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Abstract 

 

The security of the elliptic curve cryptography (ECC) depends on the inability to compute the multiplicand given the original 

and product points. The problem to find this multiplicand is called the elliptic curve discrete logarithm problem (ECDLP). The 

baby-step giant-step algorithm is a generic algorithm that can be applied for ECDLPs. The running time of this algorithm and 

the space complexity are 𝑂(√𝐸𝑜𝑟𝑑), where 𝐸𝑜𝑟𝑑 is group order. This paper shows how to apply Pollard's Rho Method to 

solve the same ECDLPs which has about the same running time as the baby-step giant-step algorithm, but only a small memory 

requirement.  
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1. Introduction 

 

Public key algorithm is a mechanism for sharing keys 

among large numbers of participants or entities in a computer 

information system. The application of elliptic curves in 

cryptography was suggested independently by Koblitz [1] 

and Miller [2] as an alternative mechanism for implementing 

public-key cryptography.  It is unlike other popular 

algorithms such as RSA, ECC (elliptic curve cryptography) 

is based on a discrete logarithm that is much more difficult 

to challenge at equivalent key lengths [3]. Because ECC 

helps to establish equivalent security with lower computing 

power and battery resource usage, it is becoming widely used 

for mobile applications [4] and some small network devices 

[5]. 

The security of elliptic curve cryptography rests on the 

assumption that the elliptic curve discrete logarithm 

problem (ECDLP) is hard.  

Problem 1 [ECDLP]. Let 𝐸 be an elliptic curve over a finite 

field 𝕊. Suppose there are points 𝑃, 𝑄𝐴 in 𝐸(𝕊) given such 

that 𝑄𝐴 in 〈𝑃〉, where 〈𝑃〉 is a cyclic group generated by 𝑃.  
Determine the integer 𝑛𝐴 such that 𝑄𝐴 =  𝑛𝐴𝑃. 

In this work, we present how to apply Pollard's Rho 

method to solve the same ECDLPs which has about the same 

running time as the baby-step giant-step algorithm, but only 

a small memory requirement.  

 

2. Background on elliptic curve 
 

 In this section, we state the background definitions and 

the benefits on an elliptic curve over a field of characteristic 

two called Koblitz curve that is needed for the rest of the 
paper. For details and examples, see [6]. 

Let 𝔽2  be a field of characteristic two. And let 𝕊  be 

GF (2𝑘), where GF (2𝑘) is a Galois field of characteristic 

two and 𝑘 is a positive integer. Then the most important and 

advantage of working over 𝕊 lies in the suggestion of Koblitz 

[1] to use an elliptic curve 𝐸 over 𝔽2, while taking points on 

𝐸 with coordinates in 𝕊, because, as Odlyzko [7] explains, 

discrete logarithms in 𝕊 are relatively easy to compute unless 

𝑘 is chosen to be quite large. In particular, this allows the use 

of the Frobenius map instead of the doubling map and leads 

to a significant gain in efficiency [6]. 

Definition 1. [6] A Koblitz curve is an elliptic curve defined 

over 𝔽2 by an equation of the form 

 

𝐸𝑎: 𝑌2 + 𝑋𝑌 =  𝑋3 + 𝑎𝑋2 + 1,    (1) 

 

with 𝑎 in {0,1}. The discriminant of 𝐸𝑎 is Δ = 1. 

Since Δ ≠  0, we ensure that the curve 𝐸 is nonsingular, 

which has no self-intersections.  

 Let 𝑝  be a prime and let 𝔽𝑝𝑘  be a finite field of 

characteristic 𝑝.    Since GF (𝑝𝑘)  is isomorphic to 𝔽𝑝𝑘 , 

therefore GF (𝑝𝑘)  can be written as  𝔽𝑝𝑘 . Let 𝒪  be an 

identity element of the curve 𝐸𝑎. The elliptic group operation 

of Koblitz curve is given by [8] as follows Algorithm 1. 

Algorithm 1. Elliptic group 

operation 

 

Input: Points 𝑃0(𝑥0, 𝑦0) and 𝑃1(𝑥1, 𝑦1) in 𝐸𝑎 

Output: The sum 𝑃2(𝑥2, 𝑦2) ≔ 𝑃0 + 𝑃1 

if 𝑃0 = 𝒪 then 

output 𝑃2 ← 𝑃1 and stop 

end if 

 

if 𝑃1 = 𝒪 then 

output 𝑃2 ← 𝑃0 and stop 

end if 
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if 𝑥0 = 𝑥1 then 

if 𝑦0 + 𝑦1 = 𝑥1 then 

output 𝑃2 ← 𝒪 

else 

set 𝜆 ← 𝑥1+𝑦1/𝑥1; 𝑥2 ←  𝜆2+ 𝜆 +𝑎; 𝑦2 ←  

𝑥1
2+(𝜆+1)𝑥2 

end if 

else 

set 𝜆 ← (𝑦0 + 𝑦1)/(𝑥0 + 𝑥1); 𝑥2 ← 𝜆2+ 𝜆  

+𝑥0+𝑥1+𝑎; 𝑦2   ← (𝑥1 + 𝑥2) 𝜆+𝑥2+𝑦1 

end if 

output 𝑃2 ← (𝑥2, 𝑦2). 

 

We apply Algorithm 1 with 𝑃(𝑥, 𝑦) in 𝐸𝑎  to get −𝑃 =
(𝑥, 𝑥 − 𝑦). 

Next theorem provides a bound on the number of points 

on a curve over a finite field 𝔽𝑝𝑘. 

Theorem 1 (Hasse). [6, 9] Let 𝐸 be an elliptic curve over 

𝔽𝑝𝑘. Let #𝐸 denote the number of points on 𝐸. Then 

 

#𝐸(𝔽𝑝𝑘)=𝑝𝑘 + 1 − 𝑡𝑝𝑘 with 𝑡𝑝𝑘 satisfying |𝑡𝑝𝑘| ≤ 2𝑝𝑘/2 . 

 

Theorem 2. [6] Let 𝐸 be an elliptic curve over 𝔽𝑝 and let 

 

 𝑡 = 𝑝 + 1 − #𝐸(𝔽𝑝).     (2) 

 

If 𝛼 and 𝛽 be the complex roots of the quadratic polynomial 

𝑍2 − 𝑡𝑍 + 𝑝. Then 

 

#𝐸(𝔽𝑝𝑘) = 𝑝𝑘+1−𝛼𝑘-𝛽𝑘.    (3) 

 

3. Elliptic curve with coordinates in 𝕊 

 

We use (1) to obtain the following proposition. 

Proposition 1. For 𝐸 = 𝐸1 we have 

 #𝐸 = 2.  

 
Proof. From (1) we have  

 𝐸: 𝑌2 + 𝑋𝑌 =  𝑋3 + 𝑋2 + 1.   (4) 

 

Taking 𝑋 = 0 in (4) we obtain 𝑌 = 1.  Taking 𝑋 = 1 in (4) 

we have no solution.  Since every elliptic curve has an extra 

point denote by  𝒪 , this serves as the identity element.  

Then 𝐸 = {(0,1), 𝒪}, and we have #𝐸 = 2. ∎ 

The first important result about the number of points on 

𝐸 over 𝔽2 is as follows. 

Proposition 2. If 𝕊 = 𝔽2𝑘 then 

#𝐸(𝕊)=2𝑘 + 1 − ((1 + √−7)/2)
𝑘

− ((1 − √−7)/2)
𝑘
.     (5) 

 

Proof. Taking 𝑝 = 2 and #𝐸(𝐹_2) = 2 in (2) we have 𝑡 =

1 . Using Theorem 2 we have, 𝛼 =(1 + 𝑖√7)/2, 𝛽 = (1 −

𝑖√7)/2 be the complex roots of the quadratic polynomial 

𝑍^2 − 𝑍 + 2 . Taking values of 𝛼  and 𝛽  in (3) we obtain 

#𝐸 (𝕊)=2𝑘 + 1 − ((1 + √−7)/2)
𝑘

− ((1 − √−7)/2)
𝑘
. 

∎ 

One sees from this proposition that we can find the exact 

number of points on the elliptic curve over a field of 

characteristic two, which is necessary input parameter for the 

Pollard's Rho method.  

The SageMath [10] scripts for finding the exact order of 

 𝐸(𝕊) are given by Example 1. We used Sage-6.9-x86_64-

Linux for Ubuntu 14.04 LTS 64 bits to run the scripts on Dell 

Inspiron  1420, CPU Intel core 2 duo 2.1 GHz with 4 GBytes 

of memory. 

Example 1. Let 𝕊 be GF (250) in indeterminate variable 𝑉, 

and let 𝐸(𝕊): 𝑌2 + 𝑋𝑌 = 𝑋3 + (𝑉43 + 𝑉 + 1)𝑋2 + 1 be an 

elliptic curve over 𝕊.  Then we can use Proposition 2 to find 

the exact order of 𝐸(𝕊) as follows. 

 
k=50;Eord=expand(2^k+1-( (1+sqrt(-7))/2 ) 

^k-( (1-sqrt(-7))/2 )^k ) 

pretty_print(html("</h0>The exact value  

of $\#E(S)=%s$</h0>"%latex(Eord)) 

   The exact value of #E(S)=1125899954494568. 

 

We obtain 𝐸(𝕊) = 1125899954494568. But the function 

called E.order() from SageMath given us the weaker 
estimate as follows. 

 
k=50;S.<V>=GF(2^k);E=EllipticCurve(S,[1,V^

43+V+1,0,0,1]);Eord=E.order() 

pretty_print(html("</h0>$E:%s$</h0>"%latex

(E))) 

pretty_print(html("</h0>The estimate value 

of $\#E(S):%s$</h0>"%latex(Eord))) 

 

𝐸(𝕊): 𝑌2 + 𝑋𝑌 = 𝑋3 + (𝑉43 + 𝑉 + 1)𝑋2 + 1   
estimate value of #E(S)=1125899859190682,  

 

which is the weaker estimate. # 

 

4. Group homomorphism 

 

 In this section, we applied a mathematical structure to 

find an homomorphism relation between the group of units 

and the elliptic group. For a general theory of this structure 

can be found in [11-12]. 

We now introduce an homomorphism mapping from one 

algebraic system to other algebraic system which preserves 

the structure. Let 𝔽𝑝  be a prime field and let 𝔽𝑝
∗  be the group 

of units of 𝔽𝑝. 

Definition 2. [12] A mapping 𝜙 from a group 𝐺 into a group 

𝐻 is called an homomorphism  if for all 𝑎, 𝑏 in 𝐺 we have 

 

𝜙(𝑎𝑏) =  𝜙(𝑎) 𝜙(𝑏).  

 

Proposition 3. Let  𝜙: 𝔽𝑝
∗ → 𝐸(𝕊). If 𝑔 in 𝔽𝑝

∗  and 𝑃 in 𝐸(𝕊) 

we have 
 

𝜙(𝑔𝑛) =  𝑛𝑃 for all integers 𝑛  

 

is a group homomorphism. 

Proof. First we prove 〈𝑔〉 is subgroup of 𝔽𝑝
∗   Let 𝑔  in 𝔽𝑝

∗  

then 〈𝑔〉 is a subset of 𝔽𝑝
∗ . If elements 𝑎, 𝑏 in 〈𝑔〉 we have 

𝑎 = 𝑔𝑛1  and 𝑏 = 𝑔𝑛2 for some integers 𝑛1, 𝑛2.  Since 𝑎𝑏 =
𝑔𝑛1𝑔𝑛2 = 𝑔𝑛1+𝑛2  we obtain 𝑎𝑏  in 〈𝑔〉. Let 𝑚  be order of 
〈𝑔〉 . It follows that 𝑔𝑛𝑔𝑚−𝑛 = 1  from which we obtain 

𝑔−𝑛 = 𝑔𝑚−𝑛 in 〈𝑔〉. Therefore, 〈𝑔〉 is a subgroup of 𝔽𝑝
∗ . 

Next we prove 〈𝑃〉 is subgroup of 𝐸(𝕊). Let 𝑃 in 𝐸(𝕊) 

then 〈𝑃〉 is a subset of  𝐸(𝕊).  If elements 𝐶, 𝐷 in 〈𝑃〉  we 

have 𝐶 = 𝑛3𝑃 and 𝐷 = 𝑛4𝑃 for some integers 𝑛3, 𝑛4. Since 

𝐶 + 𝐷 = 𝑛3𝑃 + 𝑛4𝑃 = (𝑛3 + 𝑛4)𝑃  we obtain 𝐶 + 𝐷  in 
〈𝑃〉. Let 𝑚̂ be order of 〈𝑃〉. It follows that 𝑛𝑃 + (𝑚̂ − 𝑛)𝑃 =
𝒪  from which we obtain −𝑛𝑃 = ( 𝑚̂ − 𝑛)𝑃  in 〈𝑃〉 .  

Therefore, 〈𝑃〉 is a subgroup of 𝐸(𝕊). 

Finally, we prove 𝜙  is an homomorphism. Since 

𝜙 ( 𝑔𝑛1𝑔𝑛2 ) =  ϕ( 𝑔𝑛1+𝑛2) = (𝑛1 + 𝑛2)𝑃 = 𝑛1𝑃 + 𝑛2𝑃  this 

implies 𝜙(𝑎𝑏) =  𝜙(𝑎) + 𝜙(𝑏), so this completes the proof.  

∎ 

 The Proposition 3 shows that 𝜙  is an homomorphism 

mapping  from  a  group  of  units to the elliptic group which 
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preserves structure. Hence, the algorithm that uses 

multiplicative operation on a group of units can be replaced 

by additive operation on the elliptic group to solve the 

ECDLPs. For 1 ∈  𝔽𝑝
∗ , an identity of 𝔽𝑝

∗  we have 𝜙(1) = 𝒪. 

 

5. The Pollard's Rho discrete logarithm algorithm 

 

For an overview of this algorithm, see [13]. Let 𝔽𝑝
∗  be a 

group of units and let ∈ 𝔽𝑝
∗ , which have multiplicative order 

𝑚. Let ℎ be an element in the cyclic group 〈𝑔〉. Then we can 

treat the discrete logarithm problem log𝑔ℎ as an element of 

ℤ𝑚.  

The idea behind this method is the following.  We define 

a sequence by taking any initial 𝑥0, and setting 𝑥𝑖 = 𝑓(𝑥𝑖−1) 

mod 𝑚, which is a random-looking function. Once we obtain 

two elements 𝑥𝑖 and 𝑥𝑗  in the sequence such that 𝑥𝑖 = 𝑥𝑗  and 

𝑖 < 𝑗, we can compute log𝑔ℎ by seeking a collision of the 

form 𝑥𝑖 = 𝑥2𝑖 , in order to save time and memory. 

Let 𝔽𝑝
∗ = 𝐺1 ∪ 𝐺2 ∪ 𝐺3, where 𝐺1, 𝐺2, 𝐺3 are partitions 

of  𝔽𝑝
∗ . These partitions are defined as follows: 

 

𝐺1 = {𝑥 ∈ 𝔽𝑝
∗  : 𝑥 ≡ 1 (mod 3)} 

𝐺2 = {𝑥 ∈ 𝔽𝑝
∗  : 𝑥 ≡ 0 (mod 3)} 

𝐺3 = {𝑥 ∈ 𝔽𝑝
∗  : 𝑥 ≡ 2 (mod 3)}. 

 

 

Let f: 〈g〉 × ℤ𝑚 × ℤ𝑚 as follows: 

 

 𝑓(𝑥, 𝛼, 𝛽) = {

(ℎ𝑥, 𝛼, 𝛽 + 1)

(𝑥2, 2𝛼, 2𝛽)

(𝑔𝑥, 𝛼 + 1, 𝛽)

if 𝑥 ∈ 𝐺1

if 𝑥 ∈ 𝐺2

if 𝑥 ∈ 𝐺3,
 

 

 

and we define 

 (𝑥𝑖 , 𝛼𝑖 , 𝛽𝑖) = {
(1,0,0)                     
𝑓(𝑥𝑖−1, 𝛼𝑖−1, 𝛽𝑖−1)

if 𝑖 = 0 
if 𝑖 ≥ 1.

 
 

 

Then, a pseudocode of the Pollard’s Rho discrete logarithm 

algorithm over a prime field is given by Stinson [13]. 

 

6. A variant of Pollard’s Rho method for the ECDLP 

 

We now consider a variant of Pollard's Rho method for 

the ECDLP over a field of characteristic two. The basic 

propositions, which we have discussed in the previous 

sections for finding the additive group order and mapping 

from multiplicative group operation to additive group 

operation of 𝐸(𝕊) give us an excellent algorithm method to 

solve the ECDLP over a field of characteristic two. 

Let 𝐸(𝕊) be an elliptic curve over field of characteristic 

two  and let 𝑃 ∈ 𝐸(𝕊) be a generator of 𝐸(𝕊), which has 

additive order 𝐸𝑜𝑟𝑑  or #𝐸 . Let 𝑄𝐴  be an element in the 

cyclic group 〈𝑃〉. Similarly, we can treat the ECDLP log𝑃 𝑄𝐴 

as an element of ℤ#𝐸 . 

Let (𝐸[𝑖]) be an increasing sequence of the elements of 

𝐸(𝕊) , and let 𝐸(𝕊) = 𝐸1 ∪ 𝐸2 ∪ 𝐸3 , where 𝐸1, 𝐸2, 𝐸3  are 

partitions of  𝐸(𝕊). If we consider 𝐸 as an array, then the 

partitions are defined as follows: 
 

𝐸1 = {𝑥 ∈ 𝐸(𝕊) : 𝑥 < 𝐸[⌊#𝐸/3⌋]}                                  
𝐸2 = {𝑥 ∈ 𝐸(𝕊) : 𝐸[⌊#𝐸/3⌋] ≤ 𝑥 < 𝐸[⌊#𝐸 ⋅ 2/3⌋]} 

𝐸3 = {𝑥 ∈ 𝐸(𝕊) : 𝑥 ≥ 𝐸[⌊#𝐸 ⋅ 2/3⌋]}.                         

 

 

Let 𝑓: 〈 𝑃〉 × ℤ#𝐸 × ℤ#𝐸 as follows: 

 

   𝑓(𝑥, 𝛼, 𝛽) = {

(𝑄𝐴 + 𝑥, 𝛼, 𝛽 + ℤ#𝐸(1))     

(2𝑥 , ℤ#𝐸(2) ⋅ 𝛼, ℤ#𝐸(2) ⋅ 𝛽)
(𝑃 + 𝑥, 𝛼 + ℤ#𝐸(1), 𝛽)       

if 𝑥 ∈ 𝐸1

if 𝑥 ∈ 𝐸2

if 𝑥 ∈ 𝐸3

 

and we define 

(𝑥𝑖 , 𝛼𝑖 , 𝛽𝑖) = {
(𝐸(𝒪), ℤ#𝐸(0), ℤ#𝐸(0))                 

𝑓(𝑥𝑖−1, 𝛼𝑖−1, 𝛽𝑖−1)                        
if 𝑖 = 0 
if 𝑖 ≥ 1.

 

 

where 𝐸(𝒪)  is an additive identity of a group 𝐸(𝕊) , and 

ℤ#𝐸(0) is an additive identity of a ring  ℤ#𝐸 .  
We can now give the Algorithm 2 of a variant of Pollard's 

Rho method for finding the solution of the ECDLP over field 

of characteristic two. 

Example 2. Let 𝕊 be GF (217) in an indeterminate variable 

𝑉, and let 𝐸(𝕊) is defined as follow: 

 

𝐸(𝕊): 𝑌2 + 𝑋𝑌 = 𝑋3 + 𝐴𝑋2 + 1, 

 

 

Where 𝐴 = 𝑉16 + 𝑉12 + 𝑉11 + 𝑉10 + 𝑉9 + 𝑉5 + 𝑉3 + 𝑉2 

+1 . If we have 𝑃 = (𝑉16  +  𝑉15  +  𝑉10  +  𝑉8  +  𝑉7 +
 𝑉4  +  𝑉3, 𝑉16  + 𝑉15  +  𝑉14 + 𝑉12  +  𝑉7  +  𝑉5  +  𝑉4  
+ 𝑉3  + 𝑉2  +  𝑉)  and 𝑄𝐴 = (𝑉14  +  𝑉13  +  𝑉12  +
 𝑉11  +  𝑉9  +  𝑉8  +  𝑉6  +  𝑉4  +  𝑉3  + 𝑉2  +  𝑉 +  1 , 
 𝑉12  +  𝑉11  +  𝑉6  +  𝑉5  +  𝑉3  +  1).  

We can find 𝑡 = log𝑃𝑄𝐴 as follows. 

We take 𝑘 = 17  in Proposition 2 we have #𝐸 =
131174. Then, the Algorithm 2 can be used to find 𝑡 =
log𝑃𝑄𝐴.  We obtain, 𝑡 = 50190. # 

 

7. The complexities of proposed algorithm 

 

Proposition 4. For 𝐸𝑜𝑟𝑑 = #𝐸(𝕊) . Let ECDLP be 𝑡 =
log𝑃𝑄𝐴,   then the Algorithm 2  computes  in time of 

 𝑂(√𝐸𝑜𝑟𝑑) additive group operation and in space of 𝑂(1) 

group elements. 

Proof. Let 𝜙: 𝔽𝑝
∗ →  𝐸(𝕊), 𝑔𝑛 ↦  𝑛𝑃 which implies that the 

number of multiplicative operation of 𝑔 in 𝔽𝑝
∗  is equal to the 

number of additive operation of 𝑃  in 𝐸(𝕊). For 𝑚  be the 

multiplicative order of 𝑔, the Pollard's Rho computes DLP 

over 𝔽𝑝
∗  in time of 𝑂(√𝑚) multiplicative group operation 

and in space of 𝑂(1)  group elements. Hence the running 

time 

Algorithm 2. A variant of Pollard's Rho ECDLP 

Input: (𝐸(𝕊), #𝐸, 𝑃, 𝑄𝐴) 
Output: 𝑡 ∈ ℤ#𝐸 

procedure 𝑓(𝑥, 𝛼, 𝛽) 
1: if 𝑥 < 𝐸[⌊#𝐸/3⌋] then 
2:  (𝑥, 𝛼, 𝛽) ← (𝑄𝐴 + 𝑥, 𝛼, 𝛽 + ℤ#𝐸(1))  
3: Else 

4:  if 𝑥 ≥  𝐸[⌊#𝐸/3⌋] and 𝑥 <  𝐸[⌊#𝐸 ⋅ 2/3⌋] then 
5:  𝑓 ← (2𝑥 , ℤ#𝐸(2) ⋅ 𝛼, ℤ#𝐸(2) ⋅ 𝛽)  
6:  else 

7:  𝑓 ← (𝑃 + 𝑥, 𝛼 + ℤ#𝐸(1), 𝛽)  
8:  end if 

9: end if 

10: return (𝑥, 𝛼, 𝛽) 
main 

11: (𝑥, 𝛼, 𝛽) ← (𝐸(𝒪), ℤ#𝐸(0), ℤ#𝐸(0)) ; (𝑥′, 𝛼′, 𝛽′)
← 𝑓(𝑥, 𝛼, 𝛽) 

12: while 𝑥 ≠ 𝑥′do 

13:  (𝑥, 𝛼, 𝛽) ← 𝑓(𝑥, 𝛼, 𝛽); (𝑥′, 𝛼′, 𝛽′) ← 𝑓(𝑥′, 𝛼′, 𝛽′);  
(𝑥′, 𝛼′, 𝛽′) ← 𝑓(𝑥′, 𝛼′, 𝛽′) 

14: end while 

15: if 𝑔𝑐𝑑(𝛽′ − 𝛽, #𝐸) ≠ 1 then 
16:  return (“failure”) 

17: else 

18:  𝑐 ← (𝛼 − 𝛼′)(𝛽′ − 𝛽)−1mod #𝐸  
19:  return (𝑡) 
20: end if 

 

of the Algorithm 2 is 𝑂(√𝐸𝑜𝑟𝑑) additive group operation. 

Similarly, the space usage of this algorithm is 𝑂(1) group 

elements. ∎ 
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Remark 1. 

 1. The proposed algorithm works in any case of ECDLP 

over field of characteristic two likes Pollard's Rho a method 

for the DLP (Discrete Logarithm Problem). Both algorithms 

have the same complexities in group units. 

 2. Wang [14] shown that the algorithm of Baby-Step 

Giant-Step over prime field computes the DLP in time of 

𝑂(√𝑚) and in space of 𝑂(√𝑚) group unit.  The analysis of 

algorithm by Bhichate [15] also shown that the space 

complexity of the Baby-step Giant-step for computing the 

ECDLP over field characteristic two is 𝑂(√𝐸𝑜𝑟𝑑), which is 

lower efficiency than the proposed algorithm. 

 

8. Conclusions 

 

The security of the elliptic curve cryptography (ECC) 

depends on the inability to compute the multiplicand given 

the original and product points. The problem to find this 

multiplicand is called the elliptic curve discrete logarithm 

problem (ECDLP). Elliptic curves studied here are elliptic 

curves defined over fields of characteristic two. The baby-

step giant-step algorithm is a generic algorithm that can be 

applied for ECDLPs. The running time of this algorithm and 

the space complexity are 𝑂(√𝐸𝑜𝑟𝑑), where 𝐸𝑜𝑟𝑑 is group 

order. However, the disadvantage of this algorithm is that it 

requires a considerable amount of storage  𝑂(√𝐸𝑜𝑟𝑑) .      

This paper shows how to apply Pollard's Rho Method to 

solve the same ECDLPs which has about the same running 

time as the baby-step giant-step algorithm, but only a small 

memory requirement.  

 The results of this study shown that the proposed 

algorithm can be used to compute any ECDLP. This 

algorithm has the running time of 𝑂(√𝐸𝑜𝑟𝑑) and the space 

usage of 𝑂(1).   It has higher efficiency than the naive 

exhaustive search calculation, which need the running time 

of 𝑂(𝐸𝑜𝑟𝑑). Furthermore, it has higher efficiency in space 

usage than the baby-step giant-step for computing the 

ECDLP over field characteristic two. Hence, the proposed 

algorithm can be implemented on small memory devices. 
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