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ABSTRACT

Count data with non-zero values can be modeled using the zero-truncated Poisson-Shanker distribution in a variety of
situations. However, the confidence interval estimation for the parameter has not yet been examined. In this paper, confidence interval
estimation based on percentile bootstrap, simple bootstrap, biased-corrected and accelerated bootstrap, and bootstrap-t methods was
examined in terms of coverage probability, lower and upper error rate, and average interval length through Monte Carlo simulation.
The simulation results indicate that attaining the nominal confidence level using the bootstrap methods were not possible for small
sample sizes, regardless of the other settings. Furthermore, in cases when the sample size was large, there was no significant difference
observed in the performances of the all methods. In several scenarios, the bias-corrected and accelerated bootstrap method exhibited
superior performance compared to the other methods. Last, we used the bootstrap methods to calculate the confidence interval for the
parameter of the zero-truncated Poisson-Shanker distribution via three numerical examples, and the results of these examples matched

those from the simulation study.
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1. INTRODUCTION frequently employed to model the number of

The Poisson distribution is a discrete probability ~ occurrences under the assumption that events are

distribution that quantifies the likelihood of a certain ~ independent and occur at a constant rate. In real

number of events taking place within specified time or ~ Situations, however, this assumption may not always

spaces. (Kissell and Poserina, 2017; Siegel and hold true. The typical Poisson distribution may be

Wanger, 2022). This distribution is used to model data ~ inadequate if the underlying rate of occurrence is

heterogeneous or variable. The mixed Poisson

like the number of orders a firm will receive tomorrow,

the number of people who will apply for a job  distribution lets the rate parameter be random, dealing

tomorrow, the number of defects on a finished product, with this constraint. Instead of having a constant rate

the number of confirmed COVID-19 cases per day, the parameter, the rate parameter is assumed to follow a

number of customers entering a post office on a given  Certain distribution.

day, etc. (Siegel, 2016; Ross, 2006). Shanker ( 2016) introduced the mixed Poisson

The probability mass function (pmf) of a Poisson

distribution is defined as

e

p(x;A)= , x=0,1,2,... ;4>0 (1)

where e is a constant approximately equal to 2.71828
and A is the mean number of events within a given

interval of time or space. The Poisson distribution is

distribution known as the Poisson- Shanker ( PS)
distribution and investigated its mathematical and
statistical ~ properties. Combining the Poisson
distribution and the Shanker distribution ( Shanker,
2015) yields this distribution. When the Poisson
parameter A follows a Shanker distribution, the

Poisson distribution gives rise to the PS distribution
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('Shanker, 2016). The pmf of the PS distribution is
given by

0 x+(@*+6+1)
6> +1 (O+D)™

Po(x;0) = L x=012,. :050. (2)
The mathematical and statistical properties of the PS
distribution for modeling count data were established by
Shanker (2016). When applied to several real-world
data sets, the PS distribution proved to be more
appropriate than the Poisson and Poisson-Lindley
(Sankaran, 1970) distributions.

The Shanker distribution was introduced by Shanker
(2015) as a lifetime continuous distribution with a

probability density function (pdf) defined as

2
29 (0+2)e™, 2>0,0>0.
0° +1 (3)

It is a composite of an exponential distribution with a

S (4:0)=

scale parameter €, and a gamma distribution with a
shape parameter 2 and a scale parameter €, with
respective proportions 6° /(6> +1) and 1/(6° +1).
Shanker (2015) showed that the pdf in Eq.(3)
provides a better model than the exponential and
Lindley (Lindley, 1958) distributions for modeling
lifetime data.

The probability model of PS distribution can be
utilized to analyze data that contains both zero and
positive values with low occurrence probabilities within
a predefined time or area range (Sangnawakij, 2021).
However, probability models can become truncated
when a range of possible values for the variables is
either disregarded or impossible to observe. Zero
truncation is commonly employed when analyzing count
data without zeros. David and Johnson (1952)
developed the zero-truncated (ZT) Poisson (ZTP)
distribution, which has been applied to datasets such as
the length of hospital stays, the number of published
journal articles across various disciplines, the number
of children ever born to mothers over 40 years old, and
the number of passengers in cars (Hussain, 2020). A

ZT distribution’s pmf can be derived as

pco) =25 W
1-p,(0;0)

where  p,(x;0) is the pmf of the un-truncated
distribution. Shanker (2017) proposed the zero-
truncated Poisson-Shanker (ZTPS) distribution and its
properties, such as the moment, coefficient of variation,
skewness, kurtosis and the dispersion index. The
method of moments and the maximum likelihood have
also been derived for estimating its parameter.
Furthermore, when the ZTPS distribution was applied
to real data set, it was more suitable than the ZTP and
zero-truncated Poisson-Lindley (ZTPL) (Shanker et
al., 2015) distributions.

To our knowledge, no research has been conducted
to estimate the confidence interval for the ZTPS
distribution parameter 6. Bootstrap methods provide a
way to estimate confidence intervals by quantifying
uncertainties in statistical inferences based on a sample
of data. The concept is to run a simulation study based
on the actual data for estimating the likely extent of
sampling error (Wood, 2004 ). Therefore, the objective
of the current study is to assess the efficiencies of four
bootstrap methods, namely the percentile bootstrap
(PB), the simple bootstrap ( SB), the bias- corrected
and accelerated (BCa) bootstrap, and bootstrap-t (B-
t) to estimate the confidence interval for the parameter
() of the ZTPS distribution. Due to a theoretical
comparison is not possible, a simulation study was
conducted to compare their performance and used the
results to determine the best performing method based
on the coverage probability, lower and upper error rate

and the average length.

2. THEORETICAL BACKGROUND
Compounding probability distributions is a robust
and innovative technique for obtaining new probability
distributions that better fit datasets not adequately
modeled by common parametric distributions. Shanker
(2017) proposed a novel compounding distribution by
combining the Poisson distribution with the Shanker
distribution, aiming to find a more flexible model for
analyzing statistical data. The pmf of the PS distribution

is given in Eq.(2).
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Figure 1 The plots of the pmf of the ZTPS distribution with =0.5, 1, 1.5, and 2.

Table 1 Empirical coverage probability and average length of the 95% bootstrap confidence intervals for the parameter of the ZTPS distribution

9 Coverage probability Average length
n
PB SB BCa B-t PB SB BCa B-t
10 0.25 0.900 0.885 0.912 0.900 0.2795 0.2801 0.2552 0.2328
0.5 0.882 0.879 0.881 0.867 0.7057 0.7049 0.6318 0.5155
1 0.879 0.858 0.883 0.786 2.2385 2.2524 2.0565 1.2764
1.5 0.920 0.846 0.928 0.750 3.9184 3.9368 3.9010 2.9430
2 0.961 0.833 0.953 0.716 5.1095 5.1023 5.0118 4.7787
30 0.25 0.923 0.921 0.921 0.920 0.1453 0.1450 0.1400 0.1379
0.5 0.939* 0.918 0.944* 0.933 0.3184 0.3183 0.3056 0.2979
1 0.912 0.898 0.923 0.907 0.8177 0.8211 0.7607 0.7073
1.5 0.926 0.903 0.933 0.909 1.6302 1.6218 1.4655 1.2649
2 0.897 0.899 0.903 0.919 3.2230 3.2036 2.7655 2.2254
50 0.25 0.944* 0.929 0.940* 0.932 0.1112 0.1112 0.1089 0.1081
0.5 0.938 0.933 0.940* 0.932 0.2438 0.2437 0.2377 0.2344
1 0.928 0.918 0.931 0.923 0.5870 0.5875 0.5643 0.5429
1.5 0.934 0.907 0.941* 0.922 1.1121 1.1118 1.0438 0.9744
2 0.941* 0.908 0.934 0.924 1.8518 1.8520 1.7044 1.5345
100 0.25 0.948* 0.942* 0.943* 0.948* 0.0777 0.0776 0.0769 0.0767
0.5 0.939* 0.940* 0.939* 0.939* 0.1699 0.1696 0.1677 0.1667
1 0.936 0.943* 0.941* 0.941* 0.3998 0.3999 0.3922 0.3855
1.5 0.960* 0.949* 0.958* 0.952* 0.7267 0.7271 0.7061 0.6844
2 0.938 0.921 0.936 0.929 1.1647 1.1686 1.1229 1.0735
500 0.25 0.941* 0.947* 0.934 0.946* 0.0346 0.0345 0.0344 0.0344
0.5 0.944* 0.943* 0.948* 0.945* 0.0747 0.0746 0.0745 0.0743
1 0.960* 0.950* 0.955* 0.955* 0.1740 0.1742 0.1736 0.1733
1.5 0.948* 0.959* 0.948* 0.953* 0.3109 0.3114 0.3089 0.3087
2 0.949* 0.938 0.948* 0.949* 0.4705 0.4709 0.4659 0.4638

* represents the empirical coverage probability is greater than or equal to the nominal confidence level.
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ZTPS distribution (Shanker, 2017) with parameter &,
it is denoted as X ~ ZTPS(0). Using Egs. (2) and
(4), the pmf of the ZTPS distribution can be obtained

as

6 x+(6*+0+1)

- , x=1,2,3,..50>0.
+0°+20+1 @+1)"

p(x0)=—

Figure 1 shows the graphs of the pmf of the ZTPS
distribution with some specified parameter values &.
We noticed that the parameter values & affect the form
of Figure 1. When the parameter value is larger, the
p(1) is larger and p(x) — 0 for the large value of x.

The expected value and variance of X are as follows:

0+1)(0" +6° +20+2
B(x)= =800+ )
0(6° +6> +20+1)
and
Var(X):O.z:(9+1)(¢9"+295+694+993+1092+8¢9+2).

6*(6° +6* +20+1)

The point estimator of @ is obtained by maximizing
the log-likelihood function logL(x;;6) or the
logarithm of joint pmf of X,..., X . Therefore, the
maximum likelihood (ML) estimator for @ of the

ZTPS distribution is derived by the following processes:

P . . |
——— |- ) x,log(0+1 log| 0 +0+1
5 0‘+02+26+1] ;(, og( +)+;og[r,+( + +):|}

wm n(30°+20+2) iz g 2041

2y
0 (0+0+20+1) 0+1 Tx+(0*+0+1)

o o
qilogL(x,;H) :L{nlog(
0 00

Solving the equation %log L(x;;60)=0 for 0,

we have the non-linear equation

wm n(30°+20+2) %

< 20 +1

n
where X = le. / n denotes the sample mean. Since
i=1

the ML estimator for 6 does not provide the closed-
form solution, the non-linear equation can be solved by
numerical iteration methods such as Newton-Raphson
method, bisection method and Ragula-Falsi method. In
this research, we use maxLik package (Henningsen and
Toomet, 2011) with Newton-Raphson method for ML
estimation in the statistical software R. The R code for
estimating the parameter of the ZTPS distribution is

shown in Appendix.

— + =
0 (0°+0+20+1) 0+1 Fx+(67+0+1)

3. BOOTSTRAP METHODS
Confidence intervals are obtained from a parametric
estimator of the standard errors of a quantity of interest
@. Then, the (1—)100% confidence interval for ¢
is obtained by adding or subtracting the standard error
(for

¢?J_r Zi (amSE (q;) ). This calculation assumes that the

multiplied by a critical value example,
distribution of the estimator of ¢ is approximately
normal (Flowers—-Cano et al., 2018). However, there
are several situations in which the assumption of
normality is violated. In these cases, or when the
standard error is very difficult to estimate, one
alternative is to use techniques based on the bootstrap
method (Van den Boogaard and Hall, 2004). The
computer—intensive bootstrap methods described in this
study provide an alternative for constructing
approximate confidence intervals without assuming the
underlying distribution (Meeker, 2007). Furthermore,
it is essential to note that the score function of ZTPS is
complicated, and the maximum likelihood has no closed
form. Therefore, likelihood-based, score, and Wald-
type confidence intervals have no closed forms. In such
cases, finding these confidence intervals can be
challenging; alternative methods, such as numerical
techniques or resampling methods like the bootstrap,
can be utilized.

In this paper, we focus on the four bootstrap
methods for estimating confidence interval for the
parameter of the ZTPS distribution. In practice, the
=gopular bootstrap methods are the percentile bootstrap,
the simple bootstrap, the bias-corrected and accelerated
bootstrap and bootstrap—t methods. See the details of
some bootstrap methods in DiCiccio and Efron (1996)
and Manoharan et al. (2017).

3.1 Percentile bootstrap (PB) method
The PB two-sided confidence interval is the range
between the (a/2)x100 and (1—(a/2))x100

percentiles of the resampled distribution of @

estimations or the distribution of &, where @
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Table 2 Lower and upper error rates of the 95% bootstrap confidence intervals for the parameter of the ZTPS distribution

Lower error rates

Upper error rates

n 0
PB SB BCa B-t PB SB BCa B-t
10 0.25 0.077 0.005 0.0567 0.044 0.023 0.110 0.031 0.056
0.5 0.101 0.002 0.085 0.079 0.017 0.119 0.034 0.054
1 0.100 0.000 0.089 0.159 0.021 0.142 0.029 0.055
1.5 0.060 0.000 0.040 0.180 0.020 0.154 0.032 0.070
2 0.002 0.000 0.001 0.207 0.038 0.167 0.045 0.077
30 0.25 0.056 0.008 0.045 0.042 0.021 0.071 0.034 0.038
0.5 0.038 0.004 0.023 0.027 0.023 0.078 0.033 0.040
1 0.067 0.000 0.047 0.051 0.021 0.102 0.030 0.042
1.5 0.0567 0.000 0.042 0.054 0.017 0.097 0.025 0.037
2 0.089 0.000 0.069 0.042 0.014 0.101 0.028 0.039
50 0.25 0.035 0.007 0.032 0.024 0.021 0.064 0.028 0.044
0.5 0.041 0.002 0.030 0.031 0.021 0.065 0.030 0.037
1 0.048 0.000 0.035 0.034 0.024 0.082 0.034 0.043
1.5 0.049 0.000 0.033 0.044 0.017 0.093 0.026 0.034
2 0.044 0.000 0.038 0.041 0.015 0.092 0.028 0.035
100 0.25 0.031 0.013 0.032 0.025 0.021 0.045 0.025 0.027
0.5 0.039 0.010 0.030 0.029 0.022 0.050 0.031 0.032
1 0.049 0.003 0.035 0.036 0.015 0.054 0.024 0.023
1.5 0.030 0.000 0.022 0.026 0.010 0.051 0.020 0.022
2 0.044 0.000 0.034 0.039 0.018 0.079 0.030 0.032
500 0.25 0.040 0.024 0.042 0.035 0.019 0.029 0.024 0.019
0.5 0.030 0.019 0.027 0.028 0.026 0.038 0.025 0.027
1 0.023 0.015 0.020 0.022 0.017 0.035 0.025 0.023
1.5 0.042 0.017 0.040 0.036 0.010 0.024 0.012 0.011
2 0.018 0.003 0.015 0.015 0.033 0.059 0.037 0.036
Table 3 The descriptive measures of the number of unrest events
Min Mean Median Var Skewness Kurtosis Q1 Q3 Max
1.000 6.714 6.000 17.915 0.546 2.183 3.750 9.500 15.000
Table 4 The the log-likelihood (Log L), AIC and BIC for the number of unrest events
Distribution Log L AIC BIC
ZTPS -77.328 156.657 157.989
ZTPL -77.552 157.104 158.436
Poisson -86.529 175.057 176.390
Table 5 The number of unrest events in the southern border area of Thailand
Number of unrest events 1-3 4-5 6-7 28
Observed frequency 7 6 7 8
Expected frequency 8.7702 5.3505 4.2138 9.6656
Table 6 The 95% confidence intervals and their corresponding lengths for the parameter in the unrest events example, using all intervals
Methods Confidence intervals Lengths
PB (0.2463, 0.4023) 0.1560
SB (0.2102, 0.3651) 0.1549
BCa (0.2430, 0.3946) 0.1516
B-t (0.2375, 0.3818) 0.1443
Table 7 The descriptive measures of the number of fertile mothers
Min Mean Median Var Skewness Kurtosis Q1 Q3 Max
1.000 1.607 1.000 1.091 1.941 6.446 1.000 2.000 6.000
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significance (e.g., a= 0.05 for 95% confidence
intervals) (Efron, 1982). Obtaining a PB confidence
interval for @ is as follows:

1) With a replacement, B random bootstrap
samples of the underlying distribution are created,
where B is the number of bootstrap replications,

2) From each bootstrap sample, a parameter
estimate é* is determined,

3) All parameter estimates from the B bootstrap
are ranked from lowest to highest, and

4) The (1—a)100% PB two-sided confidence
interval for @ is created as follows:

CIPB = [é(i) > é(i) ] > (5)

where 0(’;) is the 7" quantile of a set of quantiles

A

ordered from lowest to highest, 0

) 18 the s™ quantile

of the r=[(a/2)B],
s = [(1 —(a/ 2))B], and 1—a is the confidence
level. This study utilized B = 1,000 and a = 0.05;

same set,

the quantile corresponding to the lower limit of the

s

‘ ‘ ~ «
confidence interval was 6 . =6

) 25)» and the quantile

=0

(975)*

A

corresponding to the upper limit was 9(1)
3.2 Simple bootstrap (SB) method

The SB method is as straightforward to implement as
the PB method and is sometimes referred to as the
simple bootstrap method. Consider the quantity of
interest to be @ and the estimator of @ to be 6. The
straightforward bootstrap method implies that the
distributions of 9—9 and é* —é are roughly
equivalent (Meeker et al., 2017). The (1—a)100%

SB two-sided confidence interval for € is

where the quantiles H(r) and H(S) represent the same

percentile of the empirical distribution of bootstrap

estimates @ that are utilized in Eq. (5) to calculate
the PB confidence interval.

3.3 Bias-corrected and accelerated (BCa) bootstrap
method

The calculation of BCa bootstrap confidence intervals

commonly involves the utilization of influence statistics

derived from jackknife simulations. However,
incorporating jackknife simulation alongside ordinary
bootstrapping is computationally expensive for the
intended purposes. The BCa bootstrap confidence
interval uses a bias- correction factor and an
acceleration factor to correct for the bias and skewness
of the bootstrap parameter estimates, mitigating the
over- coverage problems seen with the PB confidence
interval ( Efron, 1987; Efron and Tibshirani, 1993).
Davison and Hinkley ( 1997) and Chernick and
LaBudde ( 2011)  described the mathematical
particulars of the BCa adjustment. The bias- correction
factor 20 calculated as the proportion of bootstrap

estimates that are smaller than the original parameter

N :@1(#{9 sa}}

B

A

estimate @,

where ® 7' is the inverse function of a standard normal

(e g,
®7'(0.975) ~1.96). The acceleration factor 4 is

cumulative distribution function
estimated through jackknife resampling, also known as
‘leave- one-out’ resampling. This technique involves
generating n replicates of the original sample, where
n represents the number of observations in the sample.
The initial jackknife replicate is derived by excluding
the first case (f=1) from the original sample.
Subsequently, the second replicate is obtained by

excluding the second case (i =2), and this process

continues until 7 samples of size #—1 are generated.
The value of 9(71.) is obtained for each of the jackknife

resamples. The mean of these estimates is denoted by

n
9(,) =Ze(_,.) / n. The acceleration factor 4 is then

i=1

determined as follows:

With the values of 20 and a, the values &, and «,

are calculated,
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Table 8 The the log-likelihood (Log L), AIC and BIC for the number of fertile mothers

Distribution Log L AIC BIC
ZTPS -143.976 289.951 292.856
ZTPL -144.091 290.182 293.087

Poisson -191.055 384.110 387.015

Table 9 The number of fertile mothers who have experienced at least one child death

Number of child deaths 1 2 3 >4
Observed frequency 89 25 11 10
Expected frequency 83.4756 32.3839 12.2451 6.8953

Table 10 The 95% confidence intervals and their corresponding lengths for the parameter in the demographic example, using all intervals

Methods Confidence intervals Lengths
PB (1.5810, 2.5710) 0.9900
SB (1.3739, 2.3301) 0.9562
BCa (1.5567, 2.4995) 0.9428
B-t (1.5527, 2.4537) 0.9010

Table 11 The descriptive measures of the number of flower heads as per the number of fly eggs

Min Mean Median Var Skewness Kurtosis Q1 Q3 Max

1.000 3.034 3.000 3.344 0.812 3.135 1.750 4.000 9.000

Table 12 The the log-likelihood (Log L), AIC and BIC for the number of flower heads as per the number of fly eggs

Distribution Log L AIC BIC
ZTPS -167.154 336.308 338.785
ZTPL -167.381 336.763 339.240
Poisson -171.281 344.561 347.039

Table 13 The number of flower heads as per the number of fly eggs

Number of fly eggs 1 2 3 4 5 6 >17
Observed frequency 22 18 18 11 9 6 4
Expected frequency 24.9287 19.7204 14.6526 10.2922 6.9078 4.4711 7.0272

Table 14 The 95% confidence intervals and corresponding lengths using all methods for the parameter in the flower heads example

Methods Confidence intervals Lengths
PB (0.6342, 0.8684) 0.2342
SB (0.6045, 0.8312) 0.2267
BCa (0.6323, 0.8597) 0.2274
B-t (0.6253, 0.8525) 0.2272

a, =Dz, + 2o+ 2 and where j = [a1B] and k = [azB]. When the value

1-a(z,+z P A .
a( 0 0/2) Z, issetto 0 and a is also set to 0, it can be

Zot Zign

1—&(20 +Zl_a/2)

observed that the BCa confidence interval is equal to

o, =0z, +

b

the PB confidence interval.

. . 3.4 Bootstrap-t (B-t thod
where z,,,, isthe & /2 quantile of the standard normal ootstrap=t (B-t) metho

Assuming the quantity of interest is €, one can

A

(1-)100% BCa bootstrap two-sided confidence compute the estimate € and its corresponding estimate

interval for @ is as follows of the standard error S.e.(é) from the given data. The

distribution  (e.g.Zy45, ® —1.96).  Then, the

A

"
bootstrap estimates @ ; and their estimated standard

Clye, =[0,.6,, ]. (7

errors s.e.(@;) are then computed for each bootstrap
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sample, j=1,2,...,B. The bootstrap-t (studentized)

statistics are derived from these values;

. G-d
Rj == j:1,2,...,B.
s.e.(6))

The (1—a)100% bootstrap-t two-sided confidence

interval for @ is
Cl, , =[6-1 xse(0),0—1 xse(d)], (8

where #=1—(c¢/2) and s=a /2, and t; denotes

the ¢ quantile of the distribution of R;.

4. SIMULATION STUDY AND RESULTS

The confidence interval for the parameter of a ZTPS
distribution estimated via various bootstrap methods
was considered in this study. Due to the absence of a
theoretical comparison, a Monte Carlo simulation study
was conducted using R version 4.2.2 (Ihaka and
Gentleman, 1996). The random samples from the
ZTPS distribution were generated using the accept—
reject method ( Robert and Casella, 2004) . The
simulation covered different sample sizes ( n = 10,
30, 50, 100, and 500) to observe the effects of small
and large variances. To observe the effect of small and
large variances, the true parameter (6) was set as
0.25, 0.5, 1, 1.5, and 2 (the variance of the random
variables decreases as the value of @ increases). For
each simulation, 1,000 bootstrap samples of size n
were generated from the original sample, and the
simulation was repeated 1,000 times. To evaluate the
performance of the bootstrap methods, the empirical
coverage probabilities, lower and upper error rates, and
average lengths were compared. A bootstrap method
with a coverage probability close to or greater than the
nominal confidence level (1—«) of 0.95 indicates
that it contains the true value and provides a precise
estimate of the confidence interval for the parameter. In
this study, we can conclude that a coverage probability
is greater than or equal to the nominal confidence level
when the empirical coverage probability is greater than
or equal to 0.939 by using the one- proportion z- test

with a significance level of 0.95. Moreover, the

shortest average length can be used to more accurately
estimate the bootstrap confidence interval for the
parameter.

The empirical coverage probability and average
length from the simulation study are presented in Table
1. For n=10, 30 and 50, the empirical coverage
probability of the four approaches had a tendency to go
below 0.95 and did not attain the expected nominal
confidence level. However, in these scenarios, the BCa
bootstrap method provided higher empirical coverage
probabilities than the other methods. For 7 2100, all
four methods performed comparably well in terms of
empirical coverage probability, and they provided
empirical coverage probabilities greater than 0.95 in
almost all of situations. In this case (7 2>100), the
BCa bootstrap method and B-t method produced shorter
lengths on average than the PB and SB methods.
Therefore, when the size of the sample was enlarged,
the empirical coverage probabilities of the
bootstrap methods exhibited a tendency to rise and
converge towards 0.95. Furthermore, the average
lengths of the bootstrap methods exhibited a reduction
when the value of € declined, reflecting the
relationship between the variance and €. As expected,
the average lengths of the four approaches dropped with
an increase in the sample size. While the B-t method
demonstrated the lowest average length for small
sample sets, it exhibited an empirical coverage
probability that was notably lower than the nominal
confidence level. In brief, the BCa bootstrap method
demonstrated persistent superior performance in terms
of empirical coverage probability across many
scenarios.

Table 2 shows the lower and upper error rates
of the bootstrap confidence intervals. The lower error
rates of the PB and BCa bootstrap methods exceeded
the upper error rates across all scenarios. On the other
hand, in every situation, the lower error rates of the SB
method are lower than the upper error rates.
Furthermore, there is no substantial difference observed

between the lower and upper error rates in the BCa

bootstrap method.
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5. NUMERICAL EXAMPLES

We used three real-world examples to demonstrate the
applicability of the bootstrap methods for estimating the
confidence interval for the parameter of the ZTPS
distribution.

5.1 The Unrest Events Example

The number of unrest events occurring in the southern
border area of Thailand from July 2020 to October
2022 collected by the Southern Border Area News
Summarises (http: / / summarise. wbns. oas. psu. ac. th)
was used for this example (the total sample size is 28).
The number of unrest events per month during this time
period in the five southern provinces of Pattani, Yala,
Narathiwat, Songkhla, and Satun is as follows: 1, 1, 1,
2,3,3,3,4,4,5,5,5,5,6,6,6,7, 7,7, 7, 9,
11,12, 12, 13, 14, 14, 15. Table 3 provides some
descriptive measures of the number of unrest events.

The fitting performance of the ZTPS distribution
was compared to the Poisson and the ZTPL (Shanker et
al.,, 2015) distributions. The parameters of all
distributions were estimated using the ML approach.
For distribution comparison, we have considered the
log-likelihood (Log L), Akaike’s information criterion
(AIC) (Akaike, 1973), and Bayesian information
criterion (BIC) (Schwarz, 1978) presented in Table
4. The AIC and BIC values illustrate that the ZTPS
distribution provides an adequate fit to the number of
unrest events as compared with other distributions.

For the Chi-squared goodness—of-fit test
(Turhan, 2020) for the ZTPS distribution in Table 5,
the Chi-squared statistic was 2.5655 and the p-value
was 0.2772. Thus, a ZTPS distribution with ML
estimator § = 0.3058 and ﬂ = 6.7331 is suitable
for this dataset. Table 6 reported the 95% confidence
intervals for the parameter of the ZTPS distribution. The
results correspond with the simulation results for n =
30 and & = 0.5 because the average lengths of the
BCa bootstrap method and B-t method were shorter

than those of the PB and SB methods.

3.2 Demographic Example

The 135 demographic data points on the number of
fertile mothers who have experienced at least one child
death (Shanker et al., 2015) are as follows: 1, 1, 1,

141,1,1,1,1,1,1,1,1,1,1,1,1, 1, 1, 1,

2’ 2, 2, 37 3’ 3’ 3’ 3’ 3, 3, 3’ 3, 37 3’ 4’ 4, 4’ 4’
4, 4, 5, 5, 5, 6. Some descriptive measures of the
number of fertile mothers are reported in Table 7.

A comparison was conducted between the fitting
performance of the ZTPS distribution and the Poisson
and ZTPL (Shanker et al., 2015) distributions. Table
8 shows the log-likelihood (Log L), Akaike's
information criterion (AIC) (Akaike, 1973), and
Bayesian information criterion (BIC) (Schwarz,
1978) that we used to compare the distributions. The
adequacy of the ZTPS distribution in fitting the number
of fertile mothers is supported by the AIC and BIC
values, which indicate its comparative performance
against other distributions.

The Chi-squared goodness—of-fit test (Turhan,
2020) was conducted to assess the fit of the ZTPS
distribution shown in Table 9. The obtained Chi-
squared statistic was 3.1070, and the corresponding p-
value was 0.2115. Thus, a ZTPS distribution with ML
estimator 0 = 1.9538 and [ =1.6052 is suitable
for this dataset. The 95% confidence intervals for the
parameter of the ZTPS distribution are reported in Table
10. The results correspond with the simulation results
for n = 100 and @ = 2 because the average lengths
of the BCa bootstrap method and B-t method were
shorter than those of the PB and SB methods.

9.3 Flower Heads Example

The third dataset consists of 88 observations, which is
the number of flower heads as per the number of fly
eggs reported by Finney and Varley (1955). The data
are as follows: 1, 1,1,1,1,1,1,1,1,1,1,1, 1,
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1,1,1,1,1,1,1,1,1,2,2,2,2,2,2,2,2, 2,
2,2,2,2,2,2,2,2,2,3,3,3,3,3, 3,3, 3,3,
3,3,3,3,3,3,3,3,3,4, 4, 4, 4, 4, 4, 4, 4, 4,
4, 4, 5, 5, 5,5, 5,5,5,5,5,6,6,6,6,6,6,7,

7, 7, 9. Some descriptive measures of the number of
flower heads as per the number of fly eggs are reported
in Table 11.

The ability of the ZTPS distribution to fit data was
ZTPL distributions

the Poisson and

2015).

compared to

(Shanker et al., In order to compare

distributions, we have taken into account the
log-likelihood (Log L), Akaike’s information criterion
(AIC) (Akaike, 1973), and Bayesian information
criterion (BIC) (Schwarz, 1978) as provided in Table
12. The AIC and BIC values indicate that the ZTPS
distribution fits the number of flower heads as per the
number of fly eggs better than other distributions.

For the Chi-squared goodness—of-fit test (Turhan,
2020) with the ZTPS distribution in Table 13, the
Chi-squared statistic was 3.7681 and p-value was
0.5832. Thus, a ZTPS distribution with ML estimator
6 =0.7334 and QI = 3.0588 is suitable for this
dataset. The 95% confidence intervals for the parameter
of the ZTPS distribution are reported in Table 14.
The results correspond with the simulation results for 7
=100 and @ = 1 because the average lengths of all

bootstrap methods are not significantly different.

5. CONCLUSIONS AND DISCUSSION

We present four bootstrap methods, PB, SB, BCa, and
B-t, to estimate the confidence interval for the ZTPS
distribution parameter. The coverage probabilities of all
bootstrap confidence intervals were markedly lower
than 0.95 when the sample size was 10, 30, or 50.
However, when the sample size was sufficiently large
(n 2100), the coverage probabilities and average
lengths derived from four bootstrap methods did not
differ significantly. Based on our findings, the BCa
bootstrap method consistently outperformed the others
in terms of the empirical coverage probability and

average length for almost all situations, as confirmed by

10

both the simulation study and the analysis of real
datasets.

The bootstrap method resamples using replacement
from observed data to estimate the sampling distribution
of a statistic. However, there are certain limitations to
using the bootstrap method, especially when dealing
with small sample sizes. With a small sample size, we
have limited information about the underlying
population. This means that resampling from the small
dataset may not adequately capture the variability
present in the population, leading to biased or unreliable
estimates. Additionally, the coverage probability of
bootstrap confidence intervals might deviate from the
desired level. Bootstrap confidence intervals may end
up too narrow or too wide, leading to incorrect
inferences about the parameter. On the other hand, the
bootstrap method becomes more effective at
approximating the sampling distribution of a statistic as
the sample size increases. This is because with a large
sample, the bootstrap resamples from the original data,
capturing the underlying distribution of the population
better.

Future research could focus on the other interval
estimations to compare with the proposed bootstrap
confidence intervals. The constructions of the
confidence intervals for the functions of the parameter
such as the population mean and the dispersion index
are interest. Moreover, there is no research on the
hypothesis testing for the parameter of the ZTPS
distribution. The bootstrap confidence intervals studied
in this paper can be applied for other distribution. These

issues can be studied in the future.
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APPENDIX

library(maxLik)

theta.hat <- function(x) {

options(warn=-1)

logLikFun <- function(param) {

th <- param

n <- length(x)

term1 <- n*log((thA2)/(thA3+thA2+2%th+1))
term2 <- sum(x)*log(th+1)

term3 <- sum(log(x+(th"2+th+1)))
return(term1-term2+term3)

}

mle <- maxLik(logLik=logLikFun,start=0.01)
return(c(mle$estimate,vcov(mle)))

}



