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Minimum Number of Edges whose Removal Gives a Planar Graph
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ABSTRACT

Let Ce(G) be the minimum number of edges whose removal from a graph G gives

a planar graph. We investigate Ce(G) for complete graphs and complete k-partite graphs.
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Introduction
A graph G is a triple consisting of a vertex set V(G), an edge set E(G), and a relation
that associates with each edge two vertices (not necessarily distinct) called its endpoints.

Sometimes, we write G(V(G),E(G)), V(G) and E(G) instead of G,V and E respectively. A subgraph

of a graph G is a graph H such that V(H) C V(G) and E(H) CE(G) and the assignment of
endpoints to edges in H is the same as in G. We write HC G and say that "G contains H".
A complete graph is a graph where every vertex is adjacent to every other vertex. A complete
graph on n vertices is denoted by K . A k-partite graph is a graph whose vertices can be

partitioned into k disjoint sets V.

e+, VSO that no two vertices within the same set are

adjacent. We call V,,...,V, partite sets of G. If V,,...,V, are partite sets of a k-partite graph then
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graph is denoted by G(V,...,V,). A graph G(V,,...,\) is a complete k-partite graph if

k
uv € E(G) for each u and v in different partite sets. If ‘\/“ =n, for 1<i<k, then a complete
k-partite graph is denoted by Km,---mk' A graph G is plane if it is drawn in a plane without edges
crossing and a graph G is planar if it can be drawn into a plane graph. The following fact about
planar graphs is well-known and can be found in standard texts about graph theory such as

(West, 2001; Nakprasit, 2011).

Theorem (West, 2001) [Euler's formula] If G is a finite, connected plane graph, then
n(G) — e(G) + f(G) = 2 where n(G) is the number of vertices, e(G) is the number of edges and
f(G) is the number of faces (regions bounded by edges, including the outer, infinitely large

region).

If G is a connected plane graph with at least 3 vertices, then e(G) <3n(G)—6 and
e(G) =3n(G) — 6 if and only if all faces of G are C,'s, where C, is a 3-cycle (see, (West,2001)).

If G is a planar bipartite graph with at least 3 vertices, then e(G) < 2n(G) — 4 (see, (West,
2001)).

Corollary A (West, 2001) If G has K, or K, as a subgraph, then G is not a planar graph.

In this paper, we investigate the minimum number of edges whose removal from

a graph gives a planar graph for complete graphs and complete k-partite graphs.

Main Results

Definition 1 Let Ce(G) be the minimum number of edges whose removal from a graph G gives
a planar graph.

Obsevation: Let HC G. If Ce(H) =k then Ce(G) k.

Theorem 2 The complete bipartite graph K (m <n) is not a planar graph if and only if Kon

is not isomorphic to K, ~and K, .

Proof. Let V, =X e e X} and V, ={x X, } be partite sets of K..-

11 IERRRE]

(=) We will prove by contrapositive. Suppose that Kn 15 isomorphic to K, or K, .
We can draw Kon I the plane as in Figure 1.
(<) Let K be not isomorphic to K, ~and K, . Then m23 and n23. Note that

K,,(3Sm=n) has K, as a subgraph.

Thus, Corollary A implies that K “is not a planar graph. O
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Theorem 3 The complete 3-partite graph K (n. <n,<n,) is not a planar graph if and
p n;,n,,Ns 1 2 3 p p

n

only if n, 22 and n, 23.
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Figure 2. K K K K,

1,117 V1,127 i, and Kz,z,z

2,2

Proof. Let V, ={x,,...,x, }V, ={x } be partite sets of

ree e Xy, bV, ...,szZ} and V, ={x

217 ETRRREERCHS

(=) We will prove by contrapositive. We consider two cases.
Case 1: n, <2. We obtain that K, (n, 2 2) is able to be drawn as a plane graph shown in
Figure 2.
Case 2: n, <3. We obtain that n, =1,2 implies that Km is K., K. ,K  orK which

Ny, 11,17 °1,1,2° °1,2,2 22,2
is able to be drawn as a plane graph shown in Figure 2.

From case 1 and case 2, K. .
1

v )

where n, <2 or n, <3 is a planar graph.
(<) Consider K~ where n, 22 and n, 2 3.

Note that K~ has K, as a subgraph. Thus, Corollary A implies that K is not a planar

3

graph. O



U3y MSANTINEEERS 1. UN 42 avud 1 251

X Xy

\

A L

X X3 X X2

K K

11,11 1,1,1,2

Figure 3. K and K
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Theorem 4 The complete d-partite graph K, n <n, <n <n_ is not a planar graph if
andonly if K~ isnotisomorphicto K and K .
Proof. Let v, = {xn,...,xlnl}, \A ={x21,...,x2nz}, V, ={x31,...,x3n3}and v, ={x41,...,x4n4} be

partite sets of K_

1M3,N3,N,

(=) We will prove by contrapositive. Suppose that K_ o Isisomorphic to K or

1,1,1,1

K1, S0 we can draw K . and K, as a plane graph shown in Figure 3. Therefore

is a planar graph.

(<) Consider K that is not isomorphic to K and K Note that K

1,1,1,1 1,1,1,2° NN, ,N5,N,

has K, , as a subgraph. Thus, Corollary A implies that Knl, is not a planar graph. O

N, N5 ,N,

Theorem 5 The complete k-partite graph K is not a planar graph where

Ny N, Ny e sNy

n<n,<n <---<n and k> 5.
Proof. Note that K

My Mg yees)

. where k=5 has K, as a subgraph.

Thus, Corollary A implies that K~ s not a planar graph. O

Observation: It is obvious that Ce(G) =0 if and only if G is a planar graph.
From the definition of Ce(G), Theorem 2, 3 and 4, we obtain the following results (see
Figure 4).
1. Ce(K ) =0 if and only if n=1,2,3,4.
2. Ce(K, )=0(m=<n)ifand only if m=1,2.

3. CelK, )=0(n <n,<n,) ifand only if n, <2 or n, <3.

4. Ce(K )=0(n, <n,<n, <n) ifand onlyif (n,n,,n,,n,)=(1111 or (1,1,1,2).

nyN, ,Ns,N, 27 '3?
Moreover, it is easy to show for complete graphs and complete k-partite graphs G that

5. Ce(G)=1 if and only if G is isomorphic to K_,K,,,K K or K (see Figure 5).

57°73,37°71,237 1,113 1,1,2,2
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Figure 4. Complete graphs and complete k-partite graphs G with Ce(G) =0
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Figure 5. Complete graphs and complete k-partite graphs G with Ce(G) =1

r

Figure 6. C,

Lemma 6 For n =3, there is a planar graph G with n vertices, 3n — 6 edges and at least one
face that is C,.

proof. We prove by mathematical induction on the number of vertices.

Base. Consider n=3. We have a planar graph G=C, with 3 vertices, 3 edges and inner face
Co

Induction step. Let n 2= 4. Suppose there is a planar graph G with n—1 vertices, 3(n—1)—6
edges and there is a face rstr as C, shown in Figure 6. Next, we will draw a graph G from G by

adding vertex x in the face rstr and adding edges xr, xs, and xt. Since we add 3 edges,

e(G=3(n—1)—6+3=3n—6, Gis a plane graph and there is xrtx as a face C,.
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By mathematical induction, we have a planar graph G with n vertices, 3n — 6 edges and

at least one face thatis C,. O

Theorem 7 For n25, Ce(K )= .| (3n—6).
Proof. We can eliminate 5 —(3n—6) edges from K_to obtain a planar graph G in Lemma 6, so

Ce(K )< . —(3n—6). 1)

The Euler's formula implies that if G is a planar graph then G has at most 3n — 6 edges.

n
We have to remove at least 5 —(3n—6) edges from K , so

n
Ce(K)2 | (3n—6). 2

n
From (1) and (2), we obtain Ce(Kh) = 2 —(3n—6). O

V,[=n and

Lemma 8 For 3<m<n, there is a planar bipartite graph G(V,,V,) with |V1| =m,

e(G) =2(m +n) —4.
Proof. Let m and n be positive integers with 3<m<n. Let V, ={x,,...,X_}

V, ={X,,...,X, } be partite sets of G(V,,V,). We can draw a planar bipartite graph G(V,,V,)

21°°

with =m, =n and e(G) =2(m+n) —4 as follows:

Vl

VZ

Step 1. Draw a vertex in a partite set V, in the horizontal line by putting r%—l vertices on the

ﬂ

left side and the others vertices are on the right side. Leave some space between a vertex xl( ]
and a vertex X - - .

([21+)
Step 2. Draw a vertex in a partite set V, in the vertical line between a vertex leﬂ and a vertex
Xl([ﬂﬂ) where r%—l vertices are over vertices in a partite set V, and the others vertices are

under vertices in a partite set V,.
Step 3. Draw edges x,, x, . and edges x, x, for i €1{1,2,3,...,m} In this step, we have 2m edges.

Step 4. Draw edges X1[g] Xy and edges Xl([ﬂﬂ) X, for j€{2,3,...,n—1} In this step, we

have 2(n—2) edges.
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Thus, we have a planar bipartite graph G(V,,V,) with e(G) =2(m +n) —4, as shown in Figure 7.
O

21

XZn

Figure 7. K

Theorem 9 For 2<m<n, Ce(K_ )=(m—2)n—2).
Proof. We can remove mn—[2(m-+n)—4] edges from K., to obtain a planar bipartite graph

G in Lemma 8, so
Ce(K_)<mm—2(m+n)+4=(m—2)n—2). (3)

The Euler's formula implies that if G is a planar bipartite graph then G has at most 2(m +n)—4
edges. We have to remove at least mm — 2(m +n) + 4 edges from K _ .

Thus, we obtain that
CelK, ) >mm—2m+n)+4=(m—2)n—2). 4)
From (3) and (4), we have Ce(Km,n) =(Mm—2)(n—2). O

Lemma 10 For 1Sn2 Sn3, there is a planar 3-partite graph G(V,,V ,V.) with ‘Vl‘Zl,

17727 73

\Y

2

=Ny V3

=n,, and e(G) =3n, +2n, —2.

37

Proof. Let n, and n, be positive integers with 1<n, <n_.

Let V, ={x,}V, ={x21,...,x2n2}, and V, ={x31,...,x3n3} be partite sets of G(V,,V,,V,). We

\Y

,|=n,, as follows:

37

can draw a planar 3-partite graph  G(V,,V,,V,) with [V |=1,|V,|=n,,
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Step 1. Draw a vertex x, and a vertex x, in the horizontal line and leave some space

between a vertex X, and a vertex X,
Step 2. Draw vertices x, ,...,x, inthe vertical line between a vertex x,, and a vertex x,,.
3

Step 3. For each i € {2,3,...,n.}, draw a vertex X, between vertices 6 and p 8

Step 4. Draw edges X, X, for all i€{,2,3,...,n,} and draw edges XX, for all
j€{1,2,3,...,n,} In this step, we have n, +n, edges.
Step 5. Draw edges X, X5 1) and edges X, X, for all i€{2,3,...,n,} In this step, we have

2(n, —1) edges.
Step 6. Draw edges LR forall j€{1,2,3,. ..,n. % In this step, we have n, edges.

Therefore, we obtain a planar 3-partite graph G(V,,\V_,V,) with

17727 73

e(G =n,+n,+n,+20n, —1)=3n,+2n —2 as shown in Figure 8. O

X3n

Figure 8. sz

N3

Theorem 11 For 1<n, <n_, Ce(K )=(n, —1n, —2).

1,n,,n,

Proof. We can remove nn, —2n —n, +2 edges from K to obtain a planar 3-partite

graph G in Lemma 10, so

Ce(K )S<nn,—2n,—n, +2=(n, —1n, —2) (5)

1,n,,n,

Note that K~ isa subgraph of K, and Ce(K )=(n, —=1(n, —2). So

1+n,,n,

Ce(K,. )>(n, —1n, —2). ()

1,n,,n,

From (5) and (6), we have Ce(KM R )=(n, =D, —2). O
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\Y

1=2, =n

27

Lemma 12 For 2<n <n_, there is a planar 3-partite G(V,V,,V,) with

1% 2% "3

VZ

\Y

3

=n,, and e(G) =4n, +2n,.

3,
Proof. Let n, and n, be positive integers with 2<n, <n,.

,X,. } be partite sets of G(V,V,,V,).

Let V1={x X },V2={x

1177712

}, and V, ={x

eee, X e
217°* 2 Mo, 317 3n,

=n,, and

\Y

1

\Y

We can draw a planar 3-partite graph G(V,,V,V,) with =2,|,|=n,, |V,

17727 73

e(G)=4n, +2n, as follows:
Step 1. Draw a vertex x, and a vertex x, in the horizontal line and leave some space
between a vertex x,, and a vertex x,.

Step 2. Draw vertices x, ,...,x, inthe vertical line between a vertex x,, and a vertex x,.

3n,

Step 3. For each i€{,2,3,...,n}, draw a vertex X between vertices X, and -~

Step 4. Draw edges X, X, for all i€{,2,3,...,n} and draw edges XX, for all
j€{1,2,3,...,n,} In this step, we have n, +n, edges.
Step 5. Draw edges x x  for all i€{1,2,3,...,n2}and draw edges XXy, for all

127 °2i
j€{1,2,3,...,n,} In this step, we have n, +n, edges.

Step 6. Draw edges XX and edges X, X for all i€{,2,3,...,n} In this step, we have

3(i+1)

2n, edges.

Therefore, we obtain a planar 3-partite G(V,V.,V,) with

17727 73

e(G) =, +n,)+(n,+n,)+2n, =4n, +2n,  asshown in Figure 9. O
X31
XM X12
X

3n,

Figure 9. K,

N3
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Theorem 13 For 2<n, <n,, Ce(K )=n,(n, —2).

2,n,,n,

Proof. We can remove n,(n, —2) edges from Kyn o, O obtain a planar 3-partite graph G in

Lemma 12, so

CeK,, ) <n,(n, —2). )
Note that Koo, 152 subgraph of K, and Ce(KHw}) =n,(n, —2). So

Ce(K,, ) 2n,(n, —2). (8
From (7) and (8), we have Ce(Kz,nz m}) =n,(n, —2). O

Lemma 14 For a positive integer n, there is a planar 3-partite graph G(V,V ,V,) with

17727 73

\Y

1

\Y

2

=n, e(G)=9n—6 and f(G) =6n —A4.

V3

Proof. Let n be a positive integer, V, ={x ,,...,x, LV, ={x,,...,x, }, and V, ={x_,...,x, }

be partite sets of G(V,V.,V,). We can draw a planar 3-partite graph G(V,V,V,) with

12 727 °3 ]

\Y

1

\Y

2

=|V,|=n, e(G)=9n—6 and f(G) =6n—4 as follows:
Step 1. Draw a vertex x, and a vertex x, in the horizontal line and leave some space
between a vertex x,, and a vertex x,,.

Step 2. Draw vertices X, ,...,X, in the vertical line between a vertex X, and a vertex X,

3

Step 3. For each j€{2,3,...,n}, draw a vertex X, between vertices Xyim1) and X, on the left
side.
Step 4. For each i€ {2,3,...,n}, draw a vertex x, between vertices Kot and x, on the right
side.

Step 5. Draw edges x ,x, and edges x, x, forall i€1{1,2,3,...,n}. In this step, we have 2n

edges.

Step 6. Draw edges X, X, s for all i€{2,3,...,n} and edges x_x. for all kE€{1,2,3,...,n}

21773k

In this step, we have (n—1)+n=2n—1 edges.

Step 7. Draw edges X, X and edges X, Xy for all j€1{2,3,...,n}. Draw edges x, x and

3(j—1) 3(i—1)
edges x,x, forall i€1{2,3,...,n}. Draw edges x x, for all i€{2,3,...,n}. In this step, we
have 2(n—1)+2(n—1)+ (n—1) =5n—5 edges.

We obtain a planar 3-partite graph G(V,,\V,V,) with e(G)=2n+ (2n—1)+ (5n—5) =9n —6 as

17727 73

shown in Figure 10. The Euler’s formula implies that

fG)=2—n(@)+e(G=2—3n+9n—6=6n—4. O
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X

11 21

X )¢\
AN

Figure 10. K

fal

Theorem 15 For n21, Ce(K )= 3n° — (9n—6).
Proof. We can remove 3n” — (90— 6) edges from K, ., toobtain a planar 3-partite graph G in
Lemma 14, so

Ce(K . )<3n" —(9n—6). ©)
The Euler’s formula implies that if G is a planar graph then G has at most 9n — 6 edges.
So we have to remove at least 3n” — (9n — 6) edges, and obtain that

Ce(K, . )=3n"—(9n—6). (10)
From (9) and (10), we have Ce(Knm) =3n" —(9n—6). O

Lemma 16 For n21,1<r<6n—4, there is a planar 4-partite graph G(V,V,V,,V.) with

17 727 737 "4

v|=

1

V.

2

V.

3

=n|V,|=r, e@=9n+3r—6 and (@) =6n+2r—a.

Proof. Lemma 14 implies that K _ have G=G(V,V,V.) as a subgraph  with

17727 73

\Y} =n, e(é) =9n—6, all 6n —4 faces are C, and each face contains a vertex of

1

\Y

2

V3

each partite sets V,,V,,V,.

A
Let {f,f,,....,f__,} be the set of faces C, of (~3

For each i €1{1,2,...,r}, draw a vertex x,, in aface f, and draw edges joining a vertex x, and
all vertices in a face C,. For one vertex added, we add 3 edges and 2 faces. If we add r vertices,
then we add 3r edges, and 2r faces. So, e(G)=9n+3r—6 where 1<r<én—4 and

f(G=6n+2r—4a. a

Theorem 17 For 1Sn<r, Ce(K )= 3n” 4 3nr — (9n + 3r — 6).
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Proof. We can remove 3n’ 4 3nr — (9n+ 3r —6) edges from K nn, to obtain a graph G in

Lemma 16 which is a planar graph, so

Ce(K )< 3n" 4+3nr—(9n+ 3r —6). (11)

The Euler’s formula implies that if G is a planar graph then G has at most 9n + 3r — 6 edges.

So we have to remove at least 3n° 4 3nr — (9n + 3r — 6) edges.

We obtain that

Ce(K  )>3n"43nr—(9n+ 3r —6). (12)

n,n,n,r

From (11) and (12), we have Ce(Km ,r) =3n’ 4 3nr — (9n + 3r — 6). O

n,n

Lemma 18 For n>1,1<n, <|v|+|v [+ +

Vk -1

,k=4,, there is a planar k-partite graph

GV, V, een, ) with |v,| =

12 720"

VZ

V

k

=n,|V4|=n4,...,

=V, =n, e@=9+3n, +--++n)—6

k b
and f(G)=6n+2(n, +-+-+n)—4
Proof. We prove by mathematical induction on the number of partite sets.

Base. Consider k =4. By Lemma 17, we have a planar 4-partite graph G(V,,V,V,,V.) with

17 “22 "37 "4

V| =

V3

v|=

=n,|v.|=n,, e@=9n+3n, —6and f(&)=6n+2n, —4.
Induction step. Let k =5. Suppose there is a planar (k-1)-partite graph G(V,,V,,. ..,V ) with

3n+n, +---+n,_ vertices, 9n+3(n, ++--++n_)—6 edges and 6n+2(n, +--+n,_)—4

|
faces.
Next, we will draw a planar k-partite graph G(Vl,VZ,. ..,Vk) where each face contains 3 vertices
from different partite sets Vi, V,eee, V.
Let {f,f,,.. .,fnk} be the set of faces C, of G where n <6n+2(n, +--++n_)—4. For each
i€{l,2,...,n}, draw a vertex x, in a face f by drawing edges joining a vertex x, and all
vertices in face C,. For one vertex we added, there are 3 edges and 2 faces added. If we add
n, vertices, then we added 3n, edges and 2n_ faces.

Therefore, we obtain a planar k-partite graph G(V,,V,,...,V,) with
e(G=9+3(n, +++++n)—6 and f(G =6n+2(n, +---+n,)—4 where

1<n <6n+3(n, +---+n)—4d

By mathematical induction, we have a planar k-partite graph G(V,,V,,...,V.) with

\Y

1

V.

2

= = =n,|V4|=n4,

v, WY

k

=n,, eG=9n+3(n, +++++n)—6 and

f(G=én+2(n, +-+n)—4. 0
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Theorem 19 Let k 25. For 1Sn<n <-+-<n,
Ce(Kﬁ,ﬁ,ﬁ,n ,...,n)

=3n’ +3nn, +n,3n+n)+--+n GBn+n, +--+n_)—0On+3n, +---+n)—6)
Proof. We can remove

3n’ +3nn, +n,B3n+n)+++n Bn+n, +--+n_)—On+3n, +---+n )—6) edges
from Ko to obtain a planar k-partite graph G in Lemma 18, so

CeK .. )< 3n’ +3nn, +n,Gn+n)+---+n Gn+n, +---+n_)

(13)
—(On+3(n, +---+n)—6)

The Euler’s formula implies that if G is a planar graph then G has at most

On+3(n, ++--+n)—6 edges. We have to remove at least

3n’ +3nn, +n,B3n+n)+++n Bn+n, +--+n_)—0On+3n, +---+n)—6) edges.
So

Ce(K,,,. 1230 +3m, +n.Gntn)+-+nGntn +ootn )
—(On+3(n, +---+n)—6) =
From (13) and (14), we obtain that
Ce(Kmm‘,_”,mk )=3n" + 3nn, +n,3n+n)+--+n Gn+n +oo4+n )
—(On+3(n, +--++n)—6) -

Conclusion
We conclude our results in Table 1.

Table 1. Summary results for Ce(G) where G is a complete graph or a complete k-partite graph

Graph G Ce(G)
n
K (n=25) —(3n—6)
Koo 2<m<n) (m—2)Xn—2)
1n2n3( <n,=<n,)

(n, —1n, —2)

. (2<n,<n,) n,(n, —2)
Kn,n,n (n 2 1) 31’12 - (9n - 6)
n,n,nr( Sn<r)

3n° 4 3nr — (9n + 3r — 6)
3n° +3nn, +n,(Gn+n)+e+n Gntn, 4o

—(On+3(n, +--++n)—6)
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