015a1sIneIMAansUs:ynn
THE JOURNAL OF APPLIED SCIENCE

ISSN 1513-7805 [Print] ISSN 2586-9663 [Online]
dA 19 auud 2 [2563] Vol.19, No.2 [2020]

THE JOURNAL IS COVERED BY:

% oy \\[/ ASEAN
s | |

Approved by TCI during o i aroauisaising
2020-2024 Thai-Journal Citation Index Centre

INDEX

Available online at https://www.tci-thaijo.org/index.php/JASCI



The Journal of Applied Science 19(2) (2020) ISSN 1513-7805; ONLINE ISSN: 2586-9663
NsAFINeAENTUsTE NG Printed in Thailand ISSN

Consulting Editors

from King Mongkut's University of Technology North Bangkok, Thailand
Assoc.Prof.Dr. Surapun Yimman

Assoc.Prof.Dr. Saowanit Sukparungsee

Assoc.Prof.Dr. Kitti Bodhipadma

Editor
from King Mongkut's University of Technology North Bangkok, Thailand
Assoc.Prof. Narumol Kreua-ongarjnukool

Co-Editor

from King Mongkut's University of Technology North Bangkok, Thailand
Asst.Prof.Dr. Peerapong Pornwongthong

Asst.Prof.Dr. Nonchanutt Chudpooti

Associate Editor

from King Mongkut's University of Technology North Bangkok, Thailand
Assoc.Prof.Dr. Yupaporn Areepong
Assoc.Prof.Dr. Nutsuda Sumonsiri
Assoc.Prof.Dr. Sekson Sirisubtawee
Asst.Prof.Dr. Walaiporn Prissanaroon Ouajai
Asst.Prof.Dr. Tanapat Anusas-amornkul
Asst.Prof.Dr. Suvimol Phanyaem
Asst.Prof.Dr. Theerawut Phusantisampan
Asst.Prof.Dr. Jintawat Tanamatayarat
Asst.Prof.Dr. Sukanya Thepwatee

Editorial Advisory Board
Prof.Dr. Pranom Chantaranothai
Khon Kaen University, Thailand
Prof.Dr. Yongwimon Lenbury
Mahidol University, Thailand
Prof.Dr. Sangvorn Kitthawee
Mahidol University, Thailand
Prof.Dr. Vanchai Riewruja
King Mongkut's Institute of Technology Ladkrabang, Thailand
Assoc.Prof.Dr. Montri Maleewong
Kasetsart University, Thailand
Assoc.Prof.Dr. Dudsadee Uttapap
King Mongkut's University of Technology Thonburi, Thailand
Assoc.Prof.Dr. Chalermchai WongsAree,
King Mongkut's University of Technology Thonburi, Thailand
Assoc.Prof.Dr. Sa-ad Riyajan
Thammasat University, Thailand
Assoc.Prof.Dr. Sittiwat Lertsiri
Mahidol University, Thailand
Assoc.Prof.Dr. Mariena Ketudat-cairns
Suranaree University of Technology, Thailand



The Journal of Applied Science 19(2) (2020) ISSN 1513-7805; ONLINE ISSN: 2586-9663
NsAFINeAENTUsTE NG Printed in Thailand ISSN

Editorial Advisory Board (cont.)
Assoc.Prof.Dr. Wararit Panichkitkosolkul
Thammasat University, Thailand
Assoc.Prof.Dr. Sanae Rujivan
Walailak University, Thailand
Asst.Prof.Dr. Kuntpong Woraratpanyast,
King Mongkut's Institute of Technology Ladkrabang, Thailand
Asst.Prof.Dr. Suphakant Phimoltares
Chulalongkorn University, Thailand
Col.Asst. Prof.Panadda Hatthachote
Phramongkutklao College of Medicine, Thailand
Dr. Chivarat Muangphat
King Mongkut's University of Technology Thonburi, Thailand
Dr. Elvin James Moor
King Mongkut's University of Technology Thonburi, Thailand

Coordinator and Manager

from King Mongkut's University of Technology North Bangkok, Thailand
Mr. Phirom Pabu

Mr. Piyawat Sutha

Miss.Wilaiporn Khunkaew

Miss.Wilawan Sae-jeng

Miss.Kitsiya Chuchuaysuwan

Contact info

Faculty of Applied Science

King Mongkut's University of Technology North Bangkok

1518 Pracharat 1 Road, Wongsawang, Bangsue, Bangkok 10800 : Thailand
Phone: 02-555-2000#4211

Website
www.tci-thaijo.org/index.php/JASCI



The Journal of Applied Science 19(2) (2020) ISSN 1513-7805; ONLINE ISSN: 2586-9663
NsAFINeAENTUsTE NG Printed in Thailand ISSN

JOURNAL POLICY

Focus and Scope

The Jornal of Applied Science is an academic journal published biannually by the Faculty of
Applied Science, King Mongkut's University of Technology North Bangkok. The Journal
publishes original research and review papers either in Thai or English covering all areas of
applied science and technology. The journal will not accept articles, which have been published
or are being considered for publication by another journal, nor should papers published here be
submitted to other journals.

"The Journal of Applied Science does not have policy to collect publication fee"
"Each articles must be evaluated by two peers (double blinded) before accepted for publication"

"Article must be revised and sent back to the journal within 4 weeks after the return for
revision unless the article will be rejected"

"The Journal of Applied Science published both as hard -copies [ISSN 1513-7805 (Print)] and
electronic journal [ISSN 2586-9663 (Online)] available on ThaiJO system"

Scope of the Journal

To publish academic, research and review articles covering all area of both basic and applied
sciences and technology including pure and applied mathematics, statistics, chemistry and
applied chemistry, materials science, physics and industrial physics, environmental science and
technology, biotechnology, agro-industrial and food technology, medical science and
applications, health and beauty technology, computer and informatic sciences and materials
science

Peer Review Process
Each article must be double blind peer reviewed by at least 2 reviewers from the related field.

Language
Both Thai and English

Publication Frequncy

Twice a year (Biannual)

First Issue: January to June

Second Issue: July to December

Courtesy by the Faculty of Applied Science,

King Mongkut's University of Technology North Bangkok

Remarks
Authors have to be responsible for any legal effects that may occur due to their opinions
expressed in the articles.



The Journal of Applied Science 19(2) (2020) ISSN 1513-7805; ONLINE ISSN: 2586-9663
NsAFINeAENTUsTE NG Printed in Thailand ISSN

TABLE OF CONTENT

Ultrastructure of the granulopoietic cells in head kidney of the Barbour's seahorse,
Hippocampus barbouri Jordan & Richardson, 1908 in captivity

Sinlapachai Senarat, Jes Kettratad, Chanyut Sudtongkong, Theerakamol Pengsakul,

Pisit Poolprsert, Koraon Wongkamhaeng and Woranop Sukparangsi 1

On the Monoid of Generalized Cohypersubstitutions of type \tau=(n)
Nagornchat Chansuriya 11

The Discrete Exponentiated Pareto Distribution:
Its Properties and Application
Winai Bodhisuwan and Yadapa Chotedelok 24

An Approximation to the Average Run Length on a CUSUM Control Chart

with a Numerical Integral Equation Method for a Long-Memory

ARFIMAX Model

Wilasinee Peerajit 37

Estimating the Average Run Length of CUSUM Control Chart for Seasonal
Autoregressive Integrated Moving Average of Order (P, D, Q) L Model
Suvimol Phanyaem 52

On the regularity-preserving elements in regular LA** -semigroups
Pairote Yiarayong and Chadarat Tapan 61

Efficient Moving Average Control Chart for Zero Truncated Poisson
Processes when Parameter Changed
Kanita petcharat 74

Comparative Study on CA-Markov Model and CLUE-S Model for Land
Use Changed Prediction in National Reserved Forest, Nan Province
Weeraphart Khunrattanasiri 87

Optimum hydraulic retention time for dark-fermentative hydrogen

production from co-digestion of vinasse and dried spent yeast

Chatchawin Nualsri, Naphatsarnan Phasukarratchai,

Chakkrit Sreela-or and Sureewan Sittijunda 101

Study on chemical composition of Typha angustifalia L and extracted

cellulose from Typha angustifalia L for food applications

Patcharaporn Pimchan, Sureerat Usoungnern, Sangravee Bidon,

Sirikan Duangde and A-roonrat Utaiku 116



The Journal of Applied Science 19(2) (2020) ISSN 1513-7805; ONLINE ISSN: 2586-9663
NsAFINeAENTUsTE NG Printed in Thailand ISSN

TABLE OF CONTENT (cont.)

The effect of industrial microwave power level on physical and
chemical properties of semi-finished fish crackers
Romlee Chedoloh and Mahamadaree Waeno 129

Development of spicy salted egg yolk seasoning powder
Benjawan Thumthanaruk, Chalothorn Wimolyai, Nongnuch Kongsakpaiboon and
Savitri Vatanyoopaisarn 145

Effect of edible coating formulations and storage time on physical,
sensory and microbiology properties of fresh-cut papaya
Suthida Akkarachaneeyakorn, Wasitthi Niamsuwan and Sutheera Khantaphant 158

Power-law process and its applications on repairable systems
Jularat Chumnaul 175



The Journal of Applied Science Vol. 19 No. 2: 1-10 [2020]
NsAFINeAENTUsTE NG doi: 10.14416/j.appsci.2020.02.001
ISSN 1513-7805 Printed in Thailand ISSN 2586-9663 (Online)

Research Article

Ultrastructure of the granulopoietic cells in head kidney of
the Barbour's seahorse, Hippocampus barbouriJordan &
Richardson, 1908 in captivity

Sinlapachai Senarat!”, Jes Kettratad?3, Chanyut Sudtongkong?,
Theerakamol Pengsakul?, Pisit Poolprsert®, Koraon Wongkamhaengs®,
Woranop Sukparangsi’

!Department of Marine Science and Environment, Faculty of Science and Fisheries Technology, Rajamangala University
of Technology Srivijaya, Trang Campus, Sikao, Trang, 92150

2Department of Marine Science, Faculty of Science, Chulalongkorn University, Bangkok 10330, Thailand

3Marine Ecology and Marine Resources Utilization Research Unit, Aquatic Resources Research Institute, Chulalongkorn
University, Bangkok 10330, Thailand

“Faculty of Medical Technology, Prince of Songkla University, Songkhla, 90110, Thailand

5Program of Biology, Faculty of Science and Technology, Pibulsongkram Rajabhat University, Phitsanulok 65000,
Thailand

%Department of Zoology, Department of Zoology, Faculty of Science, Kasetsart University, Bangkok 10900, Thailand
’Department of Biology, Faculty of Science, Burapha University, Chon Buri 20131, Thailand

*E-mail: Senarat.s@hotmail.com; Sinlapachai.s@rmutsv.ac.th

Received: 28/04/2020; Revised: 13/10/2020; Accepted: 25/10/2020

Abstract

The Barbour's seahorse, Hippocampus barbouri is one of the vulnerable-category
species based on IUCN's Red List (CITES Appendix II); therefore, H. barbouri has been in focus
for conservation aquaculture in Thailand. Since morphologic or structural alterations of
hematopoietic cells of fish under captive system have not been extensively documented, here
the ultrastructure of the granulopoietic series in the head kidney of aquacultured H. barbouri
was initially revealed through transmission electron microscopy (TEM). Results from our finding
presented that the granulopoietic cells of this seahorse could be classified into six sub-series
including myeloblast, promyelocyte (two sub-stages: early and late promyelocytes), myelocyte,
metamyelocyte and mature granulocyte. The highest proportion of granulopoietic cells among
these six sub-series was the late promyelocyte. Noticeably, the first appearance of granule like-
structure was identified in the early promyelocyte and this granular structure greatly
accumulated in the mature granulocyte. This study also offers an insight into developmental
series of granulopoiesis related to the prominent granules, which will provide better
understanding of cellular structure of the hematopoietic cells and immune system in the
seahorse under captivity condition.

Keywords: Granulopoietic cells, Head kidney, Hematopoietic cells, seahorse, TEM
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Introduction

Definitive head kidney (or anterior kidney), a unique teleost organ, plays important
roles in regulation of fish homeostasis including a part of endocrine system (analogous to
mammalian adrenal gland and thyroid gland) and formation of blood cells related to immune
system, in particular as “kidney marrow” for lifetime hematopoiesis where hematopoietic stem
cell (HSC) finally reside and differentiate (Willett et al., 1999; Rombout et al., 2005; Avagyan
and Zon, 2016; Geven and Klaren 2017). According to Boomker (1979), structural and
ultrastructural features of the kidney tissues (pronephros and mesonephros) in some teleost
fishes, i.e. Clarias garipinus and Sarothrodon mossambicus were described as a major organ
forming blood elements, equivalent to mammalian red bone marrow. It is well-defined based
on most ultrastructural studies that formation of hematopoietic cells and blood cell lineages in
the kidney marrow can be morphologically classified into different series. Sites for developing
multiple blood cell lineages including erythropoiesis, thrombopoiesis and granulopoiesis in the
head kidney were found in Dicentrarchus labrax (Esteban et al., 1989). Developmental steps of
granulopoiesis in telost fishes were characterized in some literatures (Zapata, 1979; Savage,
1983; Zuasti et al.,, 1987). In D. /abrax, the granulopoietic progenitors can give rise to
promyelocytes, myelocytes, metamyelocytes and the mature cells including heterophils,
eosinophils and basophils. The main criteria of identifying these cell types in granulopoietic
series are based on cell size, cell shape and granular features, as shown in maturational steps
of Oreochromis niloticus (Abdel-Aziz et al., 2010). However, ultrastructural alteration during
developmental steps in granulopoietic series has not been in focus. Understanding cellular
changes during this process will uncover differentiation stages of teleost leucocytes.

Barbour's seahorse Hippocampus barbouri, an economically valuable marine fish, is
listed for the marine aquarium trade and used in Chinese traditional medicine (Lourie et al.,
2004; IUCN, 2006). Recently, the population of this seahorse species is decreasing and thus ~.
barbouri is classified as “Vulnerable” on the IUCN's Red List of threatened Species and CITES
Appendix II (Lourie et al., 2004; IUCN, 2006). To preserve H. barbouri in Thailand, Phuket
Marine Biological Center (PMBC) has been working on developing the optimal condition for
aquaculture of the seahorse. Immune cells responding to the artificial condition in this seahorse
is still under investigated. Hence, in the present study, ultrastructural details related to immune
cells, in particular the granulopoiesis from the head kidney of H. barbouri were described using
transmission electron microscopy (TEM), aiming to provide in-depth information on the process
of the granulopoiesis of H. barbouri and hematopoietic niche in kidney marrow of the seahorse.
Certainly, our observation provided for better understanding of its granulopoietic cell, which
would display possible interspecific comparisons on hematopoietic cell among seahorses and
use as a creating potential indicator of hemato-ecological impacts.

Materials and methods

Ten hatchery-captive Hippocampus barbouri (1 month of age with 65.56+£0.98 mm in
total lenght) were collected, as described in Kamnurdnin (2017) during October to December
2017. This seahorse was reared by adequate captive conditions using natural seawater at the
Phuket Marine Biological Center (PMBC), Phuket Province, Thailand. The experimental protocol
was approved by the Animal Care and Use Committee of Faculty of Science in accordance with
the guide for the care and use of laboratory animal prepared by Chulalongkorn University
(Protocol Review No. 1623004).
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A small pieces of the head kidney (1x1 mm?3) were immersed in 2.5% glutaraldehyde in
0.1 M phosphate buffer, pH 7.4 at 4 °C and subsequently post-fixed in 1% osmium tetraoxide
(0s04). The fixed tissue samples were then processed using TEM sample preparation

techniques. The fixed kidney tissue in semithin sections was stained with toluidine blue and
examined with light microscopy. Ultrathin section of 90 nm was cut, lightly stained with uranyl
acetate and lead citrate and analyzed with transmission electron microscope (JEM-2100 at
200kV). The features and series of granulopoiesis were identified using criteria and guidelines
from from Esteban et al. (1989) and Abdel-Aziz et al. (2010). Also, the determination of
granulopoietic proportion was performed using 50 randomly selected cells per each TEM image.
The measurement of cell size, nuclear size and granule size was examined using 10 randomly
selected cells per TEM image, where the number of their granule was also counted.

Results and discussion

Few works concerning the granulopoiesis in some fish have been addressed
(Yamamoto & Iuchi 1976; Mattisson & Fange 1977). In this study, we therefore provided a new
insight into the granulopoietic series of H. barbouri, which is identified based on size,
morphological traits, cellular organelle complexity and granular features.

The differentiation of the granulopoiesis involved a series of maturational steps by
transition from myeloblasts to mature granulocyte (Figures 1-3). A series of successive
granulopoietic population in H. barbouri was further divided into five steps: myeloblast,
promyelocytes, myelocytes, metamyelocytes and mature granulocytes (Figures 1-3).

Myeloblast was considered as an undifferentiated progenitor or presumptive blast cell
for granulopoietic cell series. This was the first recognizable granulocytic lineage. In the kidney
marrow, the size of myeloblast was approximately 5.17+0.87 um in diameter and served as
10.66 percent of the total cell proportion. In general, the myeloblasts were grouped as clusters
of 2-3 cells (Figure 1B). Each cell had a large nucleus (about 3.68+0.97 pm in diameter)
without distinct clumps of condensed heterochromatin (Figure 1C). The nuclear membrane
outline was clearly appeared and surrounded by several organelles including free ribosomes,
endoplasmic reticulum (ER) and mitochondria (Figure 1C).

Promyelocyte was a larger cell type, compared to the myeloblasts, about 6.76+0.98 pm
in diameter. The proportion of the promyelocyte population was very high (61.33 percent) and
thus this cell type was observed occupying most of the area in the thin sections (Figure 1A).
The ultrastructure of promyelocyte can be characterized in two sub-stages (early and late
promyelocytes). Early promyelocyte exhibited an irregular nuclear shape with prominent
heterochromatin (Figure 2A). Remarkedly, formation of granule like-structure can be initially
observed at this stage although it was not easy to identify this cellular structure even under
TEM observation (Figure 2B). Similarly, granulopoietic cell with this structure can also be found
in human bone marrow (Bainton and Farquhar, 1966), emphasizing the equivalent of fish
anterior kidney to mammalian bone marrow. This stage further differentiated into the late
promyelocyte exhibiting the nucleus with abundance of heterochromatic clumps along the
nuclear membrane (Figure 2A). The concentration of dense-cored vacuoles was clearly
identified to be a vacuolated granule like-structure in the cytosol (Figure 2B). A development of
cytoplasmic organelles including ER and mitochodria was also easily observed (Figure 2B).
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Myelocyte had slightly bigger cell size (6.92+1.2 pm in diameter) than the
promyelocyte. This cell exhibited irregular cell shape. Myelocyte population was about 18
percent of the total granulopoietic cells, which was higher than those of myeloblast and
metamyelocyte. The shape of centrally located nucleus (3.64+0.91 pm in diameter) was
similar to that of the late promyelocyte (Figure 2C), but the arrangement of compacted
heterchromatin was observed along the nuclear membrane. At this late stage of promyelocyte,
numerous granules (average number: 7.84+0.66 granules/cell and size of granule: 0.25+0.81
HMm in diameter) can be found and these granules exhibited electron-dense and dispersed

throughout the cytosol (Figures 2E-2F). The characters of developing granules at this cell stage
agreed well with the presence in high amount of other cellular organelles including packed
mitochondria, ER and ribosome (Figure 2D), suggesting that the formation of electron-dense
granules perhaps required high amount of energy and protein production.

Metamyelocyte displayed about 5.33 percent of total cell population. It had an eccentric
nucleus (Figure 2E). A prominent specific granules were still recognized (Figures 2E-2F), but
number (35.2+0.76 granules/cell) and size (0.34+1.10 pm in diameter) of specific granules was
higher than what found in the myelocyte (Figure 2G). Small mitochondria were dispersed
among the granules (Figure 2E). Several pseudopodial formations were noted during this stage
(Figures 2E-2F). The metamyelocyte was then differentiated into the mature granulocytes
(Figure 3). The proportion of the mature granulocyte was rarely (3.33 percent). The
granulocytes presented a large amount of specific granules (Figure 3).

TEM imaging of H. barbouri seahourse head kidney clearly visualized the differentiation
stages of the granulopoietic series, enabling to classify them from the youngiest myeloblasts to
the mature granulocytes. The presence of these cells in the kidney marrow of the seahorse was
similar to those investigated in other teleosts (Esteban et al., 1989; Meseguer et al., 1990;
Abdel-Aziz et al., 2010). In addition, the granulopoietic series in the seahorse can be explained
as the percent proportion or percentage of cell populations. By this approach, it is interesting
that our rared seahorses exhibited the highest proportion of the late promyelocytes compared
to other granulocytic cells. This is constrast to other literatures describing teleost
granulopoiesis. It was postulated that the increased number of promyelocytes was observed
during an infectious disease and significantly correlated with the fever index (Marsh et al.,
1967). Our previous data also showed the appearance of kidney histopathology of H. barbouri
(Kamnurdnin et al. in press). Thus, peak in promyelocyte population in this study might be the
early sign for renal inflammation. This also implies that the development of immune cells in our
rared seahorse was effective in response to the presence of infectious agents.
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Figure 1 Electron micrographs showing the granulopoiesis in the head kidney of Hippocampus
barbouri. A. Ultrastructural overview of granulopoietic cells B. Undifferentiated progenitor of
granulopoietic series or myeloblast C. Higher magnification of myeloblast. Abbrevations: Ep =
early promyelocyte, ER = endoplasmic reticulum, Lp = late promyelocyte, Mc = myelocytes, Mi
= mitochondria, Nm = nuclear membrane, R = ribosome, Upb = undifferentiated presumptive

blast cell.
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Figure 2 Electron micrographs showing the granulopoietic series in the head kidney of
Hippocampus barbouri. Different stages of granulopoietic cells are shown: early promyelocyte
and late promyelocyte (A-B), myelocyte (C-D) and metamyelocytes (E-G). Abbreviations: Chc =
clumped heterochromatin, ER = endoplasmic reticulum, Eu = euchromatin, Gn = granules, Hc
= heterochromatin, Mi = mitochondria, N = nucleus, P = pseudopodia, PG = pre-granules or
vacuolated granule like-structure, R = ribosome, cycle = granule like-structure.
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Figure 3 Schematic diagram showing the characterizations of the granulopoietic series of

Hippocampus barbouri including myeloblast (A), early promyelocyte (B), late promyelocyte, (C),
myelocyte (D), metamyelocyte (E) and mature granulocyte (F).
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As important function of specific granules is to play roles in immunity, the granules
contain hydrolytic enzymes and cytotoxic contents to support of leucocyte function (De duve,
1963; Hirsch and Cohn, 1964; Cohn & Hirsch, 1960). The formation of specific granules in
granulopoietic cells is a complex mechanism involving many pathways in cell signaling and
cellular mechanism of protein synthesis and transportation via trans-Golgi network for granular
formation (Borregaard, 1966; Borregaard et al.,, 1987; Lawrence et al., 2018). Mitochondria
also plays some part in the intracellular membrane system connecting to endoplasmic
reticulum—Golgi complex network and this kind of intracellular network ultrastructure can also
be seen in granulopoiesis of a teleost fish (sea bass), as shown in Meseguer et al., 1990. Our
finding also showed similar observation to these literatures that the condensation of the
granule content in the developing promyelocyte came at the same period of large
accumulations of mitochondria and ER in the cells.

The presence of different granular cell series in our observation showed that the head
kidney of seahorse definitely can be considered as kidney marrow, an equivalent structure to
human bone marrow (Bainton, and Farquhar, 1966). The intial stage of granular cell population
in sea bass were reported by Meseguer et al. (1990) and they found that myelocyte was the
first cell type in the series producing the granules while our study first showed that it was the
earlier stage - promyelocyte in the seahorse firstly generating specific granules. Other aspects
of development from myelocyte to mature cells in term of density/number of the specific
granules were consistent to other reports of telost fishes (Esteban et al., 1989; Abdel-Aziz et
al., 2010) and other vertebrates (Curtis et al., 1979; Brederoo et al., 1986), suggesting the
well-conserved program of immune cell formation among vertebrates.

Conclusion

This study highlights the first ultrastructural detail of granulopoietic series in the head
kidney of H. barbouri seahorse under captivity. Under differentiation from the myeloblast to the
mature myelocyte, here we reported key findings including the late myelocyte as the highest
proportion and the myelocyte as an initial cell type producing specific granules. The presence
of similar cell morphology, nucleus character and organelle complexity in the granulopoietic
cells in the seahorse agreed well to other literatures reporting teleost and vertebrate
granulopoiesis and emphasized the analogy of teleost head kidney to mammalian bone marrow.
Hopefully, this informative data above will present making possible interspecific comparisons
between seahorses/other fishes and use as an indicator of hemato-ecological impacts.
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Introduction

The topic on universal algebra, interested by many authors, is cohypersubstitution of
type 7 . It was firstly introduced by Denecke & Saengsura (2009). They constructed the monoid
of cohypersubstitutions of type 7 and studied some algebraic-structural properties of their
monoid. After that, Boonchari & Saengsura (2016) focused on the monoid of

cohypersubstitutions of type 7 =(n), Cohyp(n), and characterized all idempotent and regular

elements of the monoid. They also characterized some Green's relations on Cohyp(n).
Afterwards, Lekkoksung, N., Jampachon & Lekkoksung, S. (2017) studied the semigroup
properties and characterized all idempotent elements of weak projection cohypersubstitutions.
For studying on generalized cohypersubstitutions of typez=(n;)._,Cohyp, (),
Jermijitpornchai & Saengsura (2013) generalized the concept of Denecke & Saengsura (2009)

and introduced the coterms, generalized superpositions, and some algebraic-structural
properties. They also constructed the monoid of generalized cohypersubstitutions of type

T= (n. )iel .For 7= (2) , Saengsura & Jermijitpornchai (2013) characterized all idempotent and

1
regular elements. Moreover, Saengsura & Butkote (2015) characterized all idempotent and
regular elements of the monoid of generalized cohypersubstitutions of type 7 = (3) .
In semigroup theory, it is of interest to consider various type of its elements, including
idempotent, regular, intra-regular, completely regular, etc. The set of all idempotent elements

can be describe the special subsemigroup of the semigroup such as maximal subsemigroup,
maximal unit regular subsemigroup, etc. Moreover, the idempotent elements are the important
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example of regular element that use to describe the structure of regular semigroup. In
generalized cohypersubstitutions of type 7, the set of all idempotent elements is important to

the study of algebraic-structural properties of the monoid CohypG (r) such as the

charecterization of maximal idempotent submonoid, the charecterization of regular elements
and the regular semigroup of generalized cohypersubstitutions of type 7. In the case of

T :(2) , Chansuriya (2020) determined all maximal idempotent submonoids which are useful

to determine another properties of the monoid. In this research, we focus on the monoid of
generalized cohypersubstitutions of type 7= ( n) . Firstly, we study the properties of projection

and dual generalized cohypersubstitutions. Furthermore, we characterize the set of all
idempotent elements of this monoid which is a tool for determine some maximal submonoids
and some structural properties of the monoid.

Materials and Methods
In this section, we collect the basic definitions and the concept of the monoid of
generalized cohypersubstitutions for using in this research.

Definition 1. [Jermjitpornchai & Saengsura (2013)] Let A be a nonempty set and n be
a positive integer. The n-th copower A°"of A is the union of n disjoint copies of A ; formally,
we define A°" as the Cartesian product A’":=nxA, where n:={l...,n}, ie.
A" = {(i,a)| ien and a inthe i-th copy of A}.

A co-operationon A is a mapping f*:A— A" for some n>1 where n is the arity
of the co-operation f* and f* is n-ary co-operation defined on the set A. Every n-ary co-
operation f* on the set A can be uniquely expressed as the pair of mappings (flA, fZA)
where flA : A— n gives the labelling used by f*in mapping elements to copie of A, and

fZA :A—> A tells us what element of A any element is mapped to, so
f*(a) :(flA(a), fZA(a)). Note that cO\” = { fArA> A‘”‘} is the set of all n-ary co-

operations defined on A and cO, = UCO&") is the set of all finitary co-operations defined on

nx1

A The special co-operations which are defined for each 0<i<n-1 by zi”‘A A A" with

ar— (i, a) for all @a € A are called /injection co-operation.

Definition 2. [Jermjitpornchai & Saengsura (2013)] Let 7 =(n;).  and (f;) be an

iel iel

indexed set of co-operation symbols which f, has arity n. for each iel. Let

{e}‘| n>1nell,0<j< n—l} be a set of symbols which disjoint from { f, | i I} such that

e? has arity n for each 0< j<n-1. The coterms of of type 7 are defined as follows:

-12 -



The Journal of Applied Science Vol. 19 No. 2: 11-23 [2020]
NsAFINeAENTUsTE NG doi: 10.14416/j.appsci.2020.02.002

(i) For every i€l the co-operation symbol f; isan n. -ary coterm of type 7.

(i) For every n>1 and 0< j <n-1 the symbol e;‘ is an Nn-ary coterm of type 7.

(iii) If t,,...,t, , are n-ary coterms of type 7, then for every iel, f; [to,...,tnrJ is
an n-ary coterm of type 7, and if t{;,...,{ , are m-ary coterm of type 7, then

e [to,...,tn_l] is an m -ary coterm of type 7 forevery 0< j<n-1.

The set of all n-ary coterms of type 7 denoted by CTT(”), and the set of all coterms of

type 7 denoted by CT, ::UCTT("). The following is a generalized superposition of the
n>1
coterms as following.

Definition 3. [Jermjitpornchai & Saengsura (2013)] Let [] " =0 U{0} and me". A

generalized superposition of the coterms S™ :CT, x(CTT )m — CT, defined inductively by the
fillowing steps:
()If t=e" and 0<i<m-1, then Sm(ei”,to,... t

' 'm-1

):ti, where t,,...,t, , €CT .
(i) If t=g and 0<m<i<n-1,then S"(e,t;,...,t, ) =€/, where

ty,...,t,, €CT .
(i) IF t = f, [ 5,,....5, |, then

8™ (t e t) = [ 8™ (Subi sty )y S™ (84 i ) | where

S™(Sptyreety ) S™(Sy bty ) €CT,.

Now, the above definition can be written as the following forms:
(i)If t=e and 0<i<m-1,then € [ty,...,t, ;] =t, where t,,...,t, , €CT,.
(i) If t=e' and O<m<i<n-1,then &"[t,,....t, ]| =¢", wheret,,....t , eCT..
(i) I t= f,[ s,,....5, |, then
(f [sl,...,snl])[tl,...,tm]: B8 [t b oSy [t b ] ], where

S [ty oty ]se Sy [t oty ] €CT,.

Definition 4. [Jermjitpornchai & Saengsura (2013)] A generalized cohypersubstitution of
type 7 is a mapping o : { f, | ie I} — CT,. Denoted by Cohyp, (2') the set of all generalized
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cohypersubstitutions of type 7. If t,t,...,t eCT_ and o eCohyp, (r), then

&(tft,....t,]) =8 (t)[S(t).....6(t,)].
Generalized cohypersunstitution o can be uniquely extended to mappings
6 :CT_ — CT_ which are inductively defined by the following steps:

0} &(e;‘):z ej forevery n>1and 0< j<n-1,
(i) 6(f)=c(f) forevery iel,
(i) &( [ty ty )= (£)[6(t),-6(t, )| for ti.ut, CT.

Using this extension of generalized cohypersubstitution we can define a binary
operation on the set Cohyp, (r) of all generalized cohypersunstitutions of type 7 as

following. Define a function o : Cohypg (7)xCohypg (7) — Cohypg () on the set of all
generalized cohypersubstitutions by o, o 0, =6, o0, for all o,,0, € Cohyp, () where o
is @ usual composition of mappings. Let o;, be the generalized cohypersubstitution such that

o4 (f,):=f; forall i €. Then the following proposition is obtained.

Proposition 5. [Jermjitpornchai & Saengsura (2013)] The set Cohyp (7) of all
generalized cohypersubstitutions of type 7 is associates with a binary operation o.; and the
generalized cohypersubtitution o34 is an identity of Cohyp (7).

So Cohypg (7):=(Cohyp, (7)o, 03 ) is @ monoid. This monoid is called the

monoid of all generalized cohypersubstitutions of type 7. For more details of the monoid of all
generalized cohypersubstitutions of type 7 see in Jermjitpornchai & Saengsura (2013).

Results
In this section, we denote:

f :=a cooperation symbol of type 7 =(n),
o, := the generalized cohypersubstitution o of type 7 which maps f to the coterm t,
e;‘ := the injection symbol forall 0< j<n-1, nell,

o, := the generalized cohypersubstitution o of type 7 which maps f to the coterm e? ,
J

E(t) := the set of all injection symbols which occure in the coterm t: i.e. for 7=(2), if

t=f [eg, f [eg,ejﬂ,then E(t)={e} el e}.
Now, we consider two types of special elements as following.
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1. Projection and dual generalized cohypersubstitutions of type 7 = (n)

In this section, we study the set of special elements of CohypG (n) that are projection
and dual generalized cohypersubstitutions.

let 7=(n) and E:= {e? In, jel } . A projection generalized cohypersubstitution is a
generalized cohypersubstitution o, where t is the injection symbol. Denoted by PGinj (n) the

set of all projection generalized cohypersubstitutions of typer:(n), i.e.
inj .
P ()= o,

Lemma 1. For any o, € Cohyp; (n) and o, € P{" (n), we have
i

eTeE}.

(i) oyocg Oy =0y

(i) 0, 0 Oy € P (n).

Proof. (i) Let o, (f)=e]. Consider
]

(000 0, (1) =(100,, ) (1) =6.(0, (1)) =6:(e]) =€) =0, ().
Thus o, o Oy =0
(ii) We will consider two cases of t. If t € E and (i), then we have
Oy °cg Oy =0 € P (n). Assume that t = f [Sg:---1S,4] and

110, °ce O, €R(n). So S, (so),...,(%eT (S,.1) € E . Then we get
(O_e? °ce Gt)( f)= (O-e? °ce Uf[so,...,s“])( f)
=69T(f [Sor---S04])
— ¢ (ci,n [5],--16, [sn_l]).
If 0< j<n-1, then (aeJn ocg at)(f):6e?(sj)eE.If j>n, then
(geT ous at)( f)=€] €E.50 0, ocg 0, < R (n).
Corollary 2.

(i) P (n)u{aid} is a submonoid of Cohyp, (n) and P (n) is the smallest two-
side ideal of Cohypg (n).
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(i) P (n) is the set of all right-zero elements of Cohypg (n).

(iii) There are no left-zero elements in Cohypg (n).
Proof. This proof is following from Lemma 1.

Next, we study another special kind of generalized cohypersubstitutions in
Cohyp, (n). Let 7 be a permutation of the set J ={0,1,...,n—1}. For any such

permutation 7, the generalized cohypersubstitution o is called dual generalized

n n n

cohypersubstitutionsif o, =0
f I:e/r(()) &2(1) - Ca(n1)

I Denoted by DY the set of all such dual
generalized cohypersubstitutions.
Lemma 3.

(i) For any permutations 7 and 7, we have o, cc; 0, =0,

(ii) Let 7 be any permutation with the inverse 7. The generalized

cohypersubstitutions o, and o _, are inverse of each other.

n n

n e" €,(0) »+€)(n1)

€2(0) +€x(n-)

Proof. (i) Let 0,,0,€ D(Tj such that o, = O'f[ ] and o, = O'f[ ik We

consider

Thus 0,0 0, =0

oyt
(ii) These follows from (i).
Lemma 4. Let o and & be in Cohyp, (n).If oo S € D', then o and & areallin
DY,
Proof. Let o(f)="f[uy...,u ] and &(F)="f[vy,...,v 4]
Consider
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( )[0 ..... oA'(anl)]
=( Ugs... U )[&(VO),...,&(vn_l)]
= f[ 0[&(vo),...,&(vn_l)],...,un_l[c%(vo),...,&(vn_l)]].

Since oz & € DY, then there exist a permutation 7 such that
(oo 8)(f)=f [ez(o),...,e;(n_l)] So we have
f [e:;(o)’---’eg(nfl)} =(0 o 8)(T)

= f[uO [&(vo),...,&(vn_l)],...,un_l[&(vo),...,&(vn_l)ﬂ.
Since 7 is a permutation, then this force all the U; s and V; s to be the injection

symbols. Therefore, o and ¢ are in D(is”j.

Lemma 5. D’ is a submonoid of Cohyp, (n) and it is a group. The elements of

Cohyp, (n) doesn't have inverse in Cohypg (n), so DInJ is a maximal subgroup of
Cohyps (n).
Proof. By Lemma 4., we obtain that D’ is a submonoid of Cohypg (n) and, by Lemma

3.(ii), we have D_'Gnj is a group. Let D be a subgroup of Cohyp, (n) such that

D¢’ < D < Cohypg (n). Let o, € D where t = f [uy,...,u,,];u; €CT ,i€{0,...n~1}.

Then there exist o, € D where t'= f [ug,...,u; ,];u/ €CT (n),i €{0,...,n—1} such that

0, °cg Oy =0,y - Assume that o, D_('3nJ We consider

(01006 00 )(F) =6, (f [ug,...,u;_l])

(e (1))[60(va): 6 (071)]

(f [Uoun Uy )[0 6) 26 (Uhs)]

L Up [ (U )6y (Urs) o ,unl[&t(ug) G(u)]]
{0

Since o, eD , this force that U [O‘t (Ug),-s 6y (Ury) ];tej, je{0,..,n-1}.s

0, °cs O, # G,y Which is a contradiction. Thus &, € DY’ . Hence D = D" . Therefore, Dg“

is @ maximal subgroup.
Let F™ be the set of generalized cohypersubstitutions of the form o (et for

0<i<n-1. Then we have the following lemma.
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Lemma 6. Let M™ =P (n)uDZ UF™. Then M™ is a submonoid of Cohyp; (n).
Proof. The proof of this lemma is straightforward.

2. Idempotent in monoid of generalized cohypersubstitutions of type 7 = (n)

In this section, we characterize the idempotent generalized cohypersubstitutions of
type 7= (n) . We firstly recall the definition of an idempotent element of semigroup for using

in this section. Let S be a semigroup. An element a €S is called idempotent if aa=a.
Denoted by E(S) the set of all idempotent elements of S .

Lemma 7. Let t,Uy,...,u,, bein CT and J ={0,1...,n-1}.
() If E(t)={ej|VjeJ} and u; =¢] forall jeJ, then t[u,,...,u,,]=t.
(i) If E(t)n{ef.....e0,} =@, then t[uy,...,u, ] =t.

Proof. (i) We proof that by considered the cases of the coterm t.
If t =€ where 0< j<n-1, then € [u,,...,U,,]=u; =¢€].

1 ¥n-1

If t =e] where j>n, then €] [u,...,u, ,]=¢.

If t=f[ty,...,t,,] and assume that t;[u,,...,u, | =t; where i=0,1,... , then

t[uo,...,un_l]z(f [ty rtys ) [Ugr- o Uy ]
= £ [ty [Ugse sy |ty [Ugre o Uy ]|

= f [ty b0y
=t.
The proof of (ii) is similarly to (i).

Theorem 8. The generalized cohypersubstitutions o, is an idempotent if and only if
ot (t)=t.
Proof. Let te CT(n). Assume that o, is an idempotent. Then

6.(t)=6:(0:(f))=(0r°cs a0)(F) =0 () =t.

Conversely, assume that &, (t)=t. Then
(01006 0)()=6 (0 (t))=6,(t)=t=0,(f) .

Corollary 9.
() 0,:;1=0,1...,n-1and o, are idempotent.
€

(ii) If o, e Cohyp (n) and E(t)m{eg,el”, e 1} &, then o, is an idempotent.
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Proof. (i) Since &, (ei” ) =g forall 0<i<n-landte CT,. then we have
G, (ei” ) =g forall 0<i<n-1.By Theorem 8, we obtain that € is an idempotent for all

0<i<n-1.Since g, is an identity of Cohypg, (n), then it is also an idempotent of
Cohypg (n).

(ii) Let o, € Cohypg (n) such that t=[t,,...,t,, ]. Assume that
E(t)m{eg, e 1} & . Then we obtain that

(010c6 ) () =6 (F[tor- ot 1))
=0,(1)[6,(t,).....6. (¢, )]
=(F [ty s ) 61 (1) -1 61 (t1) ]

= f [ty oty (Lemma 7.(ii))

=o,(f).

Therefore, o, is an idempotent.

Theorem 10. If t = f [to, . 1] and E(t)m{eg,e{‘,...,e:&}z{e;‘} for some

j€{01...,n—1}, then o, is an idempotent if and only if t, =el.
Proof. Assume that o, is an idempotent. Then

fltotyetin ] =0 (F) = (01000 00 ) () =6 (a0 ()
=0 (1) 61(t)s- 161 (1) s61 (t1) |
=(F[tor- e ,tn,l])[a](to),...,c}t )61 (1) ]
-, [ ( ).....6,
NEYSNP S
tn,l[&t(to),...,&t(tj),...,&t(tn,l)ﬂ.
Then t; =t;| &, (t ), 6 (t; )1 6: (t,4) | -

Suppose that t i * e?. Then we have the following two cases.
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Casel.If t =g for | >n, then &, (tj ) =t; . Since E(t)m{e{)1 ..... e”_l} = {e'.‘} )
then e;’eE(tJ—) for some i €{0,...,n—1} and i # j. So
t, [ci (t,),....6, (tj) ..... 6, (tnfl)] #1;, which is a contradiction.

Case 2. If the number of cooperation symbols f which occur in a coterm t | is

greater than or equal to 1, then &, (tj ) # e;‘ . This forces that

t, [&t (t,).....6, (tj ) ..... 6, (tn_l)] #1;, this is a contradiction. Therefore t; =e] .

Conversely, let t; =e]. Then

Lemma 11. Let teCT . If Uy,...,U, , €CT ) such that u; e for some

jed,3c{0...,n—-1}and E(t)n{e],....e0,} ={e]

Vjed,[3[=2} , then

Assume that t, [Up,...,U, ] #t, for some k €{0,...,n—1} where €] € E(t,). Then
t{Ugr s Uy | = (F {torees by ])[Ugse sy ]
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Theorem 12. Let J C{O 1...,n-1} and te CT,, such that

E(t)n{el.....en4f = {

only if t; —e forall jeJ.

(n)
9= 2} Then o, € Cohypg (N) is an idempotent if and

Proof. Let t=f [to, . l] and assume that o, is an idempotent. Then, by the same proof
of Theorem 10, we obtain that

f[to,...,tj,...,tn_l}=f[to[&t(to),...,&t(tj),...,&t(tn_l)],...,
6161 (t) 6 ()60 () ]
tn,l[&t(to),...,&t(tj),...,a}(tn,l)ﬂ.
Suppose that t; = €] for some j € J . Then &, (tj);te;‘. Since €] € E(t), Lemma
11 gives us that t, [6} (ty)-... 6, (tj),...,&t (tn_l)];ttl for some | €{0,...,n—1} and
e' € E(t,). This implies that
[ S f[to[&t(to),...,&t(tj),...,&t(tn_l)],...,
4] 6 (t) s s6i (t) o6 (1) ]

which is a contradictions. Therefore, t; =€ forall jeJ.

Conversely, we assume that t; =e] forall jeJ.Then &, (tj ) =e] . Since
E(t)m{eg, e 1} {
obtain that

Sy (t) =G, (f [to’ 'tn—l])
=(f[tynt] )[ (t)-n 6 () ]
f[ LA n—1]
Now, we have three disjoint sets of idempotent elements as follow:
B ={o, | ie{0L....n-1H| o),
E = {O't‘t: f [to,...,tn_l] where
E(t)m{eg,ef,...,eg_l}:{ej” c{0,1...,n-1} and t, :e;‘}}, and

{01....,n-1},|J|> 2}, then by using Lemma 7, we
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E, :={at E(t)m{eg,e;,...,eg,l}=@}.
Then we have the following theorem.
Theorem 13. E(CohypG (n)) =E, UE, UE, is the set of all idempotent elements of

Cohyp, (n).
Proof. The proof is directly from Corollary 9., Theorem 10., and Theorem 12.

Conclusion
This research focuses on the special elements of the monoid of generalized

cohypersubstitutions of type =(n). Firstly, we give some algebraic-structural properties of
projection and dual generalized cohypersubstitutions. After that, we characterize the
idempotent elements of Cohypg, (n) and prove that E(Cohyp, (n)):= E,UE, UE, is the

set of all idempotent elements of Cohypg (n).
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Abstract

The discrete exponentiated Pareto (DEP) distribution is developed by using the
discretization method based on the survival function. It is discretized from the exponentiated
Pareto distribution. In this paper, a probability mass function of the DEP distribution is derived.
Some mathematical properties and model parameters estimation are discussed. In addition, we
applied the DEP distribution to two real datasets. The results of model fitting of these datasets
based on the DEP distribution are reasonably constructive. The proposed distribution performs
well with a goodness of fit test and some criterions. The distribution can be used as an alternative
model for discrete data analytics.

Keywords: exponentiated Pareto distribution, discretization method, survival function,
maximum likelihood estimation

Introduction

Lifetime data are usually described by continuous distribution such as exponential
distribution, Pareto distribution, and Weibull distribution. Because of the precision of the
measuring instrument for collecting the data and the nature of the data in the long term,
sometimes the data are obviously presented in a discrete sense. For instance, in Figure 1, (a) the
temperature is presented in the mobile application and (b) battery charging which is shown as a
percentage in the mobile phone. These examples are actually continuous data in nature but they
are always presented in discrete integer value for some specified purposes. So, it can be implied
that the variables are continuous in nature but they are presenting in a discrete sense.

In such a situation, there is a method to generate the discrete distribution from the
continuous distribution, it is so-called the discretization method (Chakraborty, 2015). The most
popular method is the discretization that utilized the survival function to construct the discrete
distribution. For example, Nakagawa and Osaki (1975) proposed the discrete Weibull distribution
and Roy (1993) studied between the exponential distribution and the geometric distribution that
both were related, these distributions were presented by applying the discretization with survival
function. In addition, several researchers have proposed the new discrete distributions such as
discrete normal distribution (Roy, 2003), discrete Maxwell distribution (Krishna & Pundir, 2007),
discrete Burr distribution (Krishna & Pundir, 2009), discrete Pareto distribution (Krishna & Pundir,
2009), discrete Lindley distribution (Gomez-Déniz & Calderin-Ojeda, 2011), discrete gamma
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distribution (Chakraborty & Chakravarty, 2012), discrete Gumbel distribution (Chakraborty &
Chakravarty, 2014), discrete inverse Rayleigh distribution (Hussain & Ahmad, 2014) and discrete
asymmetric Laplace distribution (Sangpoom & Bodhisuwan, 2016).

Bangkok

Partly Cloudy

/I 60
Fudimd
Now 07 00

26

57% Charged

(b)
Figure 1 Some examples of the continuous data which they were presented in a discrete sense.

In this paper, we present a discrete analogue of the exponentiated Pareto distribution by
discretizing the continuous exponentiated Pareto distribution utilized the method of Roy. The
exponentiated Pareto distribution is modified from the Pareto distribution and proposed for wider
applicability (Nadarajah, 2005). In addition, the exponentiated Pareto distribution is studied by
many researchers such as in 2015, Fatima and Roohi introduced the transmuted exponentiated
Pareto-I distribution via the transmutation technique (Fatima & Roohi, 2015). Jabbari Nooghabi
studied the parameter estimation of the exponentiated Pareto distribution in the presence of
outliers in 2017 (Jabbari Nooghabi, 2017). Moreover, Bhatti and Ali presented the
characterizations of transmuted exponentiated Pareto-I distribution in 2019 (Bhatti & Ali, 2019).

The rest of the paper is as follows. In the part of methods, the proposed distribution is
introduced. Its essential mathematical properties and parameter estimation are discussed in
results and discussion. The applications of the DEP distribution are demonstrated which we
applied the proposed distribution to some real datasets. Furthermore, the conclusion is presented
in the last section.

Methods

There are several ways to derive discrete analogues of continuous distribution such as
the method based on probability mass function (pmf), cumulative distribution function (cdf),
survival function, hazard rate function, etc. (Chakraborty, 2015). For this paper, we determine
the survival function to discretize the continuous to discrete distribution which is the well-known
method of discretization.

The discretization method based on survival function is using the difference values
between survival values Sx (x) and Sx (z + 1). If the underlying continuous random variable X
has the survival function Sx(x), and the random variable Y = | X | where | X | is the largest
integer but not greater than X and y = 0, 1,2, ..., then the pmf of Y is

f(y) Y =y)

[ X] =y)
=Ply<X<y+1)
=Fx(y+1)— Fx(y)

= Sx(y) — Sx(y +1) @

= P(
= P(
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Figure 2 (a) The survival plot of a continuous random variable X and (b) the pmf plot of
discretizing X.

The exponentiated Pareto distribution was developed by Nadarajah (2005) with
distribution function

F(z) =1 — k%)
for x > logk, k > 0 is a scale parameter and a > 0 is a shape parameter.

Immediately, the survival function of the exponentiated Pareto distribution can be
obtained as

S(z) =1— F(z) = k%%, )

Some probability density function (pdf) and survival plots of the exponentiated Pareto
distribution are illustrated in Figure 3. All of the pdf and survival plots are a decreasing function.
The scale of distribution is in keeping with parameter k& and it is increased when £ is increasing.

Results and Discussion
Discrete Exponentiated Pareto Distribution

We use the discretization method based on the survival function to develop the DEP
distribution. The verification of the pmf and the survival function are presented in the following
in theorems.

Theorem 1. Let Y be a random variable of the DEP distribution, Y ~ DEP(k, a). The
pmf of the DEP distribution is

fly) = ke ™ (1-e™), (3)
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Figure 3 Some pdf (left) and survival (right) plots of the exponentiated Pareto distribution
according to different values of k£ and a.
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where y = |logk|, | (logk) + 1|, |(logk) + 2| ,..., k > 0 is a scale parameter and @ > 0 is a
shape parameter.

Proof: Underlying the survival function of the exponentiated Pareto distribution and the random
variable Y = | X |, the pmfis

fly) =P =y)
=S x/(y) - Sx (y+1)
= ke~ W — ey tl)

= k%W (1 - e_“) )
Theorem 2. Let Y is a random variable of the DEP distribution, Y ~ DEP(k, a). The cdf of Y is
F(y) =1 ke oD (4)
where y = [logk]| , | (logk) + 1], | (logk) + 2], ... and parameters k,a > 0.

Proof: If Y be a random variable of the DEP distribution with the pmf in Equation (3), then the
cdf of Y can be obtained from

Fly)= Y f)

y=logk
y

= 3 ke — e

y=logk
Y
=k%(1—e"% Z e” Y,
y=logk
Yy k=4 _ p~aYp—a
since e % = ———— is a geometric series, then the cdf of Y is
1—e
y=logk

F(y) =1— ke 2w+,

Theorem 3. If Y is a random variable of the DEP distribution, denoted by Y ~ DEP(k, a), then
its survival function is

S(y) = ke, (5)
where y = [logk]| , | (logk) + 1], | (logk) + 2], ... and parameters k,a > 0.

Proof: Since Y ~ DEP(k,a) with the cdf in Equation (4) and S(y) is defined as the survival
function of DEP distribution. Thus,

S(y) =1-F(y)
—1- (1 - kae—a(y+1))
_ pap—aly+1)
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Figure 4 shows some pmf plots of the DEP distribution. Evidently, the scale of distribution
changes according to the parameter k. The random variable Y can be a negative integer when
k less than 1. The shape of distribution respect to parameter a. It appears that clearly, the pmf
decreases faster as parameter a increases and it is a unimodal curve when a less than 1. So, the
DEP distribution has the right skew and unimodal curve.

Mathematical Properties

Some mathematical properties of the DEP distribution, especially the moment generating
function (mgf) and quantile function are provided in this section.

Moment Generating Function

Theorem 4. Let Y be a random variable of the DEP distribution, Y ~ DEP(k, a). The mgf of Y,
denoted by My (t), is

(e® — 1) k!

el — et

My (t) = (6)
where k > 0,a >0and ¢t < a.
Proof: The mgf of the DEP distribution can be obtained from

My (t) = E (")

=> ¥ f(y)
Vy

oo

= Z eV . ke (1 — e_“)
y=|logk|
= k® (1 - ef") Z elv—ay
y=|logk]
> Lt—a
since Z W= — T s the geometric series, then the mgf will be
Llogk] et
y=|log

My (t)=k" (1 —e ) <lft:_a>
=k*(1—e %) (1]“_%;)

(e — 1)kt

ed — gt
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By using the first four raw moments, we can find the mean, variance, skewness, and
kurtosis of Y by successively differentiating My (t) and then evaluating the result at ¢t =0,
d’l”
EY") = WMy(t)\t =0, for r = 1,2, .... Consequently, the first four raw moments of Y are

(e* —1)logk + 1

et —1 !

EY)=

(e —1)?log?k + 2 (e* — 1) logk + (e® — 1) + 2
(e® —1)* '

E(Y?) =

B = (- 1) [(e“ — 1)+ (e - 1)2:g_3k1)+33(ea — 1)logk +3

+3( (e — 1) + (% — 1)?log?k + 2 (e* — 1) logk + 2)
(e — 1)

and

E(Y") =(e"—1) [((6—11)3) ((ea—1)+4(e“—1)logk+5

+< (e” — 1) log’k ((e* — 1) logk —2)) + 3 (e* — 1) log2k> + <(all)4>
(9 (e — 1) + 6 (% — 1)%log3k + 3 (e* — 1) log2k +24 (¢ — 1) logk + 24)

+ ((11)5) (12 (€% —1) +12 (e —1)*log?k +24 (¢* — 1) logk + 24)
ea

Hence, the mean, variance, skewness, and kurtosis of Y ~ DEP(k, a) according to its
first four raw moments, respectively, are

(e* —1)logk + 1

E(Y)=

et —1 !
Var(Y) = W ,
Skewness(Y) = L (Ys) —3E(Y)E (Yz) + Q(E(Y))B

(Var(y))*/?
and

E(Y'Y) —4E(Y)E(Y®) +6E (Y?) (E(Y))* - 3(E(Y))"

Kurtosis(Y) = (Var (V)
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Quantile Function

Let Y be a random variable of the DEP distribution with cdf, Fy (y). The quantile function
is the generalized inverse of Fy (y). Let U be distributed as the uniform on (0,1), u € (0,1) and
the quantile function denoted by @(u). According to the quantile function, if Fy (y) = u when
uw=1- k% U@+ then Qy (u) =y = Fy '(u). Thus, the quantile function of the DEP
distribution is

_ log (172
y—Fﬂu)——(H(ak)) 7)
where k > 0and a > 0.

There are many methods to generate random variates from a probability distribution.

The method that simplicity and generality is the inverse of cdf. Therefore, the quantile function
in Equation (7) is very useful for generating a random variable Y of the DEP distribution.

Parameter Estimation

The maximum likelihood estimation (MLE) is the widely used method for model
parameter estimation. In this section, the MLE of the DEP distribution will be discussed.

Let Y7,Y5, ...,Y,, be an independent and identically distributed (iid) random variables of
the DEP distribution with the pmf of Equation (3). The likelihood function of the DEP distribution
is given by

n
L(k* a’|yi) = H f (yi7 ka Cl)
=1
= H ke Wi (1 - efa) .
i=1
The log-likelihood function of n observations of Y~ can be written as

n
I =logL(k,aly;) = 10gH ke~ (1 —e™®)
i=1

=3 log (ke (1 e79)). ()
=1

For the parameter estimation of the DEP distribution, two parameters are estimated.
First, we estimate the parameter %, since y = logk, the likelihood function is maximized with

k= min{e?, e%, . e}

(See Rytgaard, 1990 and Mukhopadhyay & Ekwo, 1987 about estimation problems for k).
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Next, kis plugged into the Equation (8) and we take the derivative of the log-likelihood
function with respect to a is given as

d - d | . _ e
da = da [Z log(k“c_ayz (1 —e ))]
i=1

n
o n
=nlogh + —— — > y;.
7wg+w_1iﬂy 9

The parameter a of the DEP distribution is estimated by setting this differential equation
in the Equation (9) to zero, then solving this equation. The estimator of parameter a is

. n
a=log |1+ .
>ty — nlogk

However, for convenience and less complicated of the parameter estimation, the
maximum likelihood estimators can be obtained by a numerical method. The bbmle package

(Bolker & Team, 2019) of the R programming language (R Core Team, 2019) is the package for
fitting maximum likelihood models, extended and modified from the mle function in stat4

package. In this work, the bbmle package is employed.

Applications

We consider two real datasets to fit with the DEP distribution and the discrete Pareto
(DP) distribution (Krishna & Pundir, 2009). The first dataset is the infant and child mortality in
Sri Lanka from the Sri Lanka fertility survey in 1975 (Meegama, 1980). And the dataset is the
electron-microscopic studies of the density of dystrophin in the fibers of the human quadriceps
muscle, the number of attached particles from Immunogold data (Mathews & Appleton, 1993).
In this work, the blbom1 e package of the R programming language is used to estimate parameters.
Tables 1 and 2 show the results of fitting between the DEP and DP distributions to these real
datasets. The appropriate distribution for fitting data is verified with the Anderson-Darling (AD)
goodness of fit test for discrete data (Choulakian et al., 1994). The discrete AD test is obtained
by using the dgof package (Arnold & Emerson, 2011) in the R language. Other criteria for model
selection that used to show the performance of the model are the minus log-likelihood (-LL), the
Akaike information criterion (AIC), and the Bayesian information criterion (BIC). Furthermore, the
comparison between real datasets and expected values of fitted distributions can be illustrated
in Figure 5.

The fitted distributions for the number of infant and child deaths and the number of
attached particles from Immunogold data are shown in Tables 1 and 2, respectively. The p-value
based on the discrete AD test of the DEP distribution is greater than the DP distribution. Moreover,
the DEP distribution gives the values of -LL, AIC, and BIC smaller than the DP distribution. Thus,
the DEP distribution is more appropriate than the DP distribution.

Figure 5 displays the plots of the fitted frequency of the DEP and the DP distributions
with the number of infant and child deaths and the number of attached particles from
Immunogold data. It illustrates that the DEP distribution can be fitted more closely to these real
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datasets than DP distribution. Therefore, the DEP distribution is more appropriate than the DP
distribution related to the results in Table 1 and Table 2.

Table 1 Results of parameter estimation for the infant and child deaths data.

Number of infant and  Observed number of Expected frequency
child deaths mothers DP DEP
1 176 186.5613 172.0648
2 44 32.7931 50.7275
3 16 11.1243 14,9553
4 6 5.0337 4.4091
5 2 2.6860 1.2999
. k=1 k =2.7183
Estimated parameters 4 = 2.0868 4 =12214
-LL 217.2600 209.8100
AD-statistics (p-value) 1.3036 (0.1199) 0.2136 (0.6980)
AIC 436.5173 421.6231
BIC 440.0145 425.1203

Table 2 Goodness of fit test for the DP and DEP distributions for the number of attached particles
from Immunogold data.

Number of attached Expected frequency

Observed frequency

particles DP DEP
1 122 139.6299 125.6493
2 50 29.8019 45,9132
3 18 11.3608 16.7770
4 4 5.5945 6.1305
5 4 3.1911 2.2401
. k=1 k =2.7183
Estimated parameters G = 1.7622 4 = 1.0067
-LL 219.5200 204.8100
AD-statistics (p-value) 3.6074 (0.0079) 0.1457 (0.8235)
AIC 441.0385 411.6270
BIC 444.3268 414.9153

Conclusions

A discrete version of the continuous exponentiated Pareto distribution is proposed which
called the DEP distribution. It is developed based on the discretization method of the survival
function. We derived some essential mathematical properties, for instance, pmf, mgf, mean,
variance, and quantile function. In addition, the parameter estimation by the maximum likelihood
estimation is discussed. Furthermore, the proposed distribution is applied to two real datasets.
The results for the comparison of -LL, AIC, and BIC and according to the p-value of the discrete
AD test indicated that the DEP distribution is a better fit than the DP distribution for these real
datasets. In conclusion, the DEP distribution may be a useful alternative to other distributions for
discrete data analytics.
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Abstract
The CUSUM control chart performance based on the out-of-control average run length

(ARL1) can rapidly detect small-to-moderate-sized changes in the process mean. The main goal
of this study is to approximate the ARL using a numerical integral equation (NIE) method for
detecting changes in the mean on a cumulative sum (CUSUM) control chart for a long-memory
process with exponential white noise. The target long-process observations are derived from an
autoregressive fractionally integrated moving-average (ARFIMA) model with explanatory
variable X (ARFIMAX) by focusing on X. The NIE method is derived by using the Gauss-
Legendre quadrature rule technique, which is applied by solving a system of linear equations
base on integral equations. In addition, approximation by this method was numerically
evaluated and the results compared with an ARL based on explicit formulas in terms of the
percentage relative error. It was found that the proposed NIE method had comparable
performance with the explicit-formula-based ARL method. To demonstrate its practicality, the
proposed NIE method was applied to the stock price data for the Siam Commercial Bank in
Thailand with the explanatory variable as the exchange rate of Thai Baht against the US Dollar.
The results reveal that it performed well in this practical implementation. Thus, the NIE method
is a good alternative to using explicit formulas for constructing the ARL to detect changes in the
mean for a long-memory process with exponential white noise on a CUSUM control chart.

Keywords: ARFIMAX(p,d,q,r), exponential white noise, numerical integral equation (NIE) method

Introduction

Control charts are tools frequently used in statistical process control, one of which is
the cumulative sum (CUSUM) control chart that has received a great deal of attention for use in
modern industrial processes. The CUSUM control chart has become a popular tool to detect
small-to-moderate-sized changes in the process mean as well as to control the quality of
products from manufacturing processes. Page (1954) initially conducted a study on the CUSUM
control chart, followed by Gan (1991), Lucefio & Puig-Pey (2006), Wu & Wang (2007).
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A criterion for measuring the performance of a CUSUM control chart is the average run
length (ARL). To efficiently monitor a process, ARL,, which is the ARL when there is no shift in

the process parameter (the in-control process), should be as large as possible, whereas ARL,,

which is the ARL when there is a shift in the process parameter (the out-of-control process),
should be as small as possible. (cf. Riaz et al. (2014)). It has been found that the performance
of a CUSUM control chart is significantly affected by autocorrelation (e.g., Johnson & Bagshaw,
1974; Lu & Reynolds, 2001; Kim et al., 2007). However, since this autocorrelation is often an
inherent part of a process, it must be properly modeled and monitored.

Observations or actual data can be compiled from a random process based on a time series.
In particular, some of these models have been derived based on econometric data. Both
autoregressive (AR) and moving-average (MA) elements can be found in econometric observations
following a time series. An important factor to be considered when establishing a model is how to
measure the errors (the difference between the real values and the approximated ones). Smaller
errors infer a more efficient model. In general, white noise (or normally distributed white noise)
indicates the errors in a time series model with autocorrelated observations. However, the
white noise can be distributed differently in some applications, such as exponentially distributed
white noise. For instance, based on the study by Jacob & Lewis (1997), an ARMA (1,1) process
order was indicated when the observations were considered as exponential white noise. Later,
Mohamed & Hocine (2003) applied Bayesian principles to an AR(1) process with exponential white
noise, while Pereira & Turkrman (2004) similarly applied exponential white noise in a Bayesian
analysis of threshold AR models. Recently, the estimation of AR model parameters with exponential
white noise for cases with an unknown order was introduced by Suparman (2018).

The traditional model wused for short-memory  processes such as
AR(p),MA(q), ARMA(p, g) , and ARIMA(p,d,q) cannot be applied to long-memory processes.

This problem has been solved by the establishment of several models, a popular one being the
AR fractionally integrated MA ( ARFIMA(p,d,qg)) model, as proposed by Granger & Joyeux

(1980). In addition, ARFIMA with an explanatory variable X (ARFIMAX(p,d,q,r)) is an

extension of ARFIMA. Granger & Joyeux (1980) and Hosking (1981) established models for
long-memory processes with observed fluctuations. In addition, Ebens (1999) suggested
ARFIMAX models for the determination of observed fluctuations in a Dow Jones Industrial
Average portfolio and found correlation between the econometric models and economic
indicators (variables) that have an impact on economic forecasting. Examples of explanatory
variables, which are independent of other variables in the system, are government investment
policies, exchange rates, interest rates, inflation rates, etc. These variables have an impact on
the econometric model when forecasting the future economic situation. If there is an
explanatory variable involved in any type of forecasting, the model’s predictive power will be
higher than forecasting without it.

There are many types of control charts associated with time series with and without
ARFIMA modeling. For example, the correlated data presented in the performance of Shewhart
and exponentially weighted MA (EWMA) control charts with ARFIMA model processes was
investigated by Ramjee (2000). The study revealed that although process shifts were detected,
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these charts were not efficient. Two years later, the forecast-based hyperbolic weighted MA
(HWMA) chart was created by Ramjee et al. (2002) for non-stationary ARFIMA model
processes. Pan and Chen (2008) monitored the air quality in Taiwan by using control charts for
autocorrelated data based on ARFIMA and ARIMA model processes. Subsequently, they
concluded that the control charts for ARFIMA processes are more efficient than for the ARIMA
ones. Later, a EWMA control chart was proposed by Rabyk & Schmid (2016) to detect changes
in the mean of a long-memory process. The control was derived from calculations applied for
an ARFIMA(p,d,q) process. Meanwhile, the current study is focused on CUSUM control charts

for detecting changes in the mean of an ARFIMAX model long-memory process.

Voluminous research in various areas has suggested that computation of the ARL
should be used to measure the performance of control charts. The main methods for
computing ARL in the literature are Monte Carlo simulation, the Markov chain approach, explicit
formulas, and integral equations. The Markov chain approach was originally introduced by
Brook & Evans (1972) to study the run length properties of a CUSUM control chart under the
assumption of independent and identically distributed (i.i.d.) observations. Hawkins (1992)
suggested improving the Markov chain method by using Richardson extrapolation for a whole
distribution family, including the Chi-squared distribution. Champ & Rigdon (1991) proposed the
integral equation approach for evaluating ARL. Fredholm integral equations of the second kind
have been used as part of the NIE method applied to calculate the ARL (Wieringa, 1999).
Recently, Acosta-Mejjia et al. (1999) utilized the integral equation approach that was
numerically approximated by using the Gauss-Legendre quadrature method. Note that the
sample variance has a Chi-squared distribution that is skewed to the right and restricted on the
half-real line. Knoth (2006) suggested using a piecewise collocation method to approximate
ARL integral equations instead of using the Gauss-Legendre quadrature-based method that
depends on numerical quadrature rules to measure the integrals. The numerical integration (or
quadrature) method is commonly denoted as an approximation of the integral. Some basic
quadrature rules used for the approximation of integration equations are the midpoint rule, the
composite trapezoidal rule, composite Simpson’s rule, and the Gaussian rule. Where midpoint rule
is the alternative to approximation for ARL. Hence, approximating the ARL obtained from the
integral equation technique and midpoint rule, which comprise the basis of the numerical integral
equation (NIE) method (see Paichit, 2017; Peerajit et al., 2018) is of interest in this study.

In this study, an approximate ARL is constructed using the NIE method for use on a
CUSUM control chart for a long-memory process with exponential white noise. The target long-
process observations are derived based on the ARFIMAX model with a focus on the explanatory
variable X. The rest of this paper is organized as follows. In the next section, background on the
CUSUM control chart, the characteristics of the ARL, and the general ARFIMAX(p, d, g, r)

process are introduced and proved. The approximated ARL for the CUSUM control chart by using
an NIE method for a long-memory process is presented in Section 3. A comparison of the
analytical results is given in Section 4. In Section 5, stock price data for Siam Commercial Bank
(SCB) in Thailand with the explanatory variable as the exchange rate of Thai baht (THB) against the
US dollar (USD) were used to evaluate the ARLs derived from applying the NIE method and the
explicit formulas, while Section 6 offers conclusions on the study.
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The CUSUM Control Chart for an ARFIMAX(p,d,q,r)Process with Exponential
White Noise

1) The CUSUM Control Chart for Monitoring Shifts in the Process Mean
The concept of the CUSUM control chart was first proposed by Page (1954). It is well
known that it performs better than the Shewhart control chart for small-to-medium-sized
changes in the process mean. The commonly used form of the upper-sided CUSUM control
chart is based on the sequence

C,=max{C_, +Y,—v, 0}, for t=12,..., (1)

where C, is the CUSUM control chart statistic used for detecting upward shifts, quantity
C,, denotes the previous value of the statistic (its initial value C, is set to v and a
parameter of process Y, is defined as the generally formed sequence of an
ARFIMAX(p, d, g, r) process with exponential white noise), and v is a suitably chosen positive
constant termed the reference value.

Let 7, be the stopping time for the CUSUM control chart with a predetermined

threshold of / (a constant parameter called the decision limit value or upper control limit). Thus,
7, =inf {t>0; C, > h}, for y <h, (2)

Note that when 0<C, <h, then the process is in-control whereas when C, >h, then the
process is out-of-control.

2) Characteristics of the ARL
Assume that sequential observations ¢ ,¢&,,&,,... are a sequence of i.i.d. random

variables with distribution function F(&, ), where « is a control parameter. Moreover, a = «,
and o, > «, are before and after the change-point time v < oorespectively.

The ARL is defined as E_ (.), which is the expectation that the change point from
a=0a, to a=q, for F(&a) occurs at time v, where v<oo. Therefore, an appropriate
control chart provides a large ARL for v =00 and small ARL for v =1. There are two values for
the ARL. The first is obtained by substituting « for the state of no change at all (« =« ). This

is the in-control state (ARLo), which is the expectation of the change point 7;, defined as

ARL, =E_(z,) =7, 3

where y is a constant for ARL, .
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On the other hand, when « is substituted by the state of change already at the
beginning (& > g ), the ARL is only evaluated for the special scenario of v =1. Hence, the
conditional for the out-of-control ARL process (ARL:) is as follows:

ARL, =E,(7, |7, =1) (4)

3) The General ARFIMAX Process on a CUSUM Control Chart

The ARFIMAX(p,d,q,r) model, where p is the order of the autoregressive (AR)
process, d is the fractional integration parameter, g is the order of the MA process, and r is
the explanatory variable order in the model (Ebens (1999)) can be written as

@wm—mMywhgma+@wm, (5)

where u is the constant process mean of{)/t }, Xj¢ is an explanatory variable, £ is an
unknown parameters, ¢, is a white noise process assumed to be exponentially distributed
with & ~ Exp(a) when shift parameter o >0. The terms ¢,(B)=1-¢8 - $,B> —...— §,B°
and 6,(5) =1-6,8-6,B’ —...— 6,87 are AR and MA polynomials on B (the backward-shift
operator), i.e. B"Y, =Y,, for the &" order. The fractional (¢) can take on non-integer values in
the range (-0.5,0.5) and represents the fractional order of integration.

For-0.5 < d < 0.5, the fractional white noise process is defined as
(1-B8)YY, =&,

The operator (1-8)? is defined as the fractional difference for ¢ (-0.5,0.5). This
can be determined naturally by using binomial series expansions obtained from

(1-B) = i[ij(-ey - 1—dB+%d(d—1)Bz —éd(d—l)(d—2)53 Y,

k=0

which was generalized by Granger & Joyeux (1980) and Hosking (1981). d in the fractionally
integrated model can take on non-integer values but is often restricted to |d|<0.5. In

particular, the case of 0 <d <0.5 corresponds to a stationary and invertible model with long-
memory representation, which is of interest in this study. This ARFIMAX model is typically
analyzed as an ARMAX model where the innovations are fractionally integrated.
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Note that, by rewriting Equation (5), the fractionally integrated process can be defined as
(1= B)*Y. =Y, —dBY, +%d(d _1)BYY, —%d(d _DA=2)BY, +... =&

1 1
Y=dY - d(d DY, + 2 d(d -1 -2 s 44,

Therefore, the general ARFIMAX(p,d,q,r) process (Y,) with exponential white noise
on a CUSUM control chart is written as

Yo= u+ Xy + B Xyttt B X +6 =08 —0,6 , —— 05
+ Yt—l + ¢2Yt—2 +..+ ¢th—p +d (Yt—l - ¢1th2 - ¢2Y173 T ¢th—p—1)
1
+§ d (d _l)(_Yt—Z + ¢1Yt—3 + ¢2Yt—4 tot ¢th—p—2)

+%d(d I AP\ AL AV PO (6)

where ¢, is an autoregressive coefficient, where |¢,|<1;/=1,2,..,p, and 6, is an MA
coefficient; |0,.|<1; /=1,2,...,q. The initial value of an ARFIMAX(p, d, g, r) process requires
that ¥, ,, Y. ,,...Y, .Y, aSeai&rar e g and X, X,,,...,. X, are equal to 1.

t-p? t-(p+1)1*"

The NIE Method for Approximating the ARL for a CUSUM Control Chart

The goal of this section is to approximate the ARL with the NIE method using the
Fredholm’s integral equation of the second kind (Champ & Rigdon (1991)). From then on, the
NIE was applied to the CUSUM control chart statistic to approximate the ARL. As is known, this
Gauss-Legendre rule technique for numerical computation of an integral equation can be
applied to the NIE method

1) The Integral Equation for a One-sided CUSUM Control Chart
Let P. and E. denote the probability measure and induced expectation corresponding
to the initial value y, respectively. The function ARL(y) denotes the ARL of the ARFIMAX
model when the CUSUM starts with initial value y, and the initial value of the monitoring
CUSUM control chart statistic is C, =w; O<w<h. Subsequently, ARL(y)=E,(z,)<x
satisfies the following integral equation:

ARL(y) =1+P.{C; =0} ARL(0) + E.[7{0 < C; < h} ARL(G})], )

where the first observation is C; , for which 7{0 <G < A} is the indicator function.
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The integral equation for computing the ARL of a one-sided CUSUM control chart is
derived from Equation (7) using a Fredholm integral equation of the second kind (Kharab &
Guenther (2011)) such that ARL(w) can be rewritten as

h
ARL(y) = 1+ ARL(0)F (V -y -Y; ) + jARL(u)f(u +v—y -Yau, (8)
0

where f(.) and F(.) are the probability density function (pdf) and cumulative distribution
function (cdf) of &, respectively, and can be approximated numerically.

2) The Approximated ARL with the NIE Method Using the Gauss-Legendre Rule
Technique
According to the integral equation in Equation (8), the Gauss-Legendre quadrature rule

technique can be used to obtain numerical solutions. Obviously, integral jg f(u)du can be

approximated by the sum of areas of rectangles with bases A/ mand heights chosen as the
values of £ at midpoints of intervals of length A/ m beginning at zero. Interval [0, 4]
provides the division points into & <...<a, and w; =h/m=>=0 is a set of weights. The

approximation for the integral is obtained in the summation form as

[Ww)rwau = $w fa,)

where W(uv) is a weight function, a; = %(} —%j, and w; = hlimj=12,..m.

Let ARLME (1) denote the approximated ARL with NIE using the Gauss-Legendre rule
technique on the interval [O,h]. The integral equation can be transformed as a system of

algebraic linear equations: /m equations in the m unknowns. Therefore, the integral equation in
Equation (8) comprises the set ARLY (y)=ARL*(a,),..., ARLY(g.), which can be
approximately written as

ARL" (a)=1+ARLY (a)[F(v-a, -Y) +w,f(v-Y,) |+ i w, ARL (a,)f(a, +v—-a -Y,),
7=

ARL" (a,) =1+ AR (a))[F(v-a,-Y,) +wf(a +v—-a,-Y,)]+ iwj AR (a,)f(a,+v—a,-Y,),
j=

ARLY(a,) =1+ARL" (&) F(v-a, -Y,) +wf(a +v—a,-Y,) |+ > w,ARL"(a,)f(a, +v-a,-Y),
j=2

where Y, is the general ARFIMAX(p,d,qg,r) process for a CUSUM control chart.
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This can be written in matrix form as

L 1

mell (9)

T
I

mx1 =xtmx1 Rmxm

where L, :[ARL"”E (a,), ARLVE (a,),..., ARLVE (am)J 1,4 =[1,1,.,1] is a column

vector of ARL’WE(aj) and 1's, and R, ,, is a matrix with dimension m xm :

Flv—-a -Y)+w/f(v-Y,) .. +w, f(a,+v-a -Y,)

R - Fv-a -Y)+wf(a +v-a,-Y,) ... +w, f(a,+v-a,-Y,)

Fv-a,-Y,)+wf(a +v-a,-Y,) ..+w,f(a,+v-a,-Y,)
The matrix form of Equation (9) is equivalent to
(Im - Rmxm )mel = 1mx1' (10)

where I, = diag(1,1,...,1) is the unit matrix order m. If (I, —R,,,,,) is invertible and exists,

then the approximated solution with the NIE method for the integral equations in the matrix is
as follows:

mel = (Im - Rmxm)71 1mx11 (11)

.
where L. = [ARLN[E (a,), ARLVE (a,),..., ARLVE (am)} after computing

AR (a,), AR (a,), ..., AR (a ), from which ARL* () can be obtained.
Subsequently, the NIE for ARLVE () can be written as

m
ARLVE () =1+ ARLVE (a))F(v -y - V) + > w,; ARIYE (@) (a; +v—y - Y;), (12)
j=1

Thus,

ARLY () =1+ ARLY (@) F (v =y — 1= B Xy == B X =& +0E; +.+ 0,8
-4Y, —...—qﬁth_p —dY,+aY, , +..+ ¢th_p_1) —%d(d DY, +4Y, ; +...+¢pY[_p_2)
S CRENCRE I RIS P
+iw,— ARLYE (@) (8, + = = X e X~ Oy 4t O )

1
_¢1th1 T ¢le—p -d (Yl—l + ¢1th2 +.+ ¢le—p—1) - E d (d _1)(_Y172 + ¢1th3 +o.t ¢pYI—p—2)

-2 (A (A 2005~ hYs Yoy ) ) (13)
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. h h(. 1 .
withw;,=—,and a;,=—|j-=| ;7=12,...,m.
7 m 7 m LJ Zj /
This is the new approximated ARL using the NIE method on a CUSUM control chart for
a long-memory process with exponential white noise. Hence, the conventional Gauss-Legendre
quadrature rule technique can be used to approximate the ARL quite accurately.

Numerical Results

The performance of the approximated ARL using the NIE method on a CUSUM control
chart for detecting changes in the mean of a long-memory ARFIMAX process was compared
with the analytical ARL. Explanatory variable (X)and long-memory processes ¢ = 0.1, 0.2 and 0.3

were considered. In addition, the Gauss-Legendre quadrature rule module in the Mathematica
program with the number of division points 7 =700 nodes was used to calculate the numerical
results. Furthermore, the analytical ARL for the explicit formulas can be written as

ARLEF () = (1 + e t) _amy—ev. (14)
where Y, is the general ARFIMAX(p,d,qg,r) process for a CUSUM control chart.

The criterion for consideration to evaluate the performance of the methods is the
percent relative error (£(%)), which is the magnitude of the difference between the

expressions for the ARL using the NIE method (ARLVE (y)) (see Equation 13) and the
analytical ARL of the explicit formulas ( ARLZ” (1)) (see Equation 14) divided by the magnitude

of ARLY" as a percentage:

ARL" () -~ ARL"™" ()

“0) = ARL (1)

x 100%, (15)

when &(%) is less than 0.30%, the results obtained from the two methods are similar and in
excellent agreement.

The parameter settings for the CUSUM control chart that result in the desired in-control
ARL and minimize the out-of-control ARL (ARL:) are needed for the specified changes in the
process. The process follows an exponential distribution with mean parameter («) when it is

in-control (¢, =1). On the other hand, the out-of-control process for parameter ¢, >1 is in the
format o, =(1+0J)a,, where J is the magnitude of change in the process mean
(6=0.01, 0.03, 0.05, 0.10, 0.30, 0.50, 0.80, 1, and 3). When considering the parameter

values of v and A for an upper-sided CUSUM control chart, the reference values
v =3.0,3.5,4.0, and 4.5 for the CUSUM control limit are used and the decision value (A)is

chosen to achieve the specified ARLo = 370.
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Table 1. Values of CUSUM control limit (#) with corresponding values of v for the desired
ARL, =370 for ARFIMAX(p,d,q,r) models.

Parameters of models Long-memory v
6 ¢ 6 B with models 3.0 3.5 4.0 4.5
01 - 01 0.75 [1]ARFIMAX(1,0.1,1,1) 4361765 3.537212 2917920 2.365228

[2] ARFIMAX(1, 0.2,1,1) 4.711590 3.733592 3.080743 2.515072

[3] ARFIMAX(1, 0.3,1,1) 5.209625 3.922684 3.229655 2.649611

01 0.2 0.1 0.75 [4] ARFIMAX(2,0.1,1,1) 4.794150 3.772573 3.112120 2.543635
[5] ARFIMAX(2, 0.2, 1, 1) 5.595760 3.994427 3.283828 2.697874

0.50 [6] ARFIMAX(2, 0.3, 1, 1) 4.653225 3.704270 3.056923 2.493320

Table 1 shows the results for the computed A value for ARLo = 370. It was found that
as v increases, / decrease on the CUSUM control chart for long-memory process models [1]-
[6]; e.g. for v =3, h = 4.361765, 4.711590, 5.209625, 4.794150, 5.59576, and 4.653225,

respectively.

Table 2. Comparison of ARL, values using the NIE method and explicit formulas for
an ARFIMAX(1, d, 1, 1) process on a CUSUM control chart for ARL, =370 .

v 3.0 35 4.0 4.5

) h 4361765 471159 5.209625 3537212 3733592 3.922684 291792 3.080743 3.229655 236528 2515072  2.64%11

Model (1] [ B (1 (2 (3] (] 2 Bl (1] (2 £l

001 ARLE 344.140 342763 339992 346640 34589 345445 347.284 347667 346845 347853 347.721 347.589
ARL®® 345013  343.620 340.740 347101  346.720 346291 347968  347.784 347589 348419 348320 348218

&(%) 025 0.25 0.2 0.13 0.24 0.24 0.20 0.03 021 0.16 0.17 0.18

003 ARLE 300497 296983 289.850 305910 304902 303.782 308.252 307744 307.216 309533 309.245 308.951
ARL®® 301230  297.689 290430 306594  305.607 304503 308.845  308.364 307859 310026  309.766  309.498

&(%) 0.24 0.24 0.20 022 023 0.24 0.19 0.20 021 0.16 0.17 0.18

005 ARLE 263777 258784 248.699 271493 270.054 268.656 274831 274108 273356 276641 276236 275.822
ARL®® 26439  259.369 249.150  272.084  270.662 260308 275347  274.647 273914 277072 276692  276.299

&(%) 0.23 023 0.18 022 0.2 0.24 0.19 0.20 0.20 0.16 0.16 0.17

010 ARLE 194539 187711 174151 205291 203266 201.028 210.025 208996 207.928 212607 212030 211.439
ARL®® 194.955  188.086 174394 205710  203.693 201458 210398  209.384 208327 212921 212391 211785

&(%) 021 0.20 0.14 0.20 021 0.21 0.18 0.19 0.19 0.15 0.17 0.16

030 ARLE 73.683 68.031 57.523 83.303 81.406 79.365 87917 86.889 85.837 90.574 89969  89.357
ARLE® 73.793 68.113 57.535 83.436 81.541 79493 88.044 87.018 85.969 90.684 90.085 89.476

&(%) 0.15 0.12 0.02 0.16 0.17 0.16 0.14 0.15 0.15 0.12 0.13 0.13

050 ARLE 37.043 33.646 27.672 43.223 41.960 40.624 46413 45.686 44.953 48.340 47895 47448
ARLE® 37.082 33.670 27.661 43.278 42,014 40.675 46.468 45.742 45.001 48.390 47.946 47.500

&(%) 011 007 0.04 0.13 0.13 0.13 0.12 0.12 0.11 0.10 0.11 0.11

080 ARL'E 18.295 16.676 14.019 21498 20.814 20.114 23327 22.875 22473 24469 24198  23.931
ARLE® 18.306 16.684 14.027 21.519 20.833 20.124 23331 22,908 22487 24490 24.217 23.946

&(%) 0.06 0.05 0.06 0.10 0.09 0.05 0.02 0.14 0.06 0.09 0.08 0.06

100 AR 13.113 12.078 10.457 15279 14.804 14.319 16.568 16.263 15.961 17422 17219  17.018
ARLE® 13.120 12.080 10451 15291 14.815 14.330 16.581 16.275 15.974 17434 17.231 17.031

&(%) 0.05 0.02 0.06 0.08 0.07 0.08 0.08 0.07 0.08 0.07 0.07 0.08
300 ARLE 3469 3432 3418 3.627 3.583 3.543 3.770 3734 3.699 3.890 3.860 3.832
ARLE® 3469 3432 3418 3.627 3.583 3.544 3.772 3734 3.699 3.890 3.860 3.832
&(%) 0.00 0.00 0.00 0.00 0.00 0.03 0.05 0.00 0.00 0.00 0.00 0.00

The bold figures are the minimum ARL: according to the shifts.
[1] ARFIMAX(1, 0.1, 1, 1), [2] ARFIMAX(1, 0.2, 1, 1) and [3] ARFIMAX(1, 0.3, 1, 1).
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Table 3. Comparison of ARL, values using the NIE method and explicit formulas for
an ARFIMAX(2,d,1,1) process on a CUSUM control chart for ARL, =370 .

v 3.0 35 4.0 4.5
) h 479415 559576  4.653225 3772573 3994427 37047 311212 3283828 3056023 2543635 26078735 249332
Model & bl 6] M bl 6] 4] ] (6] 4 5] [6]

001 AR 342380 336.764 343019 345808 345258 345961 347.02 346759 347105 347694 347539 347741
ARL®® 343228  337.315 343882 346637 346111 346781 347745 347513 347812 348300 348178 348336

&(%) 0.25 0.16 0.25 0.24 0.25 0.24 0.21 0.2 0.20 0.17 0.18 0.17

003  ARIE 296002 281.504 297639 304683 303.315 305062 307637 307.008 307822 309.185 308.837 309.29
ARL®® 296695 281.872 298352  305.393 30404 305765 308262 307.659 308438  309.712 309.392  309.807

&(%) 0.23 0.13 0.24 023 0.24 0.23 0.20 021 0.20 0.17 0.18 0.17

005 ARMNE 257393 236.968 259714 269742 267.790 270283 273957 273.060 27422 276152 275.661  276.299
ARL®® 257964  237.204 260307 270353 268411  270.888 2745 273624 274756  276.613 276.145  276.751

&(%) 0.22 0.10 0.23 023 0.23 0.2 0.20 021 0.20 0.17 0.18 0.16

010 AR 185823 158.660 188976 202828 200.098 203587 208781 207507 209.155 211910 211.208 212119
ARL®™ 186182  158.705 189360 203256 200528 204013  209.171 207911 209541  212.245 211559 212448

&(%) 0.19 0.03 0.20 0.21 0.21 021 0.19 0.19 0.18 0.16 0.17 0.15

030 ARLE 66517 46.289 69.056 81.001  78.529 81.706 86676 85427 87.047 89.845 89.120 90.062
ARLE® 66.589 46.21 69.144 81.137 78.656 81.838 86.806 85.560 87.176 89.961 89.241 90.177

&(%) 0.11 0.17 0.13 0.17 0.16 0.16 0.15 0.16 0.15 0.13 0.14 0.13

050  ARLE 32760 21.625 34.251 41695  40.086 42.157 45538  44.670 45.798 47.804 47.276 47.963
ARLE® 32779 21.573 34.278 41.748 40.135 42.211 45.593 44726 45853 47.855 47.329 48014

&(%) 0.06 0.24 0.08 0.13 0.12 0.13 0.12 0.13 0.12 0.11 0.11 0.11
080 AR 16272 11.539 16958 20671 19826 20919 22801 22305 2951 24141 23822 24238
ARL®® 16.276 11.515 16.967 20.690 19.843 20938 22822 2327 22972 24.161 23843 24258
&(%) 0.02 0.21 0.05 0.09 0.09 0.09 0.09 010 0.09 0.08 0.09 0.08
100 AR 11823  8.991 12255 14706 14130 14876 16201 15847 16309 17177 16942 17249
ARL®® 11824 8.977 12259 14717 14140 14888 16214 15859 1632 17190 16955  17.262
£(%) 001 0.16 0.03 0.07 0.07 0.08 0.08 0.08 0.08 0.08 0.08 0.08
300 AR 3435 3427 3437 3574 3529 3.589 37299 3685 3739 3853 3.820 3.864
ARL®®  3.435 3.427 3437 3575 3529 3590 3727 3686 3.740 3.854 3821 3.865
£(%) 0.00 0.00 0.00 0.03 0.00 0.03 0.05 0.03 0.03 0.03 003 0.03

The bold figures are the minimum ARL;: according to the shifts.
[4] ARFIMAX(2, 0.1, 1, 1), [5] ARFIMAX(2, 0.2, 1, 1) and [6] ARFIMAX(2, 0.3, 1, 1).

Tables 2 and 3 summarize the comparison of ARL results using the two methods for
various magnitudes of change in the process mean. The first column in the two tables lists the
magnitude of change (¢J) divided into two levels: small changes (6=0.01-0.30) and

moderate changes (6 =0.50 —3.00), which both showed decreases in ARL. The out-of-control

ARL using both methods decreased. In addition, both methods could detect small changes
rapidly. The results show that the ARL value for the NIE method approached that of the explicit
formulas and because of that, both methods obtained percent relative errors (&%)) of less
than 0.30%, showing that they are in excellent agreement when applying this metric. It is
obvious that the NIE method and explicit formulas performed slightly differently for the
fractional integration parameter (&= 0.1, 0.2, 0.3) based on ARFIMAX(1, d, 1, 1) and

ARFIMAX(2, d, 1, 1) on the CUSUM control chart. Furthermore, &%) decreased when the
shift size increased.
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In the study of this process, we considered explanatory variable (X) and long-memory
processes d =0.1, 0.2, 0.3.

From the results in Tables 2 and 3, the notable outcomes are as follows:

1. The ARL values of the NIE method ware similar to explicit formulas for detecting
changes in the process mean, with decreasing order being [3]
ARFIMAX(1, 0.3, 1, 1), [2]ARFIMAX(1, 0.2, 1, 1) and [1]ARFIMAX(1, 0.1, 1, 1).
When analyzing the performance of a CUSUM control chart, the ARL value needs to
be as small as possible. In this study, the performances with models [1] and [2]

were slightly lower than for model [3] at each reference value level (see Tables 2).
2. In Table 3, the ARL values obtained from model [5] ARFIMAX(2, 0.2, 1, 1) indicate

a better performance than the model [4] ARFIMAX(2, 0.1, 1, 1) when g, =0.75 and
model [6] ARFIMAX(2, 0.2, 1, 1) when g, =0.50 at each reference value level.

3. As the value for parameter v increased, the ARLs obtained from the two methods

decreased.

In summary, approximating the ARL by using the NIE method is a good alternative to
explicit formulas for measuring the performance of detecting a change in the process mean on
a CUSUM control chart because the results show that its performance was similar to and in
excellent agreement with the explicit formula method. Thus, equivalent numerical accuracy was
achieved using the NIE method.

Implementing the Upper-Sided CUSUM Control Chart for the Mean: An Example
Using Real Data
In this section, the ARL is approximated by using the NIE method and explicit formulas

to illustrate the practical application of our proposed CUSUM control chart. The real data are
the stock prices for SCB in Thailand with the explanatory variable as the exchange rate of THB
against USD (unit: Baht rate). The observations were collected daily (5 days per week) from
February 2020 to June 2020, consisting of 100 observations (source: https://th.investing.com).

The dataset was analyzed and fitted to the long-memory ARFIMAX(1,0.499998,1,1) process with

coefficients ¢, = 0.907764, 6, = -0.468244, and p, = -5.883148, as well as white noise significantly
exponentially distributed with mean («,) = 2.0136. For the one-sided control limit for the CUSUM

control chart, reference value v =3 and upper control limit values (/) =4.53619 and 5.15611
were used for ARL, =370 and 500, respectively. The ARLs on the CUSUM control chart were

derived using the two methods, the results of which are summarized in Table 4. The results are
obviously in agreement with those in Tables 2 and 3. The numerical results obtained from the
NIE method approached the explicit formulas for all cases when detecting small-to-moderate-
sized changes in the process mean. To sum up, the NIE method is a good alternative for
approximating the ARL for real applications on a CUSUM control chart.
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Table 4. Comparison of ARL, values using the NIE method and explicit formulas for a long-
memory ARFIMAX(1,0.499998,1,1) process under data on stock prices for SCB with the
explanatory (exchange rate of THB against USD) for in-control process «, = 2.0136.

ARL, = 370 ARLo = 500
o v=3, h=4.53619 £(%) v=3, h=5.15611 £(%)
ARLNE ARLE® ARLNE ARLE®
0.01 358.638 359.128 0.14 483.780 484.530 0.15
0.03 338.168 338.626 0.14 454.726 455.426 0.15
0.05 319.226 319.653 0.13 427.925 428.577 0.15
0.10 277.690 278.052 0.13 369.461 370.009 0.15
0.30 168.771 168.970 0.12 218.583 218.876 0.13
0.50 110.955 111.074 0.11 140.469 140.640 0.12
0.80 66.100 66.162 0.09 81.359 81.445 0.11
1.00 49.553 49.596 0.09 60.044 60.103 0.10
3.00 9.918 9.922 0.04 11.038 11.043 0.05

Conclusions

An NIE method for approximating the ARL of a shift in the mean of a long-memory
ARFIMAX model on a CUSUM control chart is proposed in this article. The method approximated
the ARL quite accurately and is a good alternative for verifying explicit formulas for constructing
the ARL to detect changes in the mean for a long-memory process, and thus we suggest that it
can be successfully applied to real applications such as in economics, finance, agriculture,
hydrology, environmental, etc. Its applicability to real observations that follow a long-memory
ARFIMAX process with a seasonal variation (SARFIMAX) as well as exponential white noise is a
subject for future studies. In future studies, the NIE method for approximating the ARL could
be developed for observations that correspond to the exponential family with continuous and
increasing functions, such as gamma and Weibull distributions, among others.
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Abstract

The main objective of this paper is to present the numerical integral equation of
average run length (ARL) of cumulative sum (CUSUM) control chart when observations are
seasonal autoregressive integrated moving average denoted by SARIMA(P,D,Q)L process with
exponential white noise. The accuracy of the proposed method is established by comparing
them to the Monte Carlo simulation method in term of the absolute percentage difference and
the computational times. A comparative results obtained from the numerical integral equation
with the Monte Carlo simulation shows that the absolute percentage difference is less than
1.0%. In terms of computational time, we find that the computational times are approximately
60 minutes for the numerical integration method and approximately 190 minutes for the Monte
Carlo simulation method.

Keywords: Average Run Length, Cumulative Sum Control Chart, Seasonal Autoregressive
Integrated Moving Average

Introduction

In general, the production process has a variety of steps in the production of products
in order to get the good quality products. Statistical process control (SPC) is an important for
the production process to control and improve the quality of production process. Control charts
are one of the efficient tools of SPC for detecting changes in mean or variations of the process.
Therefore, the objective of control chart consists in detecting variations of the process over
time. There are many applications of control charts in engineering, medical, health-care, finance,
chemistry and biology etc.

The concept of a control chart was first proposed by Walter A. Shewhart (1931), which
is called the Shewhart control chart. It is a quality control chart that is suitable for detecting
large changes in the process. Recently, the cumulative sum (CUSUM) control chart presented
by Page (1954), which is effective in detecting small shifts in the process. In this paper, we
discuss the application of the CUSUM control chart for monitoring in the mean of process. The
CUSUM control chart are widely used in engineering and in health-care.

The adopted criterion of measures to confirm the performance of a control chart is the
average run length (ARL). The most frequently used operating characteristics are in-control
average run length or ARLo and out-of-control average run length or ARL:. There are many
methods for evaluating the ARL such as Markov Chain approach (MCA), integral equation
approach (IE) and Monte Carlo simulations (MC).
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A systematic review demonstrated that, there are many researchers have been
proposed for evaluating the ARL of CUSUM control chart such as Brook & Evans (1972) used
the Markov Chain approach with finite state to evaluate the average run length of CUSUM
control chart. Vanbrackle & Reynold (1997) used the integral equation method and the Markov
Chain approach to evaluate the ARL of the EWMA and the CUSUM control charts for the
autoregressive, AR(1) process with additional random error. Later, Areepong (2009) presented
the formula for the ARL of the EWMA control chart when the data were exponential distribution
by Martingale Approach and compared the efficiency of the formula for the ARL of the EWMA
control chart with the CUSUM control chart. Later, Mititelu et al. (2010) developed an analytical
solution for the ARL by using the Fredholm integral equation approach for CUSUM control chart
when observations are hyperexponential distribution.

There are many situations in which the process is a serial correlation, thus these
process need to be monitored by appropriate control charts. For this reason, several authors
have been developed for evaluating the ARL of CUSUM control chart when the process is an
autocorrelation, such as Busaba et al. (2012) investigated the explicit formula of the ARL for
CUSUM control chart by using the Fredholm integral equation when observations are an
autoregressive, AR(1) process. Later, Phanyaem et al. (2014) derived the analytical formula
and used the numerical methods to find the ARL of CUSUM control chart for an autoregressive
and moving average, ARMA(1,1) process with exponential white noise. In addition, Phanyaem
et al. (2014) presented the numerical integral equation of ARL for an autoregressive and
moving average process, ARMA(p,q) process with exponential white noise based on EWMA and
CUSUM control charts and compared the ARL obtained from the EWMA control chart with the
ARL obtained from the CUSUM control charts. Recently, Petcharat et al (2015) used the
Fredholm integral equation approach to solve the exact formula of the ARL of CUSUM control
chart based on a moving average, MA(q) process with exponential white noise. After that,
Phanyaem (2017) proposed the explicit formula and the numerical integral equation to
approximate the ARL of CUSUM control chart for SARMA(1,1). process.

The objectives of this paper are to approximate the ARL of CUSUM control chart for a
seasonal autoregressive integrated moving average, SARIMA(P,D,Q). process with exponential
distribution white noise by using the numerical integral equation method based on Gauss-
Legendre quadrature rule and to compare the numerical results obtained from the numerical
integral equation method with the results obtained from the Monte Carlo simulation method in
term of the absolute percentage difference and the computational time.

The paper is organized as follows: in Section 1, we present the background and
literature review of control charts. In Section 2, the underlying a seasonal autoregressive
integrated moving average, CUSUM control chart based on SARIMA(P,D,Q)L process is introduced.
In Section 3, the methodology of numerical integration is demonstrated using Gauss-Legendre
quadrature rule. The Monte Carlo simulation technique is presented in Section 4. In Section 5,
we compared the results from the numerical integral equation method with the results from the
Monte Carlo simulation method. Finally, conclusion of this research are discussed.

CUSUM Control Chart based on SARIMA(P,D,Q). Process

In this section, we present the procedure to generate the cumulative sum (CUSUM)
control chart. The CUSUM control chart is used for the data that has subgroups or single
observation at each time period. In addition, the CUSUM control chart can specify a fast initial
response values to enhance the control chart. The CUSUM control chart displays the cumulative
data of current and previous samples. For this reason, the CUSUM control chart is better than
the Shewhart control chart for detecting small shifts in the mean of a process. In this paper, we
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used the CUSUM control chart to monitor the mean of a process based on SARIMA(P,D,Q).
process.
Let X, is a seasonal autoregressive integrated moving average process with exponential

white noise. The SARIMA process denoted by SARIMA(P,D,Q). can be expressed as
(1—CI>1YLBL—CI>ZYLBZL—...—(I)PYLBF’L)(l—BL)DXt = u+(1—G)LLBL—®21LBZL—...—@QVLBQL)ft (1)
where £ ;t=1,2,.. is the white noise process with exponential distribution, @, (B") and O, (BY)
are the polynomials of order P and Q of the seasonal autoregressive and moving average
components, respectively. The seasonal difference components are represented by (1-B")°.
The CUSUM control chart for monitoring the process mean is based on the statistics

C, = max(C+X,-a0);t=12,... (2)

where X, is the t" observation based on SARIMA(P,D,Q). process and a is a reference value

of CUSUM control chart.
The stopping time (7, ) of CUSUM control chart is given by:

T, :inf{t>0;Ct>h}, h>u 3)
where h is the upper control limit of CUSUM control chart.

Numerical Integration of ARL of CUSUM Chart for SARIMA(P,D,Q).

In this section we present the scheme to evaluate numerically the solutions of the
integral equation by using Gauss-Legendre quadrature rule. Since the corresponding integral
equation are difficult to solve, the numerical integral equation (NIE) method is the alternative
way to solve the problem of integral equation. The numerical schemes are discussed by
Kantorovich & Krylov (1960), Petrovskii (1996), Atkinson & Han (2001).

Suppose that the function L(u) is the ARL of CUSUM control chart based on SARIMA(P,D,Q).
process with the initial value C, = u where u €[0,h].

The ARL of CUSUM control chart is given by
ARL=L(u)=E_(7,) <. (4)
The solution of integral equation is given by the equation
L(u) =1+E,[{0<C, <h}L(C,)]+ P{C,= O}L(0). (5)
where P, is the probability measure

E. is the expectation corresponding to an initial value w.

Therefore, an explicit formula for the solution of (5) is sought in the form of Fredholm’s
integral equation of the 2" kind as follows

D
Blu-a+p+(O B +.40 BL) &= ()¥BY¥ X, +(® B" +..+dp B™)(1-B")°X,
k=1

h
L(u)=1+ pe )j L(y)e”dy
0

D
-pa-u-p-(©.B" +"'+®QLBQL) & +Z('1)Lk B™ X, ~(@ B"+.4®, B™)(1-B")°X,)
k=1

+(1-e )L(0). (6)
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where f is a parameter of exponential white noise.

Here, we assume that the L (u) is the numerical integration solution of L(u). This section,
we consider the numerical solution of the ARL of CUSUM control chart governed by integral
equations, which is described by

L) =1+ LOF@-u-u—(© B"+.4+0yB*) & +é(—1)LKBL"X‘ —(®,B" +..4®, B™)(1-B")"X,)

h

+ LOT G +a-u—p—(O,B" +..404B%) & Jré(-l)LkBkaI —(®,B" +..+®, BM)1-BYY°X )dy  (7)

where

dF () _ gepu
du

The quadrature formula for approximating j; f(y)dy will be h/m times the formula

Fu)= 1-¢ AU and  fQ)=

for approximating the equivalent integral over [0,h] with the division points 0< g <..<a, <h
and weights Wj:h/mZO. Therefore, we can approximate the integral equation by a sum of
areas of rectangles, which is described by

! . hf{. 1 .
JbW(y)f(y)dyz 2. wjf(aj) with a; = —[]——J (j=12,..,m.
0 j=1 m 2
Using the numerical integral equation (NIE) method. The numerical results of L(u) is
given by
L@)=1+L(@)F(a-a-u—(©B" +.+0,B%) & +§1(-1)LKB“XI —(® B" +..+®, B™)(1-B")°X,
+ _mzle L(a)) f(a,+a-a —u—(© B +..40,B*) & +k§i(-1)LkBkat —(®,B" +..+®, B™)(1-B")°X,). (8)
[= =
Consequently, we obtain the linear system as
L@)=1+L(a)Fa—a-u-(OB" +.+0,B*) & +é(-l)LkBLer —(®_B" +..+0, B™)(1-B")°X,

+ iwj L(a)) f(a;+a-a —u—(©.B" +.+0y BY*) & +k§ (-)™B™X, — (@, B" +..+dD, B™)(1-B")°X,).
= =1

I:(az) =1+ I:(az) F(a_az _ﬂ_(®LBL +"‘+®QLBQL) é:t "’éi('l)l_kBLK Xt _((DLBL +"'+®PLBPL)(1'BL)DX1

m ~ D
8w La) (@ +a-8,-u-(0,B"+.40 B%) &+ £ (1) BY X, ~(0,B" +..+0 B™)(1-B")°X,)

L(a,) = 1 + L(a,) F@a-a, - u—(© B" +..404 B%) & +§1(-1)Lk8“xt —(®,_B" +..+0, B™)(1-BY)°X,

+ iwj L(a)) f(a;+a-a,-u—(©B" +..+0, B*) & +ki(-1)LkE;LKxt —(® B" +..+®, B™)(1-B")°X,).
= =

The above equation is the system of m linear equations, which is solved by the matrix
form as follows:

Lot =Lt Ronl (9)

mxm —mx1
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L(a) 1
L(a 1
where L, = (.2) y L=
L(a,) 1
Fa-a-p-(0B +.40,B%) £+ 5(-1)B'X — (@ B +..4® B )(1-B)°X)+ - wf(a +a-a-pu-(0B +.+0,B%) & +5(-1)B'X — (@B +..+4d B")(1-B)°X,)
Ro| Fa-a-u-(0B +.40,B*) &+ S(IBX ~(@B +.40, BYLBYX)+ - W@ +a-a -u—(0B +.40,B%) &+ 5(1)'B'X, - (@B +.+0 B)1-B)X)
F(a—am—y—(O‘B‘+...+®mB°‘)§+g(-.1)“B“X ~(®B +.40,B)L-BYX)+ - W (@, +a-a, - u—(0B +.+0,B%) & + §(1)B'X, - (® B +..40, BY)(L-B)X)

! there exist

mel = (Im - Rmxm)illmxi' (10)

Finally, the numerical integral equation of ARL of CUSUM control chart for process is
given by

and I =diag(11,...1). If (I, -R

mxm)

Lu) = 1+ L(a)F@a-u—u—(®B" +.+0,BY*) & Jrk%(-l)kkat—(c1>LBL+...+c1>F,LE;F’L)(1-BL)Dxt
=1

+ _mzle I:(aj) f(aj +a-u _/u_(@LBL +"'+®QLBQL) C.ft ""k%i('l)k B* xt _(q)LBL +'"+CDPLBPL)(1'BL)DXt)- (11)
j= =

where w, = h and a; = ﬂ[j—lJ ;1=12,..m.
m m 2

Monte Carlo Simulation Method

Monte Carlo (MC) simulation methods is a powerful tool for approximating a distribution
when deriving the exact one is difficult. MC method is some computational algorithms that use
the process of repeated random sampling to make numerical estimations of unknown parameters.
In this paper, we used a MC simulation to approximate the ARL of CUSUM control chart.

Firstly, we consider in the case of observations are SARIMA(P,D,Q). process with
exponential white noise with parameter g. In situation the process is in-control state, we set
the exponential parameter f=4 =1 and the process is out-of-control state, the exponential

parameter f=p =4 +Jf, where § is the magnitude of shift size; ¢ = 0.00, 0.10, 0.20, 0.30,

0.40, 0.50 and 1.00. According to a specified in-control average run length (ARLo) is equal to
370, we determine the parameter of control charts based on the Monte Carlo simulations
technique. The average run length was estimated by means of the number of simulation study
(M) is equal to 10,000 times.

The run length is defined as

] {1; LCL, < C < UCL,
-

. (12)
0 ; Otherwise.

wherel =1, 2, ..., M.

Therefore, the average run length is described by
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o ;
ARL = S (13)

where LCL, is the lower control limit of control chart
UCL, is the upper control limit of control chart
M is the number of the simulation study.

Comparison Results

In this section, we compare the numerical integral equation results with Monte Carlo
simulation results in term of the absolute percentage difference and the computational time.
We compute the numerical integral equation values for ARL from (11) with parameter (@ and /)
and compare these results with the values obtained from the Monte Carlo simulation method.
The numerical integral equation solution is denoted by (NIE) and the Monte Carlo simulation
solution is denoted by (MC).

The absolute percentage difference is given by

: INIE —MC|
Diff (%) = ————— x100. (14)
In this section, the numerical results of in-control average run length (ARLo) and out-
of-control average run length (ARL:) for a CUSUM control chart were calculated from (11) and
(13) as shown in Table 1 to Table 3. According to the numerical integral equation with the
number of division points m = 800 nodes. The ARLs at different levels of parameter ® and ©
calculated by keeping the in-control average run length (ARLo) of approximately 370. We
assume that process starts with in-control state, the value of the in-control parameter 5 = 1.
For example, in Table 1 if we fixed an ARLo = 370 for SARIMA(1,1,1)4 process with parameter
4+ =0.10and ©,, = 0.10, then the parameter of CUSUM control chart (@ = 2.00 and / = 4.585)
are adjusted in such a way that the ARLo of approximately 370 may be maintained. In the case
of SARIMA)1,1,1(12 process with parameter @,,, = 0.10 and ©,,, = 0.20, we use the parameter
of CUSUM chart are @ = 2.50 and A4 = 3.529. Finally, in the case of SARIMA(1,1,1(12 process
with parameter @,,,= 0.10 and ©,,, = 0.10, therefore the parameter of CUSUM control chart
are @ = 3.00 and A = 3.028. Numerical values for ARLo are computed for an in-control parameter
value and numerical values for ARL: are computed for range of out-of-control parameter values
P = po+5p where 5 = 0.00, 0.10, 0.20, 0.30, 0.40, 0.50 and 1.00 respectively.

Table 1 Comparison of ARL computed using NIE method against MC method for SARIMA(1,1,1)12
process with parameter @,, = 0.10, ©,, = 0.10, @ = 2.00 and / = 4.585.

Parameter Method

B NIE MC Diff%

1.00 ARL 369.263 370.091 0.224
(CPU time) (47.121) (196.251)

1.10 ARL 190.483 190.825 0.180
(CPU time) (47.853) (196.181)

1.20 ARL 110.443 110.602 0.144
(CPU time) (47.447) (193.453)

1.30 ARL 70.238 70.319 0.115
(CPU time) (48.809) (186.142)
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1.40 ARL 48.094 48.140 0.096
(CPU time) (47.23) (179.362)
1.50 ARL 34.948 34.975 0.077
(CPU time) (47.26) (175.473)
2.00 ARL 12.462 12.466 0.032
(CPU time) (47.54) (166.215)

The performance of the numerical integral equation is measured in terms of the
absolute percentage difference and the computational time. From Table 1-3, it is found that the
absolute percentage difference less than 1.0% between the NIE method and the MC method.
In addition, the computational time based on the NIE method takes less than 60 minutes, while
the MC method takes approximately 190 minutes.

Table 2 Comparison of ARL computed using NIE method against MC method for SARIMA(1,1,1)12
process with parameter @,,, = 0.10, ®,,, = 0.20, 2 = 2.50 and A = 3.529.

Parameter Method

Yij NIE MC Diff%

1.00 ARL 370.00 370.045 0.012
(CPU time) (52.475) (196.141)

1.10 ARL 205.446 205.812 0.178
(CPU time) (53.702) (192.362)

1.20 ARL 126.014 126.213 0.158
(CPU time) (51.643) (188.211)

1.30 ARL 83.403 83.519 0.139
(CPU time) (54.758) (186.191)

1.40 ARL 58.637 58.711 0.126
(CPU time) (50.155) (191.143)

1.50 ARL 43.284 43.332 0.111
(CPU time) (50.574) (193.312)

2.00 ARL 15.301 15.311 0.065
(CPU time) (52.453) (189.141)

Table 3 Comparison of ARL computed using NIE method against MC method for SARIMA(1,1,1)12
process with parameter @,,, = 0.10, ®,,, = 0.10, 2= 3.00 and A = 3.028.

Parameter Method

B NIE MC Diff%

1.00 ARL 370.00 370.276 0.289
ARL (53.151) (199.241)

1.10 (CPU time) 370.00 209.872 0.257
ARL (52.924) (198.763)

1.20 (CPU time) 130.32 130.620 0.230
ARL (53.107) (199.243)

1.30 (CPU time) 87.236 87.417 0.207
ARL (52.147) (198.756)
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1.40 (CPU time) 61.852 61.967 0.187
ARL (54.014) (197.513)
1.50 (CPU time) 46.132 46.010 0.169
ARL (53.983) (199.421)
2.00 (CPU time) 16.366 16.383 0.109
ARL (54.015) (199.137)
Conclusion

This research purposes the numerical integral equation for the average run length
(ARL) by using Gauss-Legendre quadrature rule of the cumulative sum control chart for a
seasonal autoregressive integrated moving average; SARIMA(P,D,Q). process with exponential
white noise. The results from purposed numerical integral equation method for finding the ARL
of CUSUM control chart are compared with the Monte Carlo simulation approaches to verify that
the accuracy of the numerical integral equation is good agreement with the Monte Carlo
simulation approaches. Furthermore, the purposed method takes time much less than the
Monte Carlo simulation method obviously is demonstrated in Table 1-3.
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Abstract
An element @ of S is a regularity-preserving element of an left almost semigroup (S, *) if the left

almost semigroup (S, o ) is regular. In this paper, the notions of regularity-preserving elements in left almost

a
semigroups are investigated. Moreover, we prove that the following conditions are equivalent:
1. @ is a regularity-preserving element in a regular LA™ -semigroup.
2. (b*a)* S =S *D forany element b of S.
3.aeR(S).

Finally, we characterize the regularity-preserving elements of regular LA™ -semigroups.

Keywords: left almost semigroup, LA™ -semigroup, regularity-preserving element, left invertive, regular left

almost semigroup
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LA™ fangihlsnd

v &
ﬂ?13~lgwu§1u
o 9 & Yo ¥ a o @ Ao @ o o ¢ = A
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@

v 4
Snunlsndlunengiifeudiodsnd asil

uniieny 1. (Kazim & Naseerudin, 1972) vuald S dlusadn lulsaaing azi5en (S,*) 7 fangiline
418 w30 LA -nanjdifeud e (eft almost semigroup) N oilioWaddu *:SxS —S Taoi
#(X, Y) > X*y dwisunnaun®n X uaz y laqlu S filleniia (X* y)*z =(z*y)*x disunn

wa

Fa
a [ d
aundn X,y uaz Z laq lu S waziSonauiiaiin dunesivlde (left invertive)
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UNK3 2. (Kazim & Naseerudin, 1972) &1 (S,*) Hufangdifeudrouds (@axb)*(c*d)=(a*c)*
(b*d) dwmsunnausn a,b,c uaz d laqlu S

fviualy (S,*) ﬁ‘luﬁmgﬂgﬁau%’w ziTen (S,*) 9 Tenanyaidng (left identity) 10 113N
e lu S il exx=x dmfunnaudn X laq lu S uaveziden “e” 11 enanuaide (eft

identity)

UNAY 3. (Mushtag & Yusuf, 1979) 81 (S, *) iflufsngihifevdroiiiendnualdronds x*(y*z) =

y*(X*2) dwmsunnandn X,y uaz z laqlu S

UNAS 4. (Mushtaq & Yusuf, 1979) 41 (S, *) dlunsngilifevdroniiondnuaidonds (axb)*(cxd) =

(d *c)*(b*a) dwmsunnawzn a,b,c uaz d laqlu S

fmuald (S,*) dunsngihifevdie azion (S,*) 91 LA™ -engd rdwmfunnaindn x, y

waz Z T S Fa x*(y*2)=y*(x*2)

uniiey 5. (Protic & Boinovic, 1995) Manjilifioudie (S, *) szidendt LA™ -nengil drdmiunnainin

X,V uaz Z 'S e x*(y*2)=y*(X*2)

=®

Amuald (S,*) dufengihifende aziFen (S,*) 11 danguioudailsnd (regular left

almost semigroup) Sd S unaazain®n X laq lu S udrzliamndn a lu S &1 x = (x*a)*x
UNFiY 6. (Tapan & Yiarayong, 2020) fnuald a iflueindnla o ludangihifendis (S,*) fomwms
o a a o @ a < Y o 1 I
Autiums <o, " Tagh Xo, y =(x*a)*y dmiugamndn xuaz y lu S wiulddanud o iilu

oA a a a 1w .
MIAUUUMININAVY S TINTNIBN a N fmls (variant) Y93 S

fmuali (S,*) dufangifeudne fiswan R (S) Tagi R (S)={aeS|(S,,) il

fangiineudneilsna }
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UNEA 7. (Tapan & Yiarayong, 2020) 81 (S,*) il LA™ -fanjddsnduas aeS udaidenluse il
auyany

1LaeR(S)

2. (S*a)*b=S=b dmiunnamin beS
Wan1339y

Gluﬁa%’a@ia"lﬂﬁ%umﬁmuaﬂamﬁﬂmm@mﬁmﬁ"ﬂy1ﬂ5ﬂ§1uﬁeﬂ§ﬂgﬁaw§w wonvni 14
asndeuautAae q ves LA™ -fengd uaz LA™ -Rangdilsnd TaeSuduninmssmuauniiomves
an3nsnulsndlunangUifoudhe fafl

smuald a Juaninla q lufingliievdhe (S,*) 2ziFon a Auansninuilsnd

(regularity-preserving) Tu S &1 (S, 0,) dufsngulifeudesnd

o a 4 ' 2 o
nquiun . &1 (S, *) iilu LA™ Aenpillsnduae ae S udausoulusio lliiauyadu
1. a fluandninuilindlu S

2. (b*a)*S =S b dmiunnainin beS

3 aeR(S)
msiigaii fieanin (S=a)*b=(b*a)*S =S b Tagunda 7 1iiu1d5anuh a e R (S) Adeiile
(b*a)*S =S b dwmiunanin be S O

Mg 9. muald S ={1,2,3,4,5} uaziimsduiiumsaamani i

M3 1 MTUAAINMTAUUUMST “* 7 VUEA S

oW N

R
NONINN RN
g (w (>N W
w > 0N (s
A O (W N | |01
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nnmsariu ldFanun (S,*) L?Juﬁmgﬂgﬁau%’w (Yousafzai, Khan, Khan & Hila, 2016) u@i‘lﬂﬂu%mﬂ
199910 (3%4)*5=5+5=4 14 3%(4%5)=3+5=3 F41d91 (3x4)*5=3*(4x5) 47l
auiAnaouny daldnniniuiiuldFanuin (S,*) 1ilu LA™ -fengdsnd iileqan
1=1#1=(1%1)*1,2 =242 =(2+2)*2, 3=4%3=(3%3)*3,4=4%4=(4%3)%4 u a ¢
5:4*5=(5*5)*5

A9 2 NTNUTAINMTAUTUNS © 0,7 UUIFA S

N

oW N

S
NN NN N
A W01 N W
o~ W N(
w (o[~ N (O

v ldFanud (S,o,) Fuiangilidondrs 8aldndnfu (S.o,) Fufngilifoudholsnd
iloenin 1=10,1=(L0,1)0,1,2=20,2=(20,2)0, 2,3=40,3=(30,5)0,3, 4=40,4=
(40,4)0, 4 naz 5=40,5=(50,3)0,5 Tasngujun 8 121891 4 Huaumdninunlsnalu S
uaz 4eR (S)

ngudun 10. 61 a Wuamdninwlsndlu LA™ -Aengisnd (S,*) ud1 (a*b)*S=b*S
dmsunnansn be S
msigay fruald b Wumndnlaq u S wiulddanumn
(axb)*S = (axb)*(S=*S)

~ (axS)+(bs)

~ b((ar5)+s)

c b=S
dollazuanean b*S —(axb)*S diesnn a Wluandninulsnalu S a2'1dh (S.o,) fufs

9 1
njifeudodsnanuiusgliamsn slu S Taeh
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b = (bo,s)o,b

= ((bxa)*s)o,b
- (((b*a)*s)*a)*b

= (bxa)x((bxa)*s)

aoldimuald x Juaindnlaqlu S Tasii xeb*S $d1&wedamndn r u S Taeii x=b*r
finsan

X = bx*r
= ((bra)=((bxa)*s))*r
= (r*((b*a *S)) b*a)
= (axb)* (((b*a) s)* ) (a*b)*S

34ld b*S c(axb)*S 1ufe (axb)*S=b=S O

S a o a : { o 4
ununsn 11 &1 a Wumndninenlsndlunngiitedis (S, ) Nilendnsaidhonn: aeR (S) ud
(axb)*S=b=*S dmiuynam¥n beS

a d o = v v a d =
MINGIU mmsmmm'lﬁ’“lummmmmﬂuﬂuuwwqwmamqmum 10 D

o I a X 1A
dmuald x Wuaudnle 4 lunngiineude (S,*) azfien x 91 Hiawa (idempotent) 1u
(S,*) 1 x=x*Xx @unamsodiouuny X=X e X?) uazmruasa E(S) mneiusanvesils

WANANUAYDY (S.*)

nquium 12. Smuali (S, ) il LA™ Ranqilsnalaeit E(S) =D & x duamininusnalu
S uh ((y*(r*r))*x)*XeE(S) admiugnaundn y eE(S)
mafigart iflesnn x Jumndnasnudsndlu S 221441 xeR (S) Tasnguiun 8 az1d
(S*x)*y=(y*x)*S =S*y maen (S,*) 1iu LA™ Aenqdsnagaiussiiamnin s u S
Taui y=(y*s)*yeS*yfuie ye(S*x)*y vz1dd10zTan1sn r lu S Taud
y=(r+x)xy mngh y eE(S) #lildh
[((y*(r*r))*x)*xir: (((y*(r*r))*x)*x)*(((y*(r*r))*x)*x)

= (((y*(r*r))*x)*((y*(r*r))*x))*(x*x)
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(y*y)*(r=r)) x)* (y*y)*(rer))x )) (xx)
o (rr)) ey + ))*(y+y))
r(xxr))*(y*y r(Xx*r))s y*y)
)*((x*r)*y))

y*r)

((
)#((xx(r+r)) F(x*x
))*((r=(
r+y (X y) ((r=y)
))*((
(
(¢

y

*(X*X

* X

* y* x*r NED

) J#(x#x)
) J#(x#x)
) )*(x*x)
) J(xxx)
i i )
)
)

* x*r k[

y? #(x*r)) r)(
))#(((

r* y*r *

(

(xx(

(r(

(
(y*(x*r))=(y=r
( ) yer)))s(eex)
(( J(((rex)sy? ) (y=r »* X)
(r* y*r)*( I y*r)* X*X)

(
)* x*x

(
(
(
(
(
(
(
(
(
(

(
y#(y=r))x(y=(y=*r))
y#y)x((y*r)=(y*r))
y((y=r)(y=r)))=(x+x)

= |
=
=
= |
=
(
(
= (((¢
(
(
= ( (
(y*((y*y)*(r=r)))s(x*x)
( (
= (
(v=(
(
= (
(
(
(
(
(
= (
(
(

)* x*x

* y* r*r )* x*x
*

y
(e x)(y(r=r))) =y
* x*x *r)))

y
(yxy)*((x=x)*(r=r)))*y
((r=r)=(xx*x))*(y*y )
y* V*y) ((rer)=(x*x))
y*y)*((rer)* (X*X))
(x#x)%(r=r))=(y*y)
r) (x*x))*(y*y)
rer)*x))

(r+

X)) %(y*y)
(y*y *r)* ))
(rr)x(y=x))*x
( )

xxy)#(r=r))=x

x((
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- (((r*r)* )*x)*x
= (((rer)*(y*y))x)*x
= (((y#y)(rer))x)xx
= ((y#(rer))*x)#x
vniindrnamsaagy 18 ((y *(r r))* X) xxeE(S) O

° <3 a % Aa @ = a 1w
fmuald x Wumnanla q lufsngdifoudo (S, ) Wlendnualde wwdonmndn x 11

v A g v . . . Yy A a =
WAHNU G [ﬂ‘JNﬂNu"U’J‘I](leftlnverse[rlghtlnverse])sl,u (S,*) DIVFUITN Y Tu S &4

e=xxy[e=y=*x]
= ! @ v J 1 a o a @ v 9 [ cil
nouHunae llszuaasanudunussenieaundninelsnatazamnaudne aaae 111

ngufium 13. &1 (S, *) dlu LA Fanglsnaniiendnuaishondadenlude liauyariy

1. a Wumndnsnvnlsndly S

2. a Wudmndudhe

3.aeR (S)
msfigast uldFanundeany 1 auyanudeniu 3 aeldauudld a andadnunlsndlu S aldn
(S,0,) 1ilu LA fangithland ieson e Suaindalu S dufuesilansn s lu S Taeft

e = (eo, s)o e

a) a)*e

e*
(axs) *a)*e
e*a)x(axs)

ax(axs)

((¢
((
(

wWude a dludmniudielu S
auudald a Wudmwndudieazldaneeiausn r Tu S lash e=as*r fimuald x Wu
andnlu S iilosnin (S, *) it LA -fangildsnaieldigiionin slu S Tasi

X = (x*s)*x
((e+x)+(e+s)x
(((a* r)*x)*((a*r)*s))*x
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Fari Xe(( X*a %S )xa)*x v 1¥ldztiansn z lu S Taoi

X

301440 (S,

au¥nsnetlsnaly S

(((x*a)*z)*a)*x
((xe, z)*a)*x
(Xo, Z)o, X

o, ) Wunsngihifoudrodsnd snfinamawsoaglldih aeR (S) duie a iy

O

o v < a & A Y ~ a ' o dJ
Amuald x duau¥nla q lunsngilifendns (S,*) wwiSonau¥n e i1 endanyanaia

v
(mididentity) T S &1 (x*e)*y=x*y dmfugnandn X uaz y lu S uonanilazdvuasa

a g o % ¥ <
M (S) ﬂﬂﬂﬂﬁ\nﬁh’ﬂGll?Nﬁlﬂ“]fﬂ!.l]uL@ﬂaﬂBﬂ!ﬂaNWﬁWNﬂﬂl@\i (S,*) ‘L!‘L!ﬁﬂ
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M (S)={eeS|xy=(x*e)*y,vx,y S}
luaeugame ldmanyazmmzuesmnsninulsnalu LA™ -fengihlsnd

nqufun 15,81 (S, *) fu LA™ -fanqthlsnaiifiendnuainans e ué’aﬁau'lwia'lﬂﬁaugaﬁu
.aeR(S)
M (S)n(S*a)n(a*S)=

3. a Whuansasnelsndlu S

—

N

msfigas uldFanundeany 1 auyanudeniu 3 aeldauudld a andadnunlsndlu S aldn
(S,0,) fu LA -fangihlsnd ilesnn e duaindnlu S dufueefianin su S Tagil
e = (eo,s)o,e
= (((e*a)*s)*a)*e
(axs)*(exa))xe
(ex(exa))=(axs)

a*((e*(e*a))*s)ea*s

uae

ex(s*a))*aeS*a
ufle eeM (S)N(S*a)n(a*S) =D

aundlidoanuii 2 fuaseidiesnn M (S)N(S*a)n(ax*S) = wldinzilianidn X
Tu S Tasit xeM (S)n(S*a)n(ax*S) Hufevedawidn ruaz slu S Taoi
XxeM (S),x=axr uaz x=s*a dmuald y fuandnlu S iiiea91n (S,*) ilu LA e
nqtllsndial&Tnsiiansn z Tu S Taof

y = (y*z)*y
= ((y*z)*x)*y
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((y*z) (s*a)

(a*s z*y )*

z*y *s *a)*

z*y *x *a*

*

((
(s* z*y *a
(
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)+a)

*q |*
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((s*z (y*a)*s)
(

(
(
(
(
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(
(
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y*a *((s*z *s))*a)*ye(((y*a)*s)*a)*y

(
U ye(( (y*a)= )*a)*y IR 18 weiangn b lu S Taeil

A

X = (((y*a)*b)*a)*y
= ((yoab)*a)*y
= (yoa b)Oa y
391891 (S,0,) Flufangiifteudielsnd anfindmannsaaglldh aeR (S) riuile a iy
ausninvnlsndlu S O
agwa
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1. a Wuandndnulsnalu S

2. (b*a)*S =S =b dmfuynainsn beS

3 aeR (S)
uaﬂmﬂﬁ”lﬁ'ﬁ%'nmqyf]uwﬁuﬁmmmﬁnﬁuﬁiwdwam%%”ﬂynJiﬂ&mzﬁmﬂvaﬁ'w naMAONNANITN
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e Zao v A A - - D4 A4 ,
NItz asameAn)ssAnTaIwve kU AIURUANRANIAADUT (moving average:
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(zero truncated Poisson: ZTP) H4an1nHimafSoumenlss@nsmmunuginiugy MA fULHUYNAIDAY
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YOIUNUNTAIUANADAINE1ITUINAY (average run length: ARL) Tag1H35n1551a09u0UARIS Ta (Monte
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o { U { o [ a I U a v A
asrvdumnlasundasaundesiuausesdmiivinaan (§<05) laanduwuginiuan ¢ udiile
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Abstract

The aim of this research is to study the performance of moving average control chart (MA) for monitoring
parameter A , which A4 be average of amount of defectives with span size (w) are equal 3, 4 and 5, respectively
when observations are zero truncated Poisson (ZTP). In addition, the performance of the control chart between MA
and C charts are measured by average run length (4RL) using Monte Carlo simulation method. The results show
that the efficiency of MA control chart increases as the value of span size (w) increases. The comparison between
MA and ¢ control charts shows that MA control chart is more efficient in detecting small changes (5 > 0.8) in the

process but ¢ control chart is more efficient in detecting large changes (5 < 0.5) in the process.

Keywords: average run length, zero truncated Poisson, moving average control chart

= 5w oA 4 3 4 a
msnugugannlulssnugaamnssulinnudingedese ieoswimiuniedielumsiiy
a a a d‘ 1 1 =Y = d' a é’ a Y
Usz@nTammsndanannsnaannuunniesass uazaatSinaveudenmatulunszuiumswan 14
% 4 a aa L. i ' I kY
TavilszgnaldinTeslionIuguamnmFaada (statistical quality control) 11538 lumsihudeyauazud v
Y 1 an & Aa Y a A a = g
Founnied ImNsniantenldlumsniuaunszuIuMIHan AB LHUYTAIUAN (control chart) 49111
A A Ao o [ a A Y a o I A A v dyl Y
iAol IAYluMINIITY tazAuAuMIHAaB THHAaA BN NIAMA NG InTBeloma Il ]1iMs
A a 3 Ao ' a g o
nandusiullamveuaihuaneumsasiedeugunm jluvvewwugiintuguistnate Iasuns
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Abstract

The objectives of this study to comparative study CA-Markov model and CLUE-S model for land use
prediction in National Reserved Forest, Nan Province and land use prediction in National Reserved Forest, Nan
Province in 2020.

This study found that CA-Markov model indicated that overall accuracy percentage 90.95 and Kappa
statistic at 0.80 and CLUE-S model indicated that overall accuracy percentage 91.96 and Kappa statistic at 0.82.
The result indicate the CA-Markov model could predict land use from data in both period. And CLUE-S model
must have the land use changed factor for finding relationship between class of land use and other factor.
Therefore, the result of CLUE-S model was usefulness than CA-Markov model.

Keywords: Land use model, CA-Markov model, CLUE-S model, Land use changed
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Abstract

Utilization of vinasse, wastewater from ethanol distillation process, for dark-fermentative hydrogen
production was demonstrated in this research. The objective of this research was to optimize the hydraulic retention
time (HRT) of hydrogen production from co-digestion of vinasse and dried spent yeast. The experiment was
conducted in lab-scale reactors with a working volume of 5 L. Hydrogen production rate, pH and volatile fatty acids
(VFAs) in the effluent of hydrogen production were studied during the optimization of HRT from 5, 3, 2, 1.5, 1 and
0.5 d. Fly ash was used as an additive to stabilize the pH of fermentation. Results revealed that the optimum HRT
for hydrogen production was 1 d. The maximum hydrogen production rate of 1,418 mL/L.d was obtained. The
VFAs contents in hydrogen production effluent were different when the HRTs were varied, revealing the changes
in fermentation pathways. Thus, the VFAs contents in hydrogen production effluent can be used as a good indicator
for monitoring hydrogen production efficiency. Moreover, fly ash showed an effective pH control in the optimum

range for dark-fermentative hydrogen production.

Keywords: Vinasse, Dried spent yeast, Dark fermentation, Hydrogen
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Parameter Vinasse Dried spent yeast Granular sludge Fly ash
Total solid (% w/w) 1538 +0.11 98.33+0.10 13.36 +£0.12 NA*
Volatile solid (% w/w) 12.68 +0.11 92.88+0.11 12.35+0.11 NA
Initial pH 4.59 +£0.08 6.08 £0.05 7.72 £ 0.06 12.13+0.10
Carbon (% w/w) 6.12 £ 0.09 43.27 +0.09 NA NA
Nitrogen (% w/w) 0.32 +0.08 6.28 +0.08 NA NA
CaO (% w/w) NA NA NA 21.20+0.16

*NA : Not analysis
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Hydrogen production rate Energy production rate = Hydrogen yield

HRT (d) pH
(mL/L.d) (kJ/L.d) (mL/g-VS)
5 211.56 +7.81" 2.28 +0.08" 28.79 + 1.06 5.11+0.03¢
3 308.51 + 18.82° 3.33+£0.20° 25.19 + 1.54° 5.00 + 0.06"
2 530.13 + 11.53° 573 +0.12° 28.86 +0.63" 544+0.15°
1.5 644.00 + 12.27° 6.96 +0.13° 26.29 +0.50° 5.42+0.08"
1 1,418.20 +22.75° 1532 +0.25° 38.60 + 0.62° 5.76 +0.09°
0.5 424 48 + 34.60° 458 £0.37° 5.78 £0.47° 5.73 £0.02°

9 o

* AURASNLOAYTAIALMINUNIAG uanANBENTTsT R YN NaDA TeAUANMTOITY 95% (p<0.05)

o
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M99 4 mamnaasalTeumeunszuiumsnan lalasnunmimnasunudumasariagne

pH range Hydrogen
Optimum
Substrate Reactor type production References
HRT
rate
Vinasse + maize Continuous stirred tank *batch 5.80-6.50 3,720 mL/L.d Garcia-Depraect et al.
processing wastewater reactor (2019)
Vinasse + cheese whey  Fluidized bed 6h 4.26-4.95 2,540 mL/L.d Ramos & Silva (2018)
Vinasse + maize Continuous stirred tank *batch 5.50 2,568 mL/L.d Garcia-Depraect et al.
processing wastewater reactor (2017)
Vinasse + molasses Sequencing batch 6h 4.50-5.00 302 mL/L.d Albanez et al. (2016)
Vinasse + dried spent Continuous stirred tank 24 h 5.00-5.76 1,418 mL/L.d This study
yeast reactor
asdwansnaaea
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Abstract

The aims of this study were to study the chemical composition such as moisture, ash, insoluble substance in organic
solvents, lignin, crude fiber, holocellulose, and alpha-cellulose of Typha angustifolia L in saline soil at Nong Bo, Borabue,
Maha Sarakham District from four parts of the plant (young leaf, young stem, mature leaf and mature stem) and to extract the
cellulose from Typha angustifolia L in saline soil from all of four parts. The amount of moisture, ash, insoluble substance in
organic solvents and lignin were 78.60-88.99 7.43-9.40 11.98-15.73 and 8.92-16.75%, respectively, which was in a level that
can be processed and consumed without harm to the body. The crude fiber, holocellulose, and alpha-cellulose of Typha
angustifolia L in saline soil were 29.13-36.61 52.53-66.16 and 37.83-54.44%, respectively. The chemical composition
indicated that Typha angustifolia L was a promising alternative as a source of fiber. The extracted cellulose from young leaf,
young stem, mature leaf and mature stem showed the low impurity and a high alpha-cellulose. The cellulose from the mature
stem revealed the highest alpha-cellulose content of 86.52%, equivalent to cellulose in the market. When analyzing crystal
structure by X-ray diffraction and FT-IR, it was found that lignin was eliminated, and the high purity and crystalline cellulose
were constraining. The Typha angustifolia L in saline soil at Nong Bo, Borabue, Maha Sarakham District can be a source of

cellulose in food applications and the mature stem was most suitable for cellulose extraction.

Keywords: Typha angustifolia L., Saline soil, Cellulose, Dietary Fiber
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Abstract

Currently, fried fish cracker products are high in fat and are at risk of cancers. The microwave application
has gained popularity due to its convenience. The aim of this research was to study the effect of microwave power
level with different puffing times on the physical and chemical properties. The fish cracker of Pattani and Narathiwat
provinces were puffer by using of fish crackers microwave power (1,300 and 1,700 watts) and puffed (10, 20, and
30 seconds) . The results showed that microwave power and time affect brightness value (L") with significantly
different (p<0.05). The microwave power at 1,700 for 30 second was suitable for puffing of fish cracker products
from the Pattani and Narathiwat with according standard of fish cracker. The L “and b values of both types of fish
crackers tended to be decreased as the microwave power and duration time decreased. Whereas, the value a
(redness) increased tendency with significantly different (p<0.05). Moreover, moisture content and water activity
(a,) were decreased when microwaving at higher microwave power for a longer time. The moisture content and a,,
of puffed fish crackers were 2.51-3.47 % and 0.41-0.46, The low value of moisture content and a,, indicated that
this product could have an extended shelf life. 0.41-0.46, respectively. Pattani fish crackers and Narathiwat fish
crackers showed overall liking score with not significantly different ( p>0.05) with the value at 7.23 (like
moderately) and 7.16 (moderately like), respectively. In conclusion, these data indicated that the microwave
application could be used in puffing semi-finished fish crackers and has a promising potential for the development

of new products.

Keywords: semi-finished fish cracker, physical-chemical properties, microwave power, puffing time
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Abstract

A salted egg yolk powder is a seasoning ingredient that offers fishy smell of egg as well as oily and salty
taste. With the increasing trend of salted egg flavor in varieties of food products, the development of flavor and
taste of the salted egg yolk seasoning needed for developing for the snack products. The objectives of this research
were to develop a prototype formula of salted egg yolk powder by comparing three levels of capsicum oleoresin
(0.5, 2.0, and 4.0%) for spicy taste acceptance. The size of the spicy salted egg yolk seasoning on adhesion of the
surface of fried potato chips was compared. The shelf life of the spicy salted egg yolk seasoning stored at 4, 25, and
40 °C was also investigated. Results showed that the prototype salted egg yolk powder type A having salted egg
yolk powder, mixed glucose and paprika oleoresin, mixture of disodium- 5’— inosinate and disodium- 5° — guanylate,
salt, maltodextrin, and spice of 57.54, 15.82, 1.97, 5.27, 18.67 and 0.53% received a higher overall liking score than
that prototype type B containing salted egge yolk powder, mixed glucose and paprika oleoresin, mixture of
disodium- 5°— inosinate and disodium- 5’ — guanylate, salt, maltodextrin, and spice of 56.01, 11.25, 1.97, 2.81,
27.43, and 0.53%. The addition of 2% capsicum oleoresin to the prototype type A accepted by 60% of the panelists.
Results revealed that the size of spicy salted egg yolk powder at 20 mesh showed the adhesion efficiency (68.88%)
on the surface of fried potato chips. The shelf life of the spicy salted egg yolk powder stored at 4, 25, and 40 °C for
5 weeks was safe from a microbiological standpoint and became unnoticeable changes in physiochemical properties.

This research provides the spicy salted egg yolk seasoning powder for possible use in snack products.

Keywords: salted egg yolk powder, seasoning, capsicum oleoresin
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Abstract

The objectives of this research were to study the formulas of edible coatings (uncoated, coated with
sodium alginate, and coated with sodium alginate containing eugenol oil extract) and the effect of storage time at
4 °C on the physical, sensory, and microbiological properties of cut fresh papaya by cutting ripe papaya into
cubes with 2 cm in length and dipping in coating solutions consisting of sodium alginate, glycerol, and sunflower
oil at the concentration of 2.00, 1.50, and 0.025 %w/v, respectively. For formula containing sodium alginate and
eugenol oil extract: adding eugenol oil extract at 0.10 %w/v concentration, it was found that coating of fresh-cut
papaya with sodium alginate and sodium alginate with eugenol oil extract helped to reduce weight loss and
maintain the firmness better than uncoated samples. Consumers’ rating on the liking for the smell and taste of the
samples for all treatments was not statistically significantly different. The samples coated with sodium alginate
and sodium alginate with eugenol oil extract did not significantly have different liking scores for appearance,
color, and firmness as well as the overall liking, and the liking scores were significantly higher than uncoated
samples. Samples coated with sodium alginate and sodium alginate with eugenol oil extract had the overall liking
scores between 6 and 7, indicating slight to moderate liking of consumers. Compared to other treatments, samples
coated with sodium alginate containing eugenol oil extract could better inhibit aerobic bacteria and yeast during

storage at 4 °c. Average values of weight loss and firmness of fresh-cut papaya coated with sodium alginate
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containing eugenol oil extract and stored at 4 °C for 12 days were 0.87% and 55.51 g, respectively, and average

amount of aerobic microbes and the mold yeast were 3.73 log CFU/g and 0.9 log CFU/g, respectively.

Keywords: papaya, sodium alginate, eugenol oil, edible film
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Abstract

Most of the complex systems in use nowadays such as communication systems, software systems,
automobile engines, helicopters, aircraft generators, etc., are repairable systems that can be repaired by replacing
or repairing system components other than replacement of the entire system after failing. Before a repairable
system is used or handed over to the customer, system testing is usually conducted in the development phase to
explore all aspects of functionality and system reliability. Moreover, early prototypes will often contain design
flaws when a system is in the development stage, so that system testing is performed to correct such problems and
this will affect the final design. Also, system reliability obtained during the development phase is essential to
establish a warranty period or determine a maintenance phase for repairable systems. In this paper, we consider
the basic concepts and statistical inferences for the power-law process which is the special type of
nonhomogeneous Poison process, and it is widely used in the study and analysis of the system reliability. In
addition, this paper also presents applications of the power-law process on repairable systems using two real data

sets, failure times of an aircraft generator, and failure times of the Boeing air-conditioning system.

Keywords: Poisson process, failure rate, Weibull process, reliability
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