2 x £y x £y x £y x £y
biz = gTL(_3ftxyfx 9° +3f5fs 9yg + 3ftyfx 9x9 * It fx Ixy9 — 3f¢ fx Ix9y
2f%
+3£5 12 9e9 + 3F5 foy 9% + K 9exg = 35°F 909x) + 42 (—3f9v9
=313.9x9 = 1 9xy9 + 317 9x9y — 3fiy9¢9 — 15 9exd — 315 9:9x), (34)
1
bue =37 (6f5 S 9eg = 3fixf 9% + 3151 9x9 + 215 f 9ex 9 — 6f7 £ 969
—6fF fonged + 3 [ g® = 315 f1 9x9 — 2151 99 + 61517 9692) (35)
1
bis = a7 (625 fn9e9 — 3fiiy £ 9% + 3151 9y + 215 7 9y — 61512 9e9y
—6fXf39:9 = i fy 9eeg + 35 fy 98 + 1112 9eed — 35717 98), (36)
1
bis = 7L (=f&efy 9% + 3f6 12 9e9 + [ 909 = 3FEF 9% + FE e 9® — 315 £ 9¢9
— 51 9eeg + 3£ 17 98), (37)

where g # 0and L = ff fyy _ fyx fxy + 0.
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Equations (5) present the necessary form of a system of two third-order ordinary differential equations
which can be mapped into a system of two linear third-order ordinary differential equations (4) via a generalized

Sundman transformation.

SUFFICIENT CONDITIONS FOR LINEARIZATION

To obtain sufficient conditions, we have to solve the compatibility problem of the system of equations (6)-
(37) by considering these equations as an overdetermined system of partial differential equations, where the
coefficients a;(x,y) and b;(x,y) (for i = 1,2,3,...,16) are known functions, and f*, f¥, g are unknowns with
the independent variables ¢, x, y. Here, a complete solution for the case f;* = 0, 2 = 0,and fty = 0 will
be determined.

From equations (6)-(10), (12)-(16), (19), (21), (22), (23), (24)<(36), and (37), we find that

gy = —1 9, (38)
—-3a; + a, =0, (39)
f& = 3ay - aby), (40)
a, =0, (41)
f& = 5 (~fF by + 3 fF as — £ be), (42)
Gxx = Z(=3azb; +5b% g+9 1), (43)
ag =0, (4)
—3azy+2by, —3a1a; +3a9 = 0, (45)
—a;, — 2af +a;0 = 0, (46)
9ex = 357 (—fEbE = 3fFashy +6 fFbibs + 9 £ 1), (1)
gee = ﬁfxx)z(—w féifiby — fi2bf — 6ff fi¥bibs +9 f'fi A, + 9% D8

+9 fX?g% 13), (48)
fite = ﬁ(—w fefE by — 54 fi fi?be — fi°b7 — 6 f¥b1be

+9 i i Ay — 9 fEFPbe +9 [ fiP A + 54 [P ase), (49)
gx = 2% (50)
—by +3b, = 0, (51)
b; =0, (52)
oy = %(—4(11 + by), (53)
bs =0, (54)
g = "’Tﬁg, (55)
b, =0, (56)
3a;, — 3byy +2af — a;by — bi +9bg = 0, (57)
—3byy —2b% +9by = 0, (58)
~2by, — biby +3byy = 0, (59)

bll == 0, (60)
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_2 b6y - 4b1b6 + 9 b13 = 0, (61)
_6 b6x - 4b1b6 + 9b13 = O, (62)
b14 = O, (63)
—3bg; + 9bs — 2b2 = 0, (64)
b16 = 0, (65)
where

Ay = —3az, —a% +9a,,

AZ == _3a5x + 3a11 - a3a5,

A3 == _3a5t + 3 a14 - aé.
Comparing the mixed derivatives

(gy)xx = (gxx)y: (gy)tx = (gtx)y: (gy)tt = (gtt)y: (gy)x = (gx)yv (gy)t = (gt)y:
(gxx)t = (gtx)x: (gxx)tt = (gtt)xxr Ixx = (gx)xr (gxx)t = (gt)xxr (gtx)t = (gtt)xr
Itx = @) 9ex = @) @e)x = @)t 9ee = @) (@) = (G
(&) = ) e = (i) xx and (F)ee = (i) x

we obtain the equations
—27a1xx +18as,by + 3asyby +9byxa; +3byya; — 10byy, by — 944, — 3 ajazb,
+2a1b% + 9a111 == O, (66)
31X 9(—9aisx +3a4:b; + 3a14bg + asyby + b1yas — 2 byybg + 3bexay — 2bgyb; — 34,
_alasbl + a1b1b6 + 3a1)12) + ftxbl g(z bly - albl) = 0, (67)
fX? (=54 ayer + 36 ayebg + 2byyby + 18bgra; — 18 beyby — 93y, + 3 ayb2 + 9a; 1)
+fX(18byy fif + 6byy f*bg + 6bey f*by — 18ffarb; — 9fF Az, — 6fFaibibg + 9fas ;)
+2byy f?by — fa;bf = 0, (68)
_3a1x + bly = 0, (69)
_3a1t + b6y = 0, (70)
fxx(_9a3tb1 - 9b1ta3 + 30 bltbl + 9 blxas - 18 blxb6 - 18 b6xb1 + 27 /11t - 27AZX
+9a11b1 - 3a3a5b1 + 3a3b1b6 - Zasb% + 6blﬂ,2 - 9b611) + ftxbl (6b1x - a3b1) = 0, (71)
fxxz (54’a14xb1 - 54‘ a3ttb1 - 108a3tb1t + 36 a3t b1b6 - 54‘ bltta3 + 180 blttbl + 180 bft
+36b1ta3b6 - 6b1ta5b1 - 114 bltblbﬁ - 108b1xb6t + 108 blxa14 - 36 blxa5b6 + 27b1xbg
—9 byxAs — 54 bgpby + 36 bgrazh; — 12 bgeb? — 54 bgy Ay — 162 bgyybg — 162b2,
+90 b6xb1b6 + 27 bGXAZ + 162 Altt - 108 Altb6 - 54‘ Azxas + 54‘Asz6 - 81 /13xx
+36A3,b; — 18ay,b1bg — 27 a;1 Ay — 18 aguazby — 18 ay4b? + 12 azasbibg + 18 azasi,
—6azb b + 6 azh;d; —9azbgd, + 6asbibg + 9ashiA, + bZb2 — 3b%A; — 3b;bel,
+18 bgll + 9 A% ) + ftxfxx (_18 bltxbl - 36 bltblx + 12 blta3b1 + 54’b1xxb6 + 108 blxb6x
_36 blxa3b6 + 6b1xa5b1 - 6b1xb1b6 + 54‘ b6xxb1 - 36b6xa3b1 - 81 /12xx + 54‘ Azxa3
+12 a2b,bg — 18 a2, — 2 azash? + 2 azb?bg + 2 ash} — 54 a;b bg + 81 a;A, — 2b3bg
+6 bibgAy — 9 AiAy) + fif (162b1,, /¥ — 108 by, fi fifaz + 36 fiif¥ash, — 162 fiffasby
+18 fEfXbiAy ) + [ (18 byyyb; + 18 b2, — 24 byazb; + 15 by, b? + 6a3b? — 4 azb3
—18 a,b? + b} +2b?1)) = 0, (72)
9b,, —3azb; +2b? +91, = 0, (73)
+3 asbbg — 2b?bg — 9 bgA, = 0, (74)

3ftxfxx(_18b1tb1 + 18 blxbé + 18b6xb1 - 27 Azx - 6a3b1b6 + 9a3ﬂ,2 + 2 asb%)
+fxxz (_54b1ta5 + 108 bltb6 + 54‘ bﬁtbl - 162 b6xb6 + 162 AZt - 81 A?)X + 18a§b1
—27 asdy — 9 bibg¢ + 27 byAz — 27 bAy) + (162 by, f5fi¥ + 18by, %y — 545 f¥asb,
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—18 fif¥bi — 6f*aszbi + f*b3) = 0, (75)
by fi¥ — f*b? =3 f¥asby + 3 f¥bibg +9 f¥A, = 0, (76)
9b6xfxx - ftxbl2 -3 fxxasbl +3 fxxblbé +9 fxxﬂz = O: (r7)

£X2(54byy — 36by,bg + 54 beybg + 27 Ay — 18a14b, + 6ash,bg + 9asA, — 3b,b2 — 3 by A5
—9 bep) + (6 by f fi¥by — 54 byy fEEfi — 6 bixfi?by — 18 by f¥ f¥bs — 18 by f* fi¥by

+18 fiffashy + 2fF?azhf — fi?h] + 27 fF¥ffAax + 6 [ f¥azbibg — fF ffazd,) = 0, (78)
18bétfxx2 - 18ft91.€fxxb1 - txzbl2 _6ftx xxblbé +9ftx xx/12 + 3fxx2b§ +9fxx2/13 = 0' (79)
—by; + bgy = 0, (80)
f& (9 ass —12byy +9bg, — 9a4, + 3 azas + asby — bibg + 314,) + fi* (3b1y

—azh, +b?) =0, (81)

23 (162a44:a3 — 216 Qq4t by + 486 Aqay by — 1458 Qg — 972 A1y a3 + 1296 Ay, by
+486 azyy +486 azas — 486 az bg — 486az.bgr + 4860a3.a14 — 324 aziashbg

+162 az b — 162 agids — 648 by — 648byias + 648bybg + 648by by — 648 byaq,
+378 bysashg — 162by b2 + 216 byt A3 + 648 byyarq — 486 bgrbg — 162 bgyras
+216bg;tb; — 972 bgibgy — 162bgrazas + 108 bgragh; + 162 bg;bibg + 972bg, a4
—648 by, asbg + 243 bgyb? — 243 bgy A3 — 54A3.a3 + 72 Ageb; — 162 A3,as — 243 a;,b?
—8laq1A3 + 54 ay4a3a5 + 36 ajuasb; — 162 a14b1bg + 378 aygazb; — 1458 a4a,

—216 a;¢b? + 162 ajg)y + 54 agash? — 18azasds + 9azbd + 27 azbgd; — 54 aZb,bg
—54 aZ), + 135 agh,bZ + 33 ashbyA; + 108 asbgd, — 39 bybd + 9 bybgd; + 27 bZ A,

+27 A43) + 5 (fF (162a144by — 162 ageeby — 162 azihyy — 54ascasb, + 54 asibibg
—162 byyxbg — 54byras + 288byby + 216 b, — 324by,bg, — 18bjrazas + 18by,azbg
+42byagh; — 6by bibg — 324byybe; + 324 byraqs — 54biashg — 81 byb2 — 81 by s
—162 bgby + 90bgrazh; — 66bg b7 + 486 bgyybg + 486 bZ, — 162 bgybibg + 162 by Ay
—3242,,as5 + 3244,,bg — 243 Agyy — 54ay1b1bg — 162 ay1 A, — 90ay,a3b, + 66a,,b?
+6azaib; + 30azashibg + 108 asasA, + 21 azh,bé + 21 ashbiA; — 54azhgd, — 8aib?
—4ash?by — 18 ashyA, + 19b2bZ — 13b72; + 36 bybgA, + 54 A3) + (=162 as.fF by
—108b,fiiasz + 360 by, fithy + 324 byyfitas — 486 biyfiibe + 1458bgyy fit

—486bg, fiby + 162 ffa;1b; — 126 ffazash, + 126 fiasb bg + 42 ffash?

—96fXbZbs — 54fkbi Ay ) + fi2 (54by + 54b%, — 72byazb; + 75by,b? + 18a2b?

—19 azb? —54a,b? + 7b{ + 6bZA,) + f? fX (—54by¢y by — 108by by, — 36 by bsb,
—24bybf + 162 byyybs — 108 byyazbs + 54byyashy + 54 byybibs — 54 by,

+162 bgyyb; — 108 bgyazh; + 63bgb? — 243 Ayyye + 162 Aya3 — 108 Ay by + 9 a1 b?
+36 ab;bg — 54 a%1, — 18 azashb? — 3 azh?bg + 27 azbyA, + 13 ash? — 162 a,b,bg
+243 a;A, —13b3bg — 3 b2, + 18 bibgA; — 27 A, A5) + fEfEfF (486b1 4y (82)

—324 by,a; + 324 by,b; + 108 a3b; — 54 azh? — 468 a,b; +54 b4, ) = 0,

X3 (54a.4: — 162a44, — 54byy — 54 bgras — 1815, + 18ay4a5 — 54 ajga; + 54 a;6by

—9asb¢ — 15asd3 +3bZ + 9beA3) + f¥% (—18bye f* — 36 by fi — byfias — 12 by fibg
—6be¢fi'b1 + 162 by fit + 54 bexfi*be + 12 fiasby — 12 fiibibe — 27" A3 + 6 fi" ay4by
+2fFagby — 2 fasbibg — 18 fasly — 2fbib¢ — 2fbi A3 + 18 beA;) + (—6by f* fb,

+54by fEfERE + 6 by iy + 18 by [P f¥be + 18 bey [ f¥by — 18 ff{ fi¥azhy

+18 fEfEfEbE — 2f{Pashi +2f{3b — 27f{*f¥ Ao — 6f* f¥asb,bg

HIfF? fFagdacfi? ffashi + 52 f¥bfbe — 9fi? fb1Az) = O. (83)

Recall (11) and consider the equation

—ffa +ffas = 0. (84)

Further analysis of the compatibility depends on a;.
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Case aq # 0.
From (84), we can find the derivatives
ftx = xxllh (85)
— %
where 1, = a

Comparing the mixed derivatives (f)xx = (&) (fF)x = fix,and () = fife, we obtain the conditions

_9a3t + 12b1t - 12b1x/14 + 27 A4xx + 18 /14xa3 - 24‘ A4xb1 - 3 a3a5 - 7 a3b1/14 + 3 a3b6
+4’ a5b1 + 27 a7A4 + 4 bflzl_ - 4’b1b6 - 3).12.4 == 0,

(86)
3&43( + a3l4 - a5b1/14 + b6 = 0,

(87)
_18b1tﬂ,421_ - 54b6tA4 + 162 ﬂ"l‘tt + 108 A4ta5 + 54‘ /14tb6 + 54‘ a14A4 - 162 a16 + 6a5b11‘21_
+18 agbgly — b?A3 — 6 bybgA% — 9b2A, — 27 2,43 — 45 434, = 0.

(88)
Equations (67), (68), (71), (72), (75)-(79), (81), (82), and (83) become
—27ayx +9 ay¢by +9aixbg + 3asyby + 3byyas + 2byybyAy — 6byybg + 9bgxa; — 6bgy by
—92,y —3ajashy —aibfAy +3a;b1bg +9a11, = 0, (89)
—54ay,e +36 aycbg + 18 byyAye + 6 byyasdy + 18 beeay + 6bgybydy — 18 bgybs — 9 Aoy s
=923y — 18 Agparb; — 6ajash; Ay + a1bfA; +3 a;b¢ +9a;4,A, +9 a3 = 0, (90)
—9aghy; — 9by,as + 30 byby +9byyas + 6bihid, — 18 byybg — 18 beghy + 2714, — 27 Ay
+9a,,b; —3aszash; —azb?A, + 3azbbg — 2 ashb? + 6b;1, —9bA; = 0, (91)

54 ay4.b; — 54asy by — 108 azibyy + 36 azibibg — 18 bypybiAy — 54 byras + 180 by by
+180 b?, — 36 by by, Ay + 12by,a3b A, + 36 byrazhg — 6by,ash; — 114 by b, b,

+162 byyyAar + 54 biyyasAy + 18b%. A5 — 108by, by + 108by,beyAs — 108 by, Ayrbs

+108 byyass — 36 byyasasd, — 12 by,asb;A3 + 6 by,asb; Ay — 36 bycashg + 15 by, biA3
—6byxb1bgAy + 27 byyb2 — 9by A3 — 54 bgryby + 36 bgrazh, — 12bgeb? — 54 by, A4

+54 by by — 162 bgybg — 162 bZ, — 36bg,a3b1A, + 90 bgybibg + 27bgyd, + 162 Aqge
—108 Ay4bg — 81 Ayyyds + 54 Ay,a34, — 5425,a5 + 54 Ay by — 81 A3,y + 36 A3, by
+36A4.a3b; — 16214,a,b; + 18 A4eb; Ay — 18 ay1b1bg — 27a411, — 18 ay4a3b; — 18a,4b?
+12a3ash A, + 2a3b?23 — 18 a31,4, — 2azash?2, + 12 azash;bg + 18 azasd, — 4 azh313
+2a3b?bgAs — 6azb b2 + 6azbiA; — 9 azbgl, — 54asa;b;As + 2asb31, + 6ash?bg
+6asb; Ay +9ashid, + 81 a;AA4biA5 — 2b3bgAy + b2bE — 3b%A; — 3bybgA, + 18b2 14
-9 A4, +925 = 0, (92)
—18 by,as — 18 by;by Ay + 36 by by + 54 by Ay + 18 by,asd, + 18 bgby + 18 bg, by,

—54 bgybg + 54 Ayp — 275, Ay — 27 A3y — 18 Agpa3b; — 644b? — 6 azashiAy + 9 azA, A,

+6a2b; — 9 agly + b33 + 2bZbgAy — 3 bybE + 9 byjA; — 9 bgd, = 0, (93)
9 blt - 3 a5b1 - bflzl_ + 3 b1b6 + 9}.2 = 0, (94)
9 b6x -3 a5b1 - bflzl_ + 3 b1b6 + 9}.2 = 0,

(95)
54byss + 6 bypby Ay — 36 byybg — 54 byyAsr — 18 byyasdy — 18 bgybi Ay + 54 bgybg + 27 Apy 2y
+27 A3y + 18 A4pa3h; — 18 a4by + 6 azashi Ay — 9 azAy Ay + 6 ashibg + 9 asd, — b3A2 — 3b b2
-3 bll3 -9 b6AZ = 0, (96)
18bg; — 18 Ageby — 6 asbiAdy + b22% + 3 bZ + 9 1,4, + 915 = 0, 97)

9a3t - 12b1t + 3b1xl4 + 9b6x - 9a11 + 3a3a5 - a3b114 + a5b1 + b%l;l_ - b1b6 + 3/12 = 0, (98)
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48601403 — 648a14:by + 486 A14xD1 A4 + 1458a 145y, — 43740 6xx — 29160416503 + 3888a,6,bq
+1458 assy + 1458a3,.a5 — 486a3,:b1 A4 — 1458a54:bg — 486 aspb Ay — 1458 aspbg;

—486 aziAychy + 1458a3.a,4 — 324 azeashi Ay — 972 azpashg + 54 az b72% + 324 ag by by
+486 a3.bE — 486 a3, A3 — 162 bypybi A% — 486b1 1 bgAs — 1944b, 1 — 162 bypraz Ay

—1944 by as + 864 byyebi Ay + 1944 by b + 648 b2 Ay — 324 by by, A5 + 1944b,, b,

—972 bybgyAg — 324by;Asras + 1080 byeAy by, — 1944 bypag, — 162 byrazasd, + 144 byazbi A2
+162 by azbgA, + 486by asbiA, + 1134 byyashg — 192 by b?A% — 378 by by bgAs — 486 by b2
+648b,; A5 + 1458 byyyAdar Ay + 486b1,, 0542 + 162 b2, A3 — 972 by, bee Ay + 972 byybey Al
—972 by A4zl + 972 byyAspQs + 972 byyAgrbi Ay — 1458 byyAyrbg + 972 byyaialy

+1944 by, a,6 — 324 byyazasAi — 108 by,azb A3 + 324by,.a2l, + 378 by ash A3
—972byashgAy + 117by, b2 23 + 243 by, b2A, — 162 by, AyA3 — 243 by, A3, — 486bg by Ay
—1458 bgpybg — 486bg. a3 + 648 bgrpby — 2916bg bg, — 486 bgrazas + 270 bgrazbi A,

+324 bgrash, — 198 by b2, + 486bg b1bg + 4374 bgyydar + 1458 bgyrasAy + 1458 b2, A,
—1458bg,Ageby + 2916 bgyayy — 324 bgyazby A3 — 486bg,ash; Ay — 1944 bg,ashg

+351 bgy b22% + 729 bg, b2 + 486 bgyAyAy — 729 bgyAs — 729 Appn A3 + 48615, a31%

—972 Ay, a5dy — 324 A5, b1 A% + 972 Ay, bgAy — 162 A3pa3 + 216 Agpby — 729 A3, A4

—486 A3,as + 486 Aypay1by + 324 A4pa3bi A, — 378 Aspazash, — 162 A4pa3b% 2,
+378A4,a3b1bg + 126 Aypash? — 1458 Aypa,b1 A, — 288 Ayeb?bg + 162 A4rbi A2y

—162 Agrb1dy + 162 agyashidy — 270455202 — 324 ay1bibeds — 729 aq1b¢ — 4860114514

—243 ay A3 + 162 a4azas — 270 ay4a3b1 A, + 108 ajash; + 198 a,4b?A, — 486 a;,b, by
+1134 a,¢a3b; — 4374 a,ga; — 648 a gb? + 486 a A, + 108a3asb A% + 18 a3b? A3

—162 a3A,45 — 108azab A, — 66 azash?Ai + 342 azasb,bgd, + 162 azasb? + 324 azasl, A,
—54 azasA; — 39 azbh3A3 + 3 azh?bgA% — 63 azb b, + 81 azb; 1,23 + 63 azhy A3, + 27 azhd
—162 azbgAy A, + 81 azbgds + 18 a2b?1, — 162 a2b,bg — 162 aZl, — 486 asa,b A%

+25 agh3 1% — 150 ash?bgA, + 405 ash,b2 + 54agb; 1,43 — 108 agh;A,4, + 99ash, A,

+324 agbgAy + 729 a;A,A% + 21 bfA3 — 7b3bgA2 + 39 b2bZA, + 9 bZ1,A3 — 39 23151,
—117b,b3 + 162 bybgA A, + 27 bybgAz + 81bEA, — 81 11 A,2% + 162 231, + 81 1,43 = 0, (99)
1620a,4; — 4860165 — 54b1¢eds — 108by Agy — 54b1;asAy — 6 byeby A2 + 162 byydgedy
+54by,asA3 — 162 bgy — 162 bgras — 18 bgby Ay + 486 bgyAyr + 162 bgyasAy — 81 A5, A%

—54 A3, — 81 A3, Ay — 54A4.a3b1 44 + 36 A4rashy + 54 A4 b7 A, — 36 Ayibibg + 54 ay,as
+18a,4b1 44 — 162 a16a3 — 162 a gb; — 18azash A% + 27 azA,A% + 18a2by A, + 17 asb?22
—30asb,bgAy — 27 ash? — 54 agAyA, — 45a5A3 + b2bgA% + 6 byb2A, — 27 biA; A3 — 6by A3,
+9b3 + 54bgAy A4 + 27bgA; = O. (100)

Case aq = 0.

From (16), we obtain

—fEb? + fX s = 0, (101)

where AS = 3(3b6x - a5b1 + b1b6 + 3/12)
Further analysis of the compatibility depends on b .
Case by # 0.

From (101), we obtain

X
fr =Ll (102)

bi
Comparing the mixed derivative (ff)xx = (fi&)e (ff)x = fixr and (ff)ee = fife, we find the following
conditions:

—9ag. bt + 12 by bf — 54 by by As + 162 b? Ag — 108 by, As,b; — 36 byasbiAs + 36 by, b? s
+27 Asxxblz + 18 Asxa3b12 — 24 Abef - 3a3a5bf + 3 agbfb(, - 7a3bfls + 4 a5bf + 27 a7b1215
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—6by As + 3 Asyby + azhiAs — ashd + b3bg — b?A5 = 0, (104)
—324 byytbiAs + 972 b¥ A5 — 648 by A by — 216 bysashyAs — 108 by bybgAs — 18 by A% — 54 by
+b22s + 162 Agp b? + 108 Aspash? + 54 A5 b2bg + 54 a14b?As — 162 a;bf + 18ash?bgs

+6agh; A2 — 9bZbZAg — 45 biAgA; — 6b bgA2 — 272,42 — A3 = 0. (105)

Equations (7), (11), (12), (14), (15), (17), (18), (69), (70), (67), (68), (71), (72), (75), (76), (78), (79), (81), (82), and (83)

become

a, = 0, (106)
ag = 0, (107)
9b,, — 3 azh; + 2b? + 91, = 0, (108)
—3agy + 2 by, +3a9 = 0, (109)
aip= 0, (110)
a;, = 0, (111)
—6as, + 4bgy, +3 a3 = 0, (112)
by, = 0, (113)
bey = 0, (114)
Asyy = 0, (115)
Asyp, — 342y = 0, (116)
Aaylds + Azybf = 0, (117)

=9 az:b? — 9 byaghy + 30 by b? + by ashy — 18 byxbibg + 6 byyAs + 27 A1:by — 27 Ayyby

+9 ay1b? — 3azash? + 3 azb?bg — azbh;As — 8ash3 + 6 b3bg + 24b21, — 2 b2 A

—9 bybgA, = 0, (118)
54 ay4:b3 — 54 azeeb? — 108 agebyeby + 36 ag b?bg — 18 by b3 A5 — 54 bypeazbf + 180 by by

+180 bZ,b{ — 324 bybyyxbiAs + 216 bybyxa3biAs — 36b1 by biAs — 72 byaibiAs

+36b,,a3btbg + 12byasb3 As — 24 bypash? + 324 by,a;b%As — 96b, bPbg — 36 by b2 21 A5

+162 byyxAdsth? + 54 byyrash?As + 18 bZ, A2 — 108 by, bg:b? — 108 by Agiash? + 108 by,a,4b7

—36 byxazagh?As — 12 by,asbi A2 — 90byasbibg + 60b cash3 A + 81 by, bibZ — by, bi A,
—60by,b3bgAs — 108 by b? A, A5 + 27b1 b2 A2 + 36bgrash? + 6bg;b® — 54bg bfA, + 162 Ay bt

— 108 A;:b}bg + 54 Ayeb? — 81 Apyyb?As + 54 Aypazb?As — 54 Aypasht + 21615, bibg

— 542,,b3 25 + 36A5,a3b3 — 162 Agra,b3 — 6 A5 by + 18 A5 b3 1, — 1815, bibg + 615, b3 As

—81 A3y, bf + 36 A3, b7 — 72 ay1b7bg — 27 ag1biA, + 18 a1 bfAs — 18 ay4a3b3 — 36 a,,b?

+12 a2asb3As — 18 a2b?1,A5 + 2a2b?22 + 30 azashibg + 18 azashil, — 20 azashiis

—6a3bbE + 6a3b A3 — 9 asbibgd, + 14 azbibgds + 36 azb3A,As — 8 azh3A2 — 12 aZb?

—54 asa;b3As + 90 ashPhg + 126 ash? 1, — 16 agh} A + 6 agh3 A, A5 + 81 a;b?1,As — 65 bPhE
+3b82A5 — 246 bYbgA, + 32b7bgAs + 18 bibZA; — 180 bfA3 + 51 bfA, A5 — 3bf A%

-9 b1 2,15 = 0, (119)
—108 by¢byxAs + 36 byrazh;As — 18 byrash? + 36 by b3by — 6 by b?As + 54 by, As by

+18 byyaghAs + 18 bg by + 54 Ay b3 — 2725, b1 As — 18 Agpazh? — 6 Ag b3 — 27 A3, b3

—6 azash?ls + 9 ashi A5 + 6 aZbf — 18 aghtbg — 9 ashiA, + 6asb3As + 15 bibZ + 9 bf i,

+45 b3bgA, — 10 b3bgAs — 18 b2A,45 + 3 222 = 0, (120)

9b1t - 3 a5b1 + 3 b1b6 + 9&2 - /15 = 0, (121)

18 by¢eb3 + 36 byybyyds — 12 byrazbyAs — 12 byb3bg + 2 byb?As — 18 byyAge by — 6by,asbqAs
+9 Aszll’{S + 6 /15ta3b12 +9 A3xbf -6 a14bf + 2 a3a5b12/15 -3 a3b1/12/15 + 8 aSbbe
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+3 ashi, — 2agh3As — 7 bibE — biA; — 21 b3bgd, + 4 bibgAs + 6 b2A,As — biAZ = 0, (122)
36 byyAs + 18 bgb? — 18 A by — 6 asbiAs + 3 b2bZ + 9 b2A5 + 9 1,45 + A2 = 0, (123)
9azb? — 12 by b? + 3 by As — 9 ag1b? + 3 azash? — azb;As + 4ashi — 4 bibg — 6b?1,

+2b%1s =0, (124)

486 ay4;a3b? — 648 ay4eb] + 1458 a14,bCbg + 486 a14 b7 As — 4374 A1y b? — 2916 ayg,a3b?
+ 3888 a6, b7 + 1458 a3y b? + 1458 azash® — 1458 az, bPhg — 486 az4 b3 As
+486 az b biAs — 1458 az.beb® — 486 azpds by + 1458 azra,4b% — 972 azashPhy
—324 az;ash} s + 486 a3 bSh2 — 486 a3 b®A; + 324 ag b bgAs + 54 as b2
— 486 by bfbgds — 162 by 322 — 1944 by eb® — 162 byypazhiAs — 1944 by ash?
+ 1944 by bSbe + 864 byyb3As + 648 b2,asb3As — 1512 b2,b}As — 2916 by byyyby A2
+ 1944 by byazb; A2 — 4860 by by,asb3As + 5832 by by, b3bgAds — 2268 by by, b7 A%
+ 1944 by b b® + 8748 by Ay, b3 A5 — 324 by Aspazbf + 1080 bypAs by — 972 bypAs, b3 As
— 3888 by ay1biAs — 1944 byra 4b? — 648 by a3b?A% + 1566 bysazasbfAs — 594 by azbfbels
+ 648 by asb®hg + 1692 byrashiAs + 2916 byra,b?A2 + 468 byrasb3A2 + 648 by b1,
— 1260 by b3 bgAs — 3564 by bfA, A5 + 348 by b{A%2 — 324 by b2 A1 A% + 1458 byyyAs b?Asg
+ 486 by asb?A2 + 162 b2 A3 — 972 by, bebiAs — 972 by Agrash?As + 2430 by, Agiasby
— 2916 byxAsibibg + 972 bixAsibiAs + 972 byxai4biAs + 1944 bya b — 324 byasashiA:
— 108 by,asbh A3 + 810 byyaZbfds — 1458 byasbhibgds + 702 bycash3A% + 243 by, bibZ s
—243 by bfAsAs — 324 by b3bgA2 — 1134 by, b7 2,A% + 225 by, b?A3 — 486 bgirazb?
+ 648 bgb] — 486 bgrazash? + 270 bgrazh? As — 648 bg,ash] + 1944 bg b by
+2916 bg bSA, — 360 bg bPAs + 1458 A5 b8he + 486 AyebPAs — 729 Ay, b2 A2
—4374 AyyAsebf + 486 A5,a3b7 2% — 2430 Ayasbids + 972 Ay, bibgds — 324 Ay, b3 22
+486 AgiAs, by + 1944 Agpa ,b3 + 324 A,a2b3 s — 864 Agiazash? + 378 As,azbybg
— 162 Agpazbfds — 846 Aspash® — 1458 Asia,b3As + 522 A5 bShg + 2268 A5, b7 A,
— 378 A5 b7 As + 162 A5 b32, A5 + 162 As,asbids — 162 A3.a3h® + 216 A3:b] — 729 Agy biAs
— 486 A3,ash® + 648 a; ashfAs — 729 a;,bPbZ — 243 a;1b8A; — 324 a;,b3bgAs
— 486 a;1bfA,As — 27 a;1bfA% + 162 ay4azash® — 270 ay4a3b3 A5 + 1080 aj,ash]
—1944 a,,b]bg — 2916 a;4b%1, + 360 a bS5 + 1134 a;cazb] — 4374 aj¢a,b® — 648 a;cb3
+ 486 a;6b%1; + 108 adashiA2 — 162 a3b?1,4% + 18 a2b?A3 — 270 azalb; s
+ 162 azash®h? — 54 azash®1; + 342 azashibgAs + 324 azashid,As — 174 azashiA?
+ 27 azb®h3 + 81asbhPheis — 63 azh?b2As + 63 azhfAsA; — 162 azbfbgd,As + 111 azbibA?
+ 405 azbh31,A2 — 75 azb323 — 648 aZb]bg — 162 a2b®1, — 90 aZb®ls — 486 asa,b3 A%
+ 1296 ash]bZ — 144 ash] A3 + 2268 ash®bed, — 366 ash®heds — 108 ash? A, s
+ 142 ash A2 + 54 ash3 ;A% + 729 a;b? 2,2 — 360 b]bE + 432 b]bgA; — 648 bSb2 1A,
+ 282 bfbZAs + 810 bfA,A3 — 66bSAsA; + 972 bYbgAyAs — 232 bbg A2 + 1134 bfA3 A,
— 612 bf2,2% + 78 b{A3 — 81 bZ1, 1,42 = 0, (125)
162a,4:b} — 486 ajg, by — 54 by b3 A5 + 216 b3, b?As — 324 by by A2 — 108 by Ag b3
+ 108 byrash A2 — 450 byrash3As + 396 by b3beAs + 972 by b?AyAs — 222 by bE A%
4162 byxAsebiAs + 54 byyashiA2 — 162 bgy by — 162 bgrasal — 18 bg bids — 81 Ay, by A2
— 54 Agazh?As + 198 As;ashf — 198 A, bibg — 486 A5 b3, + 108 A5 b3 A5 — 54 A3,b3
— 81 A3, b3 A5 + 54 aj4ash] + 18 a;,bfds — 162 ajgash? + 162 a;4b? — 18 azagh? A%
+ 27 azby 2,22 + 72 a2bids — 27 ashbibZ — 45 aghfA; — 84 ashibgs — 216 ash3 2,1
+35ash3A%2 + 9 b7b3 + 27 bYbgA; + 6 bibZAs — 6 biAsA; + 54 b3bgAyAs + b3bgA2
— 27 b1,2% = 0. (126)
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Case b; = 0.
In this case, equations (12), (20), (23), (30), (31), (68), (76)-(79), (101), and (81)-(83) become

A =0, (127)
a;s = 0, (128)
b, =0, (129)
by = 0, (130)
by, = 0, (131)
dzy =0, (132)
A, =0, (133)
bgy = 0, (134)
Aay = 0, (135)
s =0, (136)
¢ =0, (137)
3as —3 a1 +azas = 0, (138)

18a14¢a3 + 54 a14xbg — 162 A1y — 108 a165a3 + 54 Azper + 54 Azper + 54 Aza5 — 54 Az bg
+54‘ a3ta14 - 36 agta5b6 + 27 agtbg + 9 a3t/13 + 9a3tﬂ,6 + 3/1615613 + 9/16xb6 - 27a11b£ - 9a11A3
+6 aj4a5a5 — 162 aj4a; + 9 azashf + 7azasd; + 3azasdg — azbglg = 0, (139)
18 a14t - 54‘a16x + 3 A3t + 3A6t + 6a14a5 - 18a16a3 + 4a5A3 + 3a516 == 0, (140)
where /16 = _6b6t - bg -3 2.3.
All obtained results can be summarized into the following theorems.
Theorem 1. Any system of two third-order ordinary differential equations
xlll — F(t, x’ y’ xl’ yl, xll’ yll)’
ylll — G(t, X, y’ xl’yllxll’yll) (141)
which yields the system of two linear third-order ordinary differential equations
u"'=0,v"=0 (142)
via a generalized Sundman transformation
u = f*(txy), v =fYtxy), dt =g(txy)dt, (143)
where g # 0 and f¥ fyy - 5 £2 # 0, has to be of the form
X"+ ax'y" +ax"y' +azx"x"+ay"y' +asx" +agy” + a; x> + a8y’3 + agx’zy’
a0y ix’ + agx"’ + ay't + apax'y' 4+ apx’ + a5y +agg = 0,
V" 4+ bix'y" + byx"'y' + bax"'x' 4 byy"'y' + bsx" + bgy" + byx"> + bgy'> + box'%y’
+byoY X" + byyx"* 4 byyy'? + byax'y’ + bygx’ + bysy' + byg = 0. (144)
Theorem 2. Sufficient conditions for the system (144) to be linearizable via a generalized Sundman transformation (143)
with fy =0, fty = 0, and fxy = 0 are as follows:
(@) If aq # 0, then the conditions are (39), (41), (44), (45), (46), (51), (52), (54), (56)-(66), (69), (70), (73), (74),
(80), (86)-(99), and (100).
(b) If a; = 0 and by # 0, then the conditions are (39), (41), (44), (45), (46), (51), (52), (54), (56)-(66), (69),

(70), (73), (74), (80), (103)-(125), and (126).
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() Ifay = 0and by = 0, then the conditions are (39), (41), (44), (45), (46), (51), (52), (54), (56)-(66), (69),
(70), (73), (74), (80), (127)-(139), and (140).

Theorem 3. Provided that the sufficient conditions in Theorem 2 are satisfied, the transformation that maps the
system (144) into the system of linear equations (143) is obtained by solving one of the following compatible
system of equations for the functions g, f*, and f¥:

(@) (38), (40), (50), (53), (55), and (85);

(b) (38), (40), (50), (53), (55), and (102);

(0 (38), (40), (42), (49), (50), (53), and (55).

EXAMPLES

Example 1. Consider a system of two nonlinear third-order ordinary differential equations

x" +myyFx'y" + myy*ex''y' + mgy*sy” =0,

"+ myyRex'y" + mgyksx"y' + mgy*ey''y’ = 0, (145)
where k; and m; (fori = 1,2,3,...,6) are arbitrary constants.
Note that the system (145) is of the form (144) with coefficients

_ k _ k _ k _ k _ k _ k
a, = my, a, = myy 2, ag = Mzy"3, by = myy*s, b, = mgy™s, by, = mgy™e.
If m, = 3m1, my = Mg = 0, and mq, myz, Mg * 0, then aq, ap, ag, b4 * 0.

We can check that the coefficients obey the conditions in Case (a) of Theorem 2. Thus, the system of equations

nr n,..I

x" +myy* x'y" + 3myy*ex"y’ + myy*sy” = 0,
y'" +mgyFey"y’ = 0 (146)
is linearizable by a generalized Sundman transformation.
To find the functions f*, f¥, and g, we have to solve the overdetermined system of partial differential equations

fx — yk3 f)g{m3

£ = Shm, (147)
fix =0, (148)
y _ 5 K k
fiy = 5 (4y"rmy + k*emy), (149)
ge =0, (150)
gy =0, (151)
gy = -yl gm. (152)
For example, if ky = k, = k3 = kg = —1, then we take the simplest solution of the system of equations (147)-
(152), i.e.,
33/ym6—4m1+3 1
X — y = N7 =
f mst + myx, f e —amii3 0 9 = ymr (153)
Then the generalized Sundman transformation becomes
3
3 ,y{m6—4m1+3}
u=mgt+mx, v=——— dr= L dt. (154)

meg —4my +3 "’ ym1
Hence, the system of equations
mg3

y
me

ylll+7yllyl — 0 (155)

m 3m
xlll+71xly/l+ ylxllyl_l_ yll — 0,
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is mapped by the generalized Sundman transformation (154) into the system of two linear third-order ordinary
differential equations

u"" =0, v" =0. (156)
The general solution of (156) is

u=c¢1?+ct+ c3

v =12 +csT + c (157)
where ¢4, €3, C3, €4, C5, and ¢g are arbitrary constants. Applying the generalized Sundman transformation (154) to

the system (157), we obtain the general solution of the system (155) as

c t? cyt 3 mgt
2myy?m™ myy™1 my my’
33 M= 4M1+3 Cat? cst
= 2m m + Ce
meg —4'm1 +3 2y 1 ymi

where ¢4, €y, C3, C4, Cs, and Cg are arbitrary constants.

Example 2. Consider the system of two nonlinear third-order ordinary differential equations

2,13

" 1,3 xX°x

1., ., 2 3 * 2 _lzg .’x - 1128 ! - 0’
3 3+ 1+
YU Iy + yg)y ( xz)x Y4 2L -, (158)

Note that the system (158) is of the form (144) with coefficients

1 x? 3x x
“ =g T k=5 b=y
b _ 3+y? . 1+x? Xy
8 — 9 ’ 9 — 2 ’ 10—7.

We can check that the coefficients obey the condition in Case (b) of Theorem 2. Thus, the system (158) is

linearizable via a generalized Sundman transformation.

To find the functions f*, f¥, and g, we have to solve the overdetermined system of partial differential

equations

=0, (159)
2xfx

fa = -2, (160
y ny

By = =5 (161)
g =0, (162)
g = _% (163)
gy = 0. (164)

Choosing the simplest solution to the system (159)-(164), i.e.,

2 2
fx = fe_x3 dx' fy :feye dy' g = e_T,
we obtain the linearizing generalized Sundman transformation

2 2

2 2 x
u=[e™ dx, v=[e¥® dy, dt = e +dt. (165)
Hence, the system (158) can be mapped by the transformation (165) into the system of linear equations

u"=0, v"=0.
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