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Abstract
In this research, we study some properties of projection and dual generalized

cohypersubstitutions of type 7 =(n) and characterize the set of all idempotent elements of

monoid of generalized cohypersubstitutions of type 7 = (n) .
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Introduction

The topic on universal algebra, interested by many authors, is cohypersubstitution of
type 7 . It was firstly introduced by Denecke & Saengsura (2009). They constructed the monoid
of cohypersubstitutions of type 7 and studied some algebraic-structural properties of their
monoid. After that, Boonchari & Saengsura (2016) focused on the monoid of

cohypersubstitutions of type 7 =(n), Cohyp(n), and characterized all idempotent and regular

elements of the monoid. They also characterized some Green's relations on Cohyp(n).
Afterwards, Lekkoksung, N., Jampachon & Lekkoksung, S. (2017) studied the semigroup
properties and characterized all idempotent elements of weak projection cohypersubstitutions.
For studying on generalized cohypersubstitutions of typez=(n;)._,Cohyp, (),
Jermijitpornchai & Saengsura (2013) generalized the concept of Denecke & Saengsura (2009)

and introduced the coterms, generalized superpositions, and some algebraic-structural
properties. They also constructed the monoid of generalized cohypersubstitutions of type

T= (n. )iel .For 7= (2) , Saengsura & Jermijitpornchai (2013) characterized all idempotent and

1
regular elements. Moreover, Saengsura & Butkote (2015) characterized all idempotent and
regular elements of the monoid of generalized cohypersubstitutions of type 7 = (3) .
In semigroup theory, it is of interest to consider various type of its elements, including
idempotent, regular, intra-regular, completely regular, etc. The set of all idempotent elements

can be describe the special subsemigroup of the semigroup such as maximal subsemigroup,
maximal unit regular subsemigroup, etc. Moreover, the idempotent elements are the important
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example of regular element that use to describe the structure of regular semigroup. In
generalized cohypersubstitutions of type 7, the set of all idempotent elements is important to

the study of algebraic-structural properties of the monoid CohypG (r) such as the

charecterization of maximal idempotent submonoid, the charecterization of regular elements
and the regular semigroup of generalized cohypersubstitutions of type 7. In the case of

T :(2) , Chansuriya (2020) determined all maximal idempotent submonoids which are useful

to determine another properties of the monoid. In this research, we focus on the monoid of
generalized cohypersubstitutions of type 7= ( n) . Firstly, we study the properties of projection

and dual generalized cohypersubstitutions. Furthermore, we characterize the set of all
idempotent elements of this monoid which is a tool for determine some maximal submonoids
and some structural properties of the monoid.

Materials and Methods
In this section, we collect the basic definitions and the concept of the monoid of
generalized cohypersubstitutions for using in this research.

Definition 1. [Jermjitpornchai & Saengsura (2013)] Let A be a nonempty set and n be
a positive integer. The n-th copower A°"of A is the union of n disjoint copies of A ; formally,
we define A°" as the Cartesian product A’":=nxA, where n:={l...,n}, ie.
A" = {(i,a)| ien and a inthe i-th copy of A}.

A co-operationon A is a mapping f*:A— A" for some n>1 where n is the arity
of the co-operation f* and f* is n-ary co-operation defined on the set A. Every n-ary co-
operation f* on the set A can be uniquely expressed as the pair of mappings (flA, fZA)
where flA : A— n gives the labelling used by f*in mapping elements to copie of A, and

fZA :A—> A tells us what element of A any element is mapped to, so
f*(a) :(flA(a), fZA(a)). Note that cO\” = { fArA> A‘”‘} is the set of all n-ary co-

operations defined on A and cO, = UCO&") is the set of all finitary co-operations defined on

nx1

A The special co-operations which are defined for each 0<i<n-1 by zi”‘A A A" with

ar— (i, a) for all @a € A are called /injection co-operation.

Definition 2. [Jermjitpornchai & Saengsura (2013)] Let 7 =(n;).  and (f;) be an

iel iel

indexed set of co-operation symbols which f, has arity n. for each iel. Let

{e}‘| n>1nell,0<j< n—l} be a set of symbols which disjoint from { f, | i I} such that

e? has arity n for each 0< j<n-1. The coterms of of type 7 are defined as follows:
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(i) For every i€l the co-operation symbol f; isan n. -ary coterm of type 7.

(i) For every n>1 and 0< j <n-1 the symbol e;‘ is an Nn-ary coterm of type 7.

(iii) If t,,...,t, , are n-ary coterms of type 7, then for every iel, f; [to,...,tnrJ is
an n-ary coterm of type 7, and if t{;,...,{ , are m-ary coterm of type 7, then

e [to,...,tn_l] is an m -ary coterm of type 7 forevery 0< j<n-1.

The set of all n-ary coterms of type 7 denoted by CTT(”), and the set of all coterms of

type 7 denoted by CT, ::UCTT("). The following is a generalized superposition of the
n>1
coterms as following.

Definition 3. [Jermjitpornchai & Saengsura (2013)] Let [] " =0 U{0} and me". A

generalized superposition of the coterms S™ :CT, x(CTT )m — CT, defined inductively by the
fillowing steps:
()If t=e" and 0<i<m-1, then Sm(ei”,to,... t

' 'm-1

):ti, where t,,...,t, , €CT .
(i) If t=g and 0<m<i<n-1,then S"(e,t;,...,t, ) =€/, where

ty,...,t,, €CT .
(i) IF t = f, [ 5,,....5, |, then

8™ (t e t) = [ 8™ (Subi sty )y S™ (84 i ) | where

S™(Sptyreety ) S™(Sy bty ) €CT,.

Now, the above definition can be written as the following forms:
(i)If t=e and 0<i<m-1,then € [ty,...,t, ;] =t, where t,,...,t, , €CT,.
(i) If t=e' and O<m<i<n-1,then &"[t,,....t, ]| =¢", wheret,,....t , eCT..
(i) I t= f,[ s,,....5, |, then
(f [sl,...,snl])[tl,...,tm]: B8 [t b oSy [t b ] ], where

S [ty oty ]se Sy [t oty ] €CT,.

Definition 4. [Jermjitpornchai & Saengsura (2013)] A generalized cohypersubstitution of
type 7 is a mapping o : { f, | ie I} — CT,. Denoted by Cohyp, (2') the set of all generalized
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cohypersubstitutions of type 7. If t,t,...,t eCT_ and o eCohyp, (r), then

&(tft,....t,]) =8 (t)[S(t).....6(t,)].
Generalized cohypersunstitution o can be uniquely extended to mappings
6 :CT_ — CT_ which are inductively defined by the following steps:

0} &(e;‘):z ej forevery n>1and 0< j<n-1,
(i) 6(f)=c(f) forevery iel,
(i) &( [ty ty )= (£)[6(t),-6(t, )| for ti.ut, CT.

Using this extension of generalized cohypersubstitution we can define a binary
operation on the set Cohyp, (r) of all generalized cohypersunstitutions of type 7 as

following. Define a function o : Cohypg (7)xCohypg (7) — Cohypg () on the set of all
generalized cohypersubstitutions by o, o 0, =6, o0, for all o,,0, € Cohyp, () where o
is @ usual composition of mappings. Let o;, be the generalized cohypersubstitution such that

o4 (f,):=f; forall i €. Then the following proposition is obtained.

Proposition 5. [Jermjitpornchai & Saengsura (2013)] The set Cohyp (7) of all
generalized cohypersubstitutions of type 7 is associates with a binary operation o.; and the
generalized cohypersubtitution o34 is an identity of Cohyp (7).

So Cohypg (7):=(Cohyp, (7)o, 03 ) is @ monoid. This monoid is called the

monoid of all generalized cohypersubstitutions of type 7. For more details of the monoid of all
generalized cohypersubstitutions of type 7 see in Jermjitpornchai & Saengsura (2013).

Results
In this section, we denote:

f :=a cooperation symbol of type 7 =(n),
o, := the generalized cohypersubstitution o of type 7 which maps f to the coterm t,
e;‘ := the injection symbol forall 0< j<n-1, nell,

o, := the generalized cohypersubstitution o of type 7 which maps f to the coterm e? ,
J

E(t) := the set of all injection symbols which occure in the coterm t: i.e. for 7=(2), if

t=f [eg, f [eg,ejﬂ,then E(t)={e} el e}.
Now, we consider two types of special elements as following.
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1. Projection and dual generalized cohypersubstitutions of type 7 = (n)

In this section, we study the set of special elements of CohypG (n) that are projection
and dual generalized cohypersubstitutions.

let 7=(n) and E:= {e? In, jel } . A projection generalized cohypersubstitution is a
generalized cohypersubstitution o, where t is the injection symbol. Denoted by PGinj (n) the

set of all projection generalized cohypersubstitutions of typer:(n), i.e.
inj .
P ()= o,

Lemma 1. For any o, € Cohyp; (n) and o, € P{" (n), we have
i

eTeE}.

(i) oyocg Oy =0y

(i) 0, 0 Oy € P (n).

Proof. (i) Let o, (f)=e]. Consider
]

(000 0, (1) =(100,, ) (1) =6.(0, (1)) =6:(e]) =€) =0, ().
Thus o, o Oy =0
(ii) We will consider two cases of t. If t € E and (i), then we have
Oy °cg Oy =0 € P (n). Assume that t = f [Sg:---1S,4] and

110, °ce O, €R(n). So S, (so),...,(%eT (S,.1) € E . Then we get
(O_e? °ce Gt)( f)= (O-e? °ce Uf[so,...,s“])( f)
=69T(f [Sor---S04])
— ¢ (ci,n [5],--16, [sn_l]).
If 0< j<n-1, then (aeJn ocg at)(f):6e?(sj)eE.If j>n, then
(geT ous at)( f)=€] €E.50 0, ocg 0, < R (n).
Corollary 2.

(i) P (n)u{aid} is a submonoid of Cohyp, (n) and P (n) is the smallest two-
side ideal of Cohypg (n).
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(i) P (n) is the set of all right-zero elements of Cohypg (n).

(iii) There are no left-zero elements in Cohypg (n).
Proof. This proof is following from Lemma 1.

Next, we study another special kind of generalized cohypersubstitutions in
Cohyp, (n). Let 7 be a permutation of the set J ={0,1,...,n—1}. For any such

permutation 7, the generalized cohypersubstitution o is called dual generalized

n n n

cohypersubstitutionsif o, =0
f I:e/r(()) &2(1) - Ca(n1)

I Denoted by DY the set of all such dual
generalized cohypersubstitutions.
Lemma 3.

(i) For any permutations 7 and 7, we have o, cc; 0, =0,

(ii) Let 7 be any permutation with the inverse 7. The generalized

cohypersubstitutions o, and o _, are inverse of each other.

n n

n e" €,(0) »+€)(n1)

€2(0) +€x(n-)

Proof. (i) Let 0,,0,€ D(Tj such that o, = O'f[ ] and o, = O'f[ ik We

consider

Thus 0,0 0, =0

oyt
(ii) These follows from (i).
Lemma 4. Let o and & be in Cohyp, (n).If oo S € D', then o and & areallin
DY,
Proof. Let o(f)="f[uy...,u ] and &(F)="f[vy,...,v 4]
Consider
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( )[0 ..... oA'(anl)]
=( Ugs... U )[&(VO),...,&(vn_l)]
= f[ 0[&(vo),...,&(vn_l)],...,un_l[c%(vo),...,&(vn_l)]].

Since oz & € DY, then there exist a permutation 7 such that
(oo 8)(f)=f [ez(o),...,e;(n_l)] So we have
f [e:;(o)’---’eg(nfl)} =(0 o 8)(T)

= f[uO [&(vo),...,&(vn_l)],...,un_l[&(vo),...,&(vn_l)ﬂ.
Since 7 is a permutation, then this force all the U; s and V; s to be the injection

symbols. Therefore, o and ¢ are in D(is”j.

Lemma 5. D’ is a submonoid of Cohyp, (n) and it is a group. The elements of

Cohyp, (n) doesn't have inverse in Cohypg (n), so DInJ is a maximal subgroup of
Cohyps (n).
Proof. By Lemma 4., we obtain that D’ is a submonoid of Cohypg (n) and, by Lemma

3.(ii), we have D_'Gnj is a group. Let D be a subgroup of Cohyp, (n) such that

D¢’ < D < Cohypg (n). Let o, € D where t = f [uy,...,u,,];u; €CT ,i€{0,...n~1}.

Then there exist o, € D where t'= f [ug,...,u; ,];u/ €CT (n),i €{0,...,n—1} such that

0, °cg Oy =0,y - Assume that o, D_('3nJ We consider

(01006 00 )(F) =6, (f [ug,...,u;_l])

(e (1))[60(va): 6 (071)]

(f [Uoun Uy )[0 6) 26 (Uhs)]

L Up [ (U )6y (Urs) o ,unl[&t(ug) G(u)]]
{0

Since o, eD , this force that U [O‘t (Ug),-s 6y (Ury) ];tej, je{0,..,n-1}.s

0, °cs O, # G,y Which is a contradiction. Thus &, € DY’ . Hence D = D" . Therefore, Dg“

is @ maximal subgroup.
Let F™ be the set of generalized cohypersubstitutions of the form o (et for

0<i<n-1. Then we have the following lemma.
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Lemma 6. Let M™ =P (n)uDZ UF™. Then M™ is a submonoid of Cohyp; (n).
Proof. The proof of this lemma is straightforward.

2. Idempotent in monoid of generalized cohypersubstitutions of type 7 = (n)

In this section, we characterize the idempotent generalized cohypersubstitutions of
type 7= (n) . We firstly recall the definition of an idempotent element of semigroup for using

in this section. Let S be a semigroup. An element a €S is called idempotent if aa=a.
Denoted by E(S) the set of all idempotent elements of S .

Lemma 7. Let t,Uy,...,u,, bein CT and J ={0,1...,n-1}.
() If E(t)={ej|VjeJ} and u; =¢] forall jeJ, then t[u,,...,u,,]=t.
(i) If E(t)n{ef.....e0,} =@, then t[uy,...,u, ] =t.

Proof. (i) We proof that by considered the cases of the coterm t.
If t =€ where 0< j<n-1, then € [u,,...,U,,]=u; =¢€].

1 ¥n-1

If t =e] where j>n, then €] [u,...,u, ,]=¢.

If t=f[ty,...,t,,] and assume that t;[u,,...,u, | =t; where i=0,1,... , then

t[uo,...,un_l]z(f [ty rtys ) [Ugr- o Uy ]
= £ [ty [Ugse sy |ty [Ugre o Uy ]|

= f [ty b0y
=t.
The proof of (ii) is similarly to (i).

Theorem 8. The generalized cohypersubstitutions o, is an idempotent if and only if
ot (t)=t.
Proof. Let te CT(n). Assume that o, is an idempotent. Then

6.(t)=6:(0:(f))=(0r°cs a0)(F) =0 () =t.

Conversely, assume that &, (t)=t. Then
(01006 0)()=6 (0 (t))=6,(t)=t=0,(f) .

Corollary 9.
() 0,:;1=0,1...,n-1and o, are idempotent.
€

(ii) If o, e Cohyp (n) and E(t)m{eg,el”, e 1} &, then o, is an idempotent.
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Proof. (i) Since &, (ei” ) =g forall 0<i<n-landte CT,. then we have
G, (ei” ) =g forall 0<i<n-1.By Theorem 8, we obtain that € is an idempotent for all

0<i<n-1.Since g, is an identity of Cohypg, (n), then it is also an idempotent of
Cohypg (n).

(ii) Let o, € Cohypg (n) such that t=[t,,...,t,, ]. Assume that
E(t)m{eg, e 1} & . Then we obtain that

(010c6 ) () =6 (F[tor- ot 1))
=0,(1)[6,(t,).....6. (¢, )]
=(F [ty s ) 61 (1) -1 61 (t1) ]

= f [ty oty (Lemma 7.(ii))

=o,(f).

Therefore, o, is an idempotent.

Theorem 10. If t = f [to, . 1] and E(t)m{eg,e{‘,...,e:&}z{e;‘} for some

j€{01...,n—1}, then o, is an idempotent if and only if t, =el.
Proof. Assume that o, is an idempotent. Then

fltotyetin ] =0 (F) = (01000 00 ) () =6 (a0 ()
=0 (1) 61(t)s- 161 (1) s61 (t1) |
=(F[tor- e ,tn,l])[a](to),...,c}t )61 (1) ]
-, [ ( ).....6,
NEYSNP S
tn,l[&t(to),...,&t(tj),...,&t(tn,l)ﬂ.
Then t; =t;| &, (t ), 6 (t; )1 6: (t,4) | -

Suppose that t i * e?. Then we have the following two cases.
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Casel.If t =g for | >n, then &, (tj ) =t; . Since E(t)m{e{)1 ..... e”_l} = {e'.‘} )
then e;’eE(tJ—) for some i €{0,...,n—1} and i # j. So
t, [ci (t,),....6, (tj) ..... 6, (tnfl)] #1;, which is a contradiction.

Case 2. If the number of cooperation symbols f which occur in a coterm t | is

greater than or equal to 1, then &, (tj ) # e;‘ . This forces that

t, [&t (t,).....6, (tj ) ..... 6, (tn_l)] #1;, this is a contradiction. Therefore t; =e] .

Conversely, let t; =e]. Then

Lemma 11. Let teCT . If Uy,...,U, , €CT ) such that u; e for some

jed,3c{0...,n—-1}and E(t)n{e],....e0,} ={e]

Vjed,[3[=2} , then

Assume that t, [Up,...,U, ] #t, for some k €{0,...,n—1} where €] € E(t,). Then
t{Ugr s Uy | = (F {torees by ])[Ugse sy ]
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Theorem 12. Let J C{O 1...,n-1} and te CT,, such that

E(t)n{el.....en4f = {

only if t; —e forall jeJ.

(n)
9= 2} Then o, € Cohypg (N) is an idempotent if and

Proof. Let t=f [to, . l] and assume that o, is an idempotent. Then, by the same proof
of Theorem 10, we obtain that

f[to,...,tj,...,tn_l}=f[to[&t(to),...,&t(tj),...,&t(tn_l)],...,
6161 (t) 6 ()60 () ]
tn,l[&t(to),...,&t(tj),...,a}(tn,l)ﬂ.
Suppose that t; = €] for some j € J . Then &, (tj);te;‘. Since €] € E(t), Lemma
11 gives us that t, [6} (ty)-... 6, (tj),...,&t (tn_l)];ttl for some | €{0,...,n—1} and
e' € E(t,). This implies that
[ S f[to[&t(to),...,&t(tj),...,&t(tn_l)],...,
4] 6 (t) s s6i (t) o6 (1) ]

which is a contradictions. Therefore, t; =€ forall jeJ.

Conversely, we assume that t; =e] forall jeJ.Then &, (tj ) =e] . Since
E(t)m{eg, e 1} {
obtain that

Sy (t) =G, (f [to’ 'tn—l])
=(f[tynt] )[ (t)-n 6 () ]
f[ LA n—1]
Now, we have three disjoint sets of idempotent elements as follow:
B ={o, | ie{0L....n-1H| o),
E = {O't‘t: f [to,...,tn_l] where
E(t)m{eg,ef,...,eg_l}:{ej” c{0,1...,n-1} and t, :e;‘}}, and

{01....,n-1},|J|> 2}, then by using Lemma 7, we
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E, :={at E(t)m{eg,e;,...,eg,l}=@}.
Then we have the following theorem.
Theorem 13. E(CohypG (n)) =E, UE, UE, is the set of all idempotent elements of

Cohyp, (n).
Proof. The proof is directly from Corollary 9., Theorem 10., and Theorem 12.

Conclusion
This research focuses on the special elements of the monoid of generalized

cohypersubstitutions of type =(n). Firstly, we give some algebraic-structural properties of
projection and dual generalized cohypersubstitutions. After that, we characterize the
idempotent elements of Cohypg, (n) and prove that E(Cohyp, (n)):= E,UE, UE, is the

set of all idempotent elements of Cohypg (n).

Acknowledgement(s)
The author would also like to thanks the referees for their careful reading of the paper
and their useful comments.

References

Boonchari, D. & Saengsura, K. (2016). Monoid of cohypersubstitutions of type 7 = (n) Thai
Journal of Mathematics, 14(1), 191-201.

Chansuriya, N. (2020). All maximal idempotent sbmonoids of generalized cohypersubstitutions
of type 7 =(2). preprint.

Denecke, K. & Saengsura, K. (2009). Separation of clones of cooperations by cohyperidentities.
Discrete Mathematics, 309, 772-783. Doi: 10.1016/j.disc.2008.01.043.

Denecke, K. & Wishmath, S.L. (2009). Universal Algebra and Coalgebra (1% Ed.). Singapore:

World Scientific Publishing.
Jermijitpornchai, S. & Saengsura, N. (2013). Generalized cohypersubstitutions of type

v=(n)._, . International Journal of Pure and Applied Mathematics, 86(4), 747-755.

Doi: http://dx.doi.org/10.12732/ijpam.v86i4.12.
Lekkoksung, N., Jampachon, P. & Lekkoksung, S. (2017). Idempotent of Weak Projection
Cohypersubstitutions. 7hai Journal of Mathematics, Special Issue: AMM2017, 59-74.
Puninagool, W. & Leeratanavalee, S. (2010). The monoid of generalized hypersubstitutions of

type 7 =(n). Discuss. Math. Gen. Alg. And Appl., 30, 173-191.

doi: 10.7151/dmgaa.1168.
Saengsura, N. & Jermjitpornchai, S. (2013). Idempotent and regular generalized

cohypersubstitions of type 7= (2) . International Journal of Pure and Applied
Mathematics, 86(4), 757-766. doi: http://dx.doi.org/10.12732/ijpam.v86i4.13.

-22 -



The Journal of Applied Science Vol. 19 No. 2: 11-23 [2020]
NsAFINeAENTUsTE NG doi: 10.14416/j.appsci.2020.02.002

Saengsura, K. & Butkote, R. (2015). Idempotent and regular generalized cohypersubstitions of
type 7 =(3). Asian-European Journal of Mathematics 8(4), 1550081-1-1550081-11.

doi: 10.1142/S1793557115500813.

-23-



